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We prove the sharpness of Sheremeta’s analog of the Wiman-type inequality for entire
Dirichlet series. Consider F(z) = :i% ane™, 0 =X < A\, T 400 (1 < n — +00) and
In(t) — AtP] < D (t > to), A € Ry, D € Ry, p > 4, n(t) = X, < 1. There exists
(Sheremeta, 1978) a set E of finite measure and for each k € N there exists a number oy, such
that for all o € [o);4+00)\E we have

M(o,F) < (o, F) - 10°"% p(o, F) - wp_y (Inf§ p(0, F)) Indy pa(o, F),

where M (o, F) = sup{|F(c + iy)|: y € R}, p(o,F) = max{|a,|e* : n > 0}, ux(x) =
ug—1(x) Ing x, ug(z) = x, u_1(x) = 1, Inpx = In(Ing_1 x), In; & = Inx. All powers of each
iteration of the logarithm of maximal term in this inequality are sharp. We obtain the follo-
wing statement (Theorem 4): If a sequence (\,) satisfies condition (), then for every § > 0
there exist an entire Dirichlet series F' of the form and og > 0 such that for each o > oy

M(o,F) > p(o, F)In"" % p(o, F) - up_1 (105 p(o, F)).

Also are obtained analogues of this result for entire gap power series.

1. Introduction. Denote by &) the class of transcendental entire functions of the form
f(z) = :{i% a,2". For any r > 0 and f € £ we denote

My (r) = max{|f(2)]: |z] <7}, py(r) = max{[a,[r": n > 0},

.—— o— — pT —
Inyz:=lnz, Ingo:=Inln,z, exp,z=¢€", exp,,,r = exp(exp,x),

k
u_1(z) =1, w(z) =2, u(x)= lenj z, kel
=1

In [I] W. K. Hayman proved such Wiman’s type inequality.
Theorem 1 ([I]). Let k € N. For every f € £ and 6 > 0 inequality

Mi(r) < pug(r) 102 pop (r)us—z(ng oy (r)) - 1ng gy (r) (1)
holds for all € (1;400)\E, where E is a set of finite logarithmic measure ([, dInr < +00).
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At k = 1, inequality coinsides with the classical Wiman inequality. The question of
the sharpness of inequality was considered in [2, 3]. From the Theorem 4 formulated in
[2] we can obtain the following statement.

Theorem 2. For any k € N, there exists an entire function f € £ such that for all r > r
we have

My(r) > pup(r) In'’? g (r)ug—2(Ing ug (). (2)

So, inequality in the general class £ are not improveable.
But this inequality seems to be significantly improved for entire functions given by lacunar
power series ([6]) or by random power series ([14]).

2. Dirichlet series and Wiman’s inequality. We consider entire Dirichlet series of the
form

F(z) =) ane™ (3)

0=X <A\ T 400 (1 <n— +00).
Denote

M(o, F) =sup{|F(c +iy)|: y € R}, u(o, F)=max{|a,|e”*: n > 0}.

For Dirichlet series was proved analogues of inequality in [4, B]. So, by condition
Ant1 — A > h >0 (n >0) in [4] was proved that for all § > 0

M(o, F) < p(o, F) Inz*° (o, F)

holds for all o € [0;+00)\E, where E is a set of finite measure ( [, dr < +00).
For this series was proved (|7, 8]) such a statement. It can be shown that Sheremeta’s
result is true in the following formulation.

Theorem 3 (|7, [8]). Let F' be Dirichlet series of the form ({3)) such that

n(t) ~AF| <D (t> 1), AR, DER,, p> 1 nlt)= Y 1 (4)

Then there exists a set E of finite measure and for each k € N there exists a number o), such
that for all o € [oy; +00)\E we have

M(0, F) < p(o, F) - 1n"~2 (o, F) - w1 (10§ (o, ) Iy pa(or, ). (5)

The analogues of Theorems [I] and [2] for Dirichlet series are unknown. In this regard,
a problem naturally arises: to obtain analogues of for entire Dirichlet series with sharp
powers of Ing p(F,0), k € N.

The following theorem contains a statement about the sharpness of inequality .

Theorem 4. If a sequence (\,) satisfies condition (), then for every § > 0 there exist
an entire Dirichlet series F' of the form and oy > 0 such that for each o > oy

M(o,F) > u(o, F) In’~2 w(o, F) - up_1(Inf p(o, F)).
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Proof. Without loss of generality, we assume that Inn = o()\,) (n — 400). Denote ny =
min{n: A, > exp,,4(1)}. For 8 > 0 we choose a, = exp{—pF\,Ing1s Ay} for n > ny and
a, = 0, for n < 0, and consider Dirichlet series F' of the form . We denote

hz) = —prlngax +ox, x> exp,,(1).

Since h(z) is a convex function on the interval [exp, 4(1),400), there is a unique maxi-
mum point z(o) of h(x) on [exp,, (1), 4+00). Hence, for sufficiently large o, we have x(0) €
(expji4(1), +00), z(0) = +00 (00 — +00) and

h/(x(O')) = —B(lnk+4x + m) 2(e) +0=0.
Therefore,
o 1 pa(o)
lnk+4$(0)—g—m, IH,LL<O',F) Sm (O'—)+OO) (6)
1/2

Denote t1 = z(0) + (upy3(z(0)) ng, , x(0))'"£1, I(o) = (t_,t+). Remark also that

(@) Il 52)' % = o(a),  W'(@) ~ —Bjusslz) (z = +o0).

For every = € I(o0) there exists nn € I(o) such that

h'(n)
2

(x —2(0))? > h(z(0)) — (é + 0(1)) ln2+3$(0) (0 — +00).

h(xz) = h(z(0)) + 5

Let ny(I) denote the number of the points of the sequence (\,,) on the interval I. Then, as
0 — 400 we have

Mo, F) > Y Janle™ = (o, F)ny(I(0)) exp { ( - g + o(1>) lnin(U)}. (7)
nel(o)

1/2

Since, t; —t_ = 2(upy3(x(0)) Ind s 2(0)) '~ + 2,

m(I(o)) > A(t2 —12) — 2D > Ag(t, —t_)(z(0) + o(z(0)))* " — 2D =
— 2A0(1 + 0(1)) (ks 3(x(0)) Ind, 2(0)) (o)t >
Vksa(w(o)) 0], 2(0) 1 372

> ApzP (o) 2(0) = Apa”2 (0)ups2(In'/? 2(0)) Iny/ 5 2(0)

as 0 — 4o00. Using @, we get

pa(o) > Inp(o, Flugre(Inz(o)), Inf+Inz(o) > Ing p(o, F) + 21ny (o),
Inz(o) —2Ilngz(c) + Inf > Iny (o, F), Inz(c) > (1+0(1))Iny u(o, F, o — +oc.

Then, for some C; > 0 we obtain

m(I(0) > Gy (0, F) - o (072 (0)) - w02 () - Ind/%, 2(0) =
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= Cy 0?2 (0, F) - ugegn(In” (o)) - g/ (o) >
> "2 u(0, F) - uyo(Ing (0, F)) - gy (0, F) (0 — +00).

Using exp{(—%+0(1)) Ing. 5y} >1In. %y, y — +oo, and choosing in inequality (7) 8 < 6,
we get

m(aa F) > M(O-v F) lnp_% N(Ua F) ’ uk+2(1ng N(@ F)) ’ lni+4 IM(O', F)X
d
xwpﬂ—§+dnﬁ@HmUm}z

> (o, F) 0”2 pu(o, F)ug(Ing (o, F)) Ing, p(o, F) >
> (o, F)In”~ 2 (o, F) - up_1(Inf u(o, F)), o — +o0.

Theorems [I] and [2 are consequences of theorems [3] and [4] respectively.

Question. 1. Similar problems concerning various asymptotic relations have also been consi-
dered for Laplace—Stieltjes type integrals (see, e.g., [9, 10} 1T, [12]). A natural question arises
as to what the corresponding analogues of Theorems [3| and [4] are in this case.

2. The same applies to entire functions of several complex variables represented by multiple
power series ([I5]) or multiple Dirichlet series, as well as those represented by power series
with gaps in terms of homogeneous polynomials (see [I3]) or those that are random analytic
functions (see [14]).

3. Corollary for gap power series. Let us consider the class £(m) an entire functions of
the form

f(z)= Zanzm", my, € Zy (n>0).
n=0
Let us denote by m(t) = >_ . _, 1 the counting function of the sequence {m,,}.

From Theorems [3] and [4] for entire Dirichlet series we can obtain such a corollary.

Theorem 5. If f € £(m) and a sequence m = {m,} satisfies condition where sequence
m = {m,} satisfies the following condition

(3A € (0; +00))(3p € [1/2:1))(3D > 0): [m(t) — At?| <D (¢t > to), 8)

then for each k € N (Vo > 0)(3E; C (1;400): [ 77 dr < +00) (Vr € [1;4+00)\E1) we have

M (r) < pp(r) 0P 2 () - g (104 (7)) Il g (7).

On the other hand, for any sequence m = {m,} such that satisfies condition there exist
a function F' € £(m) such that

Mp(r) > pp(r) 0P % pp(r)ug - (0§ pe(r))
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