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The work is devoted to the study of block-symmetric and weakly symmetric continuous
polynomials on the Banach space EZ(,K) of all sequences « = (z1,2,...) with ; e Kfor j € N
such that the series Y77 |2;|? is convergent, where K € {R,C} and p € [1,+00). We construct
an algebraic basis of the algebra of n-block-symmetric continuous polynomials on éé,R). Also we
construct a generating system of the algebra of weakly symmetric continuous polynomials on
EI(,K) for K € {R, C} and we show that elements of this system are linearly dependent. We show
that the weakly symmetric continuous linear functionals, in contrast to the block-symmetric
functions, separate points of the space EgK), where K € {R, C}.

1. Introduction. Algebras of polynomials (see [5]) and analytic functions (see [1I, B, 12])
on Banach spaces with various symmetry properties have many applications, especially in
statistical quantum physics (see [4], [6]). One of the important types of symmetry is the so-
called block-symmetry (see, e.g., [7, 8, [13]). In [13], it is constructed an algebraic basis of the
algebra of continuous n-block symmetric complex-valued polynomials on the Banach space

EI(,C) of all absolutely summable in the power p € [1,+00) sequences of complex numbers. In

this work, we establish the analogical result for the real version, ESR), of this space. These two
results gave us the opportunity to construct a generating system of the algebra of weakly
symmetric continuous polynomials on E,(JK) for K € {R,C}. We show that elements of this
system are linearly dependent. Consequently, the system is not an algebraic basis. Also, we
prove that weakly symmetric continuous linear functionals, in contrast to block-symmetric
functions, separate points of the space ESK), where K € {R,C}.

2. Preliminaries. Polynomials. We denote by N the set of all positive integers and by
Z. the set of all nonnegative integers. Let X and Y be Banach spaces with norms || - ||x
and || - ||y resp. A mapping A: X™ — Y, where m € N, is said to be m-linear if it is
linear in each argument separately, when all other m — 1 arguments are fixed. A mapping
P: X — Y is called an m-homogeneous polynomial with m € N, if there exists an m-
linear mapping Ap: X™ — Y such that P(z) = Ap (x, - ,m) for every x € X. A mapping

m
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P: X — Y is called a 0-homogeneous polynomial, if it is a constant mapping. A mapping
P: X — Y is called a polynomial of degree at most N, if it can be represented in the
form P = Py + P, + ...+ Py, where P;: X — Y is a j-homogeneous polynomial for every
j€{0,1,...,N}.

Algebraic basis. Let K € {R,C}. Let A be a unital commutative algebra over the field K.
For every polynomial @): K" — K of the form
Q(Zl7 s )Zn) = Z a(kh...,kn)ziﬁ e Zylina

(k17~-"kn)€Q
where o, r,) € K and 2 is some nonempty finite subset of Z7 , let us define the mapping

. n
Qa: A" — Aby Quar, i) = S g g - a,
(k1 ek ) EQ
where aq,...,a, € A (we consider the zero power a? of an element a; to be the unit element
of A).
Let a,aq,...,a, € A. The element a is called an algebraic combination of ay,...,a,, if

there exists a polynomial @): K” — K such that a = Qa(ay,...,a,). A nonempty set B C A
is called a generating system of A, if every element of A can be represented as an algebraic
combination of some elements of B. A nonempty set B C A is called an algebraic basis of
A if every element of A can be uniquely represented as an algebraic combination of some
elements of B. A finite nonempty set {ay,...,a,} C A is called algebraically independent, if
the equality Qa(as,...,a,) = 0 is possible only if the polynomial @ is identically equal to 0.
An infinite set Ay C A is called algebraically independent, if its each finite nonempty subset
is algebraically independent. Evidently, every algebraic basis is algebraically independent.
Furthermore, every algebraically independent generating system is an algebraic basis.

The space €I(DK). Let K € {R,C} and p € [1,400). Let us denote KéK) the Banach space of
all sequences x = (1, y,...), where z; € K for j € N, such that the series > 72 [7;[" is

convergent, with norm 0o 1/p
Jally = (D lwl?)
j=1

Symmetric and weakly symmetric mappings. Let X and Y be nonempty sets. Let G
be a set of mappings which act from X to itself. A function f: X — Y is called G-symmetric
if f(a(z)) = f(x) for every a € G and = € X. Let
G={G,:a €A}

be a family of sets G, of mappings which act from X to itself, indexed by elements of some
index set A, such that for every o, 3 € A there exists v € A such that G, C G, N Gg.
A function f: X — Y is called G-weakly symmetric if there exists @ € A such that f is
G o-symmetric.

Groups of coordinate permutation operators. Let B be some set of bijections, acting
from N to itself. Let X be an arbitrary vector space of sequences such that (w1, Zs(2), - - -)
belongs to X for every b € B and (x1,%2,...) € X. For b € B, let the operator g, x: X — X
be defined by

g x (@1, 22, ..)) = (To(1), To(2)s - - ), (1)
where (x1,2s,...) € X. Let

Gpx ={gx: b€ B}, (2)

where operators ¢, x are defined by . Note that if B is a group with respect to the
operation of composition, then Gp x is also a group.
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3. The main result. Let n € N. By [I1, Theorem 2.2, p. 52|, the mapping p,: N —
(Zy x{0,...,n—1})\ {(0,0)}, defined by

pin(m) = (q,7) (3)
for m € N, where ¢ is the quotient and r is the remainder when m is divided by n, is a well-
defined bijection. Let A,: (Zy x {0,...,n—1})\ {(0,0)} - N x {1,...,n} be defined by

Al(q 7)) = {(q’">’ =0, (1)

(g+1,r), ifr>0

for (¢,7) € (Z4+ x {0,...,n —1})\ {(0,0)}.
Lemma 1. Let n € N. The mapping \,, defined by , is a bijection.

Proof. Let us show that A, is injective. Let (q1,71), (g2, 72) € (Z4 x {0,...,n—1})\{(0,0)}
be such that (q1,71) # (g2,72). Let (71,51) = A\u((q1,71)) and (ja, s2) = Au((go,72)). Let us

show that
(J1, 51) # (Ja 52)- (5)

If ry # ry, then, by , s1 # s9 and, consequently, holds. Consider the case r;1 = rs.

In this case, 1 # g2, since (q1,71) # (q2,72)- By @), j1 = q1, ja = ¢z if 71 = 7, = 0 and
J1=aq +1, jo =g+ 1if ry = ry > 0, In both cases, j; # ja, since ¢; # ¢o. Therefore (9]
holds. So, A, is injective.

Let us show that A, is surjective. Let (j,s) € N x {1,...,n} and

(g.7) = {(j,O), if s =mn; (6)

(1—1,8), ifs<n.

By @, since j € Nand s € {1,...,n}, it follows that ¢ € Z, and r € {0,...,n — 1}. Also,

by @, (q,r) cannot be equal to (0,0). So, (¢,7) € (Z4 x {0,...,n—1})\ {(0,0)}. By
and (6), M\((q,7)) = (4, s). Thus, A, is surjective. O

Let n € N. Let the mapping s,: N — N x {1,...,n} be defined by

Hy = Ap O fn, (7)
where p,, and A\, are defined by and resp. It can be checked that
m=(j—1)n+s (8)
for every m € N, where (7, s) = s,(m).
We define an order on the set N x {1,...,n} as follows
(J1,51) < (Ja, 82) © j1 < jo or (j1 = Jo and $1 < S9) 9)

for (j1, 1), (J2, s2) € Nx {1,...,n}. We will also use the following order on N x {1,... ,n}:

(jl,Sl)%(jQ,SQ) <~ S1 < Sg Or (51 = Sy and jl < jg) (10)

for (41, 81), (jo, 82) € Nx{1,...,n}. It can be checked that both “<” and “<” are strict linear
orders.

Lemma 2. Let n € N. The mapping ,, defined by , is a strictly increasing bijection
between ordered sets (N, <) and (N x {1,...,n}, <), where “<” is the standard strict order
on N and “<” is defined by @
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Proof. Since both u,, and A\, are bijections, it follows that s, is a bijection. Let us show that
x, is strictly increasing. Let m, mo € N be such that

myp < Mms. (11)

Let (j1,s1) = »(mq) and (ja, S2) = »(my). Let us show that (j1,51) < (Jo, 82). By ,

mi=(j1—n+s and mge = (jo — 1)n+ so. (12)
By (@) and (@,
(71— Dn+s1 < (Jo— 1)n + sa. (13)

If j1 < jo, then, by (9)), (j1,51) < (j2, $2). If j1 = jo, then, by (13), s1 < s2 and, consequently,
by @, (J1,51) < (Ja, $2). Consider the case j; > jo. We will show that this case is impossible.
Since j; > jo and both j; and j; are integers, it follows that j; > j5 4+ 1. Therefore j; — 1 >
(jo — 1) + 1 and, consequently,

Since s; and sy belong to {1,...,n}, it follows that
(i—Dn+s1>0r—Dn, (Ja—Dn+n>(jo—1)n+ s. (15)
By and ,
(jl — ].)TL + 851 > (jg — 1)7’L + S9. (16)
By and , my > my, which contradicts . So, the case j; > jo is impossible. Thus,
», is strictly increasing. This completes the proof. ]

.....

,,,,,

-----

-----

..........

and sz, are bijections, it follows that 0, , is a bijection too. Let
O, ={0,n: 0 €S}, (19)

where 0, ,, is defined by . By [13] Proposition 1], ©,, is a subgroup of S.
Let Gg ,m be the group of operators on £, defined by , where ©,, is defined by .

A Gy ,-symmetric function f defined on ESK) is called n-block-symmetric.
Forn e N, pe[l,400), Ke {R,C}, and k = (k1, ..., k,) € Z' such that (k) > p, where
() = ki 4 ... + kn, let Fyppi: 057 = K be defined by

o0 n

ky
Fk,n,p,K((xla T, .. )) = Z (x(jfl)n+v) s (231, T, .. ) € gl()K) (20)
0

1

j=1 v=
v >

<

o

Note that [I3, Theorem 4| and [13, Lemma 7| imply the following theorem.
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Theorem 1. Let n € N and p € [1,+00). The set of polynomials
{Fk,n,p,c: k € Z' such that (k) > p} ,

where Fj, , , ¢ is defined by , is an algebraic basis of the algebra of all n-block-symmetric

complex-valued continuous polynomials on z,(jc).

Let us establish the real analog of Theorem

Theorem 2. Let n € N and p € [1,+00). The set of polynomials
{Fk,n,p,Ri k € Z such that (k) > p} ,

where Fj, ,, ,r is defined by , is an algebraic basis of the algebra of all n-block-symmetric
real-valued continuous polynomials on &(,R).

Proof. Since EZ(,C) is the complexification of ESR) and the complex extension of every n-block-
symmetric real-valued continuous polynomial on ESR) is an n-block-symmetric complex-valued

continuous polynomial on £§fc>, taking into account Theoremand [10, Corollary 1], we obtain
the desired result. O

Note that n-block-symmetric functions fail to separate points of the space. For example,
f(e1) = f(ens1) for every n-block-symmetric function f defined on KI(,K), where
e; = (0,...,0,1,0,...)
——

j—1
for j € N. Let us consider weakly symmetric functions, which, as it will be shown in this
section, separate the points of the space. Denote
92’4(011«) = G@w’ég(): n e Z+} »
Consider G, ,-weakly symmetric continuous polynomials on EI(D ). Note that [14, Theorem 1]
“p
implies the following result.
Proposition 1. Let K € {R,C} and p € [1,+o0). The set of all G, ,&-weakly symmetric

continuous polynomials on EI(,K) is an algebra.
Let us establish the following analog of [2, Theorem 5.
Theorem 3. Let K € {R,C} and p € [1,+00). The set of polynomials

{Fyonpr:n € Zy and k € Z"; such that (k) > p}, (21)

where Fj, on , x Is defined by , is a generating system of the algebra of all G, ) -weakly

symmetric continuous K-valued polynomials on ESK).

Proof. From the definition of a weakly symmetric function it follows that the algebra of all
g, (m-weakly symmetric continuous K-valued polynomials on E;K) is the union over n € N of
p

the algebras of 2"-block-symmetric continuous K-valued polynomials on EI(,]K). Therefore for
every element f of this algebra there exists n € N such that f is 2"-block-symmetric and,
consequently, by Theorems [I] and [2] f can be represented as an algebraic combination of

elements of the set
{Fk’gn’p’K: k € Z" such that (k) > p} ) (22)
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Therefore, since the set is the subset of the set , it follows that f is an algebraic
combination of elements of the set . So, every element of the algebra of all G, ,«)-weakly
tp

symmetric continuous K-valued polynomials on KSK) is an algebraic combination of elements
of the set . Thus, the set is a generating system of this algebra. m

The following theorem shows that the set is not algebraically independent, therefore
it is not an algebraic basis of the algebra of all G, ,««-weakly symmetric continuous K-valued

polynomials on él(,K)

Theorem 4. Let K € {R,C} and p € |1,

1,+00). Let n € Z; and m € N be such that m > 1.
Let k = (ki,...,k,) € Z} be such that (k)

> p. Then
Frnpx = Y Fio mnpic (23)
s=1
where for s € {1,...,m}
) =(0,...,0,k1,...,kn,0,...,0). (24)
(s—1) (m—s)

Proof. Let x = (1, 2s,...) € (5. By (20 .
mn k(s)
Fk(s) mn,pK Z H Z(j— l)mn—i—v (25>

k<5>>0
for s € {1,...,m}. Note that the series in the right-hand side of is absolutely convergent.

By (24),
1) Fy_(s—1m, fve{(s=1)n+1,... sn}
Y 0, otherwise

for s e {1,...,m} and v € {1,..., mn}. Therefore,

sn

(s)
H (x(j—l)mn—l—fu)kv = H (x(j—l)mn-i-u)kvi(s*l)n

v=1 v=(s—1)n+1
kS >0 Ky (s—1)n>0

for j € Nand s € {1,...,m}. By making the substitution w = v — (s — 1)n, we obtain

11 (2(—tymnen) 7 = I1 (CET— b

v=(s—1)n+1 w=1
kv—(s—l)n>0 k>0

From the previous two equalities, taking into account the equality
(J—Dmn+ (s —L)n = ((J' —Dm+s—1)n=(3,(0s) - 1)n

(s) kw
where sz, is defined by (7)), we obtain H T 1)mn+v)k” = H (x(%;ll((j s))fl)nﬂu) for
k<s>>0 R0
o0 n kw
j €Nands e {1,...,m}. Therefore, by ([25)), Fy) ynpx(®) = H <m(%;l1((j7s))_1)n+w)
j=1 w=1
Fow >0

for s € {1,...,m}. Consequently,

Z Fk(s)vmnvp K Z H < (j s )n+w> - . (26)
s=1 w=1

s=1 ]:1

u)
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By setting n = m in @ and , we get the definitions of the relations “<” and “<”, resp.,
on N x {1 .,m}. Let us rewrite the series in the right—hand side of ([26]) as follows

ZZ H ( L)) )n+w>kw = > H ( . 1)n+w)kw. (27)

s=1 1 w=1
i=1 w1 (G e {1} %) 2

Since the series in the right-hand side of is absolutely convergent, taking into account
and , it follows that the series in the right-hand side of is absolutely, and,

consequently, unconditionally convergent. Therefore,

S I Gpremn) = X T )

(7,5)€(Nx{1,....m}, <)k?v>10 (4,8)€(Nx{1,...,m}, <) 2= 1

k>0

(28)
By Lemma , the mapping s,,, defined by , is a strictly increasing bijection between
ordered sets (N, <) and (N x {1,...,m}, <). Consequently,

n

2. 11 (“7( () -1 n+w> ) H ( (" Gom (1))~ )n+w)kw -

j Nx{1,... w=1 le(N
(G9) e Lmm}<) =] €M< =l

= Z IT (z0-1yns0)™ = Frnp(). (29)

By (26), (7). [8), and (29), the equahty ([23)) holds. O

Let us show that G, ,«-weakly symmetric continuous functionals separate points of the
1

space (), where K € {R, C}.

”e
OH

Theorem 5. Let K € {R,C}. For every z,y € £§K> such that x # y there exist n € Z, and
s € {1,...,2"} such that Fyem on;x(®) # Fyemon1x(y), where Fyn) on 1 is defined by
() and
k&™) =(0,...,0,1,0,...,0). (30)
~——

s—1 2" —s

Proof. Suppose there exist x,y € ng) such that = # y and

Fom an 1 g (T) = Fresm gn 1k (Y) (31)
for every n € Z, and s € {1,...,2"}. Let a = (ay,as,...) € égK) be defined by
a=1x—y. (32)

Let us show that a = 0. For every n € Z, and s € {1,...,2"}, <k(s’”)> = 1, and,
consequently, Fy(.n) on 1 x 18 @ linear functional. Therefore, by and ([32)),

Fyom g x(@) =0 (33)
for every n € Z, and s € {1,...,2"}. Let f: D — C be defined by

=) e, (34)
m=1

whereD = {z € C: |z|] < 1}.Sincea € (%) the series >, |am| is convergent. Consequently,
by [9, Theorem 2.4, p. 52|, the series in the right-hand side of converges absolutely and
uniformly on . Therefore, by [9, Theorem 2.3, p. 51|, f is continuous on D.
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Let us show that

f (exp (2mil/27)) =0 (35)
for every g € Zy and 1 € {1,...,29} . Let ¢ € Zy and [ € {1,...,29}. By (34),
f (exp (2mil/27)) =Y~ @y exp (2mil(m — 1)/27). (36)

m=1
By setting n = 27 in @D and , we get the definitions of the relations “<” and “<”, resp.,
on N x {1,...,27} . By Lemma [2| the mapping sz, defined by (7)), is a strictly increasing
bijection between ordered sets (N, <) and (N x {1,...,29}, <). Consequently,
[e.e]

> amexp (2mil(m —1)/27) = > b.s, (37)

(4,8)€(Nx{1,...,29},<)
where

bjs = Gz (j,5)) CXP (2mil (5634 ((4,5)) — 1) /29). (38)
Since the series in the left- hand side of is absolutely convergent, it follows that the series
in the right-hand side of is absolutely, and, consequently, unconditionally convergent.

Therefore,
Z bj,s - Z bj,s- (39)

(4,8)€(Nx{1,...,29},<) (4,s)€(Nx{1,...,24},%)
Taking into account ,

> bis=>_> bj. (40)
(4,8)€(Nx{1,...,24},%) s=1 j=1
For (j,s) € (Nx{1,...,27}, by (7)), one has 5,' ((j,s)) = (j—1)29+s. Therefore, Gl (G.s)) =
A(j—1)24+4s and
exp (2mil (365, ((4,8)) — 1) /29) = exp (2mil ((j — 1)29+ s — 1) /27) =
=exp (2mil(j — 1) + 2mil(s — 1)/2%) = exp (2mil(s — 1) /29),
consequently, by ([38)), b;s = a(j_1)204s exp (27il(s — 1)/27) . Therefore,
27 " oo 24

o0

Z Z bjs Z exp 271'2[(8 — 1)/2q) Z A(j—1)29+s- (41)

s=1

s=1 j=1
By (20), >°72, ag-1)201s = Fiea 001 x(a) for every s € {]1 .,29} , where k(9 is defined
by . Consequently,

24 29
Z exp (2mil(s — 1)/29) Z A(j—1)204s = Z exp (27il(s — 1)/29) Fys0 001 x(@). (42)
s=1
By (33), Fre. 001 x(a) =0 for every s € {l,...,27}. Therefore,
29
> " exp (2mil(s — 1)/27) Fye ga 1 (@) = 0. (43)

s=1
By , , , , , , and the , equality holds. Every z € C such that

|z| = 1 can be approximated by elements of the set

{exp (27il/27) : g € Z; and | € {1,...,27}},
therefore, by , taking into account the continuity of f, f(z) = 0. The function f admits
power series representation which converges in the unit disc. So, it is analytic inside the
unit disc. Consequently, by the Maximum Modulus Principle, f(z) = 0 for every z € D.
Therefore, taking into account , a = 0. So, by , x =y, which is a contradiction. [
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