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A sequence of non-linear iterations with non-identically distributed random perturbations
is studied. The asymptotic behaviour of the sequence is described via its visitations measures,
which are deterministic measures that allow one to estimate the time spent by the sequence in
the neighbourhoods of its partial limits. The results obtained are compared with statements
regarding the statistical convergence of the sequence of iterations under study.

1. Introduction and preliminaries. In this paper we consider nonlinear perturbed iterati-
ons of the form

to=2€R, Tnp1=¢(@n) +&41 (n20). (1)
where ¢: R — R is a function that satisfies the Lipschitz condition on R

Ve,y e R p(r) — e(y)| < alr -y (2)

with a constant o < 1, and {{,, n > 1} is a sequence of independent and non-identically
distributed random variables. The aim of this work is to investigate the set of partial limits
of the sequence of iterations {x,, n > 1} and to study the asymptotic properties of the
sequence of counting measures {>_;'_; 0,,, n > 1} that describe frequencies with which the
sequence {x,, n > 1} falls within the neighbourhoods of its partial limits.

Our analysis is based on the notion of a sequence of visitation measures, introduced by
A.A. Dorogovtsev in [I]. In what follows, all the necessary definitions are provided to recall
this notion.

Definition 1 ([I]). A sequence of finite measures {\,, n > 1} on R? is said to be increasing
if

VAe BRY)Vn>1: Ayi(4) = Au(A4), lim A, (RY) = +o0,

n—o0

where B(R?) is the Borel o-algebra on R

Definition 2 ([I]). For an increasing sequence of measures {\,, n > 1} the set

n—o0

My = {33 €RY: Ve>0 lim \(B(z,¢)) = +oo}
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is called the limit set of the sequence {\,, n > 1}. Here B(z,¢) is an open ball of radius
centered at the point z. Elements of the set 90T, are called the points of growth of the sequence
{A\n, n>1}.

Definition 3 ([I]). Two increasing sequences of measures {\,, n > 1}, {p,, n > 1} are
called equivalent if the following conditions hold:

1. S)Jl)\:ﬁﬁ#:‘)ﬁ#g;

2. for any open sets Uy, U, such that U; C Uy, MNU; # @, U, is a compact, the following

relations hold (U U
h_m 'ﬂ( 2) 2 1’ hm lun( 2)
Definition 4 ([1]). Any increasing sequence of measures {un, n > 1}, which is equivalent to

the sequence of counting measures {\, = Y ,_, d,,, n > 1}, is called a sequence of visitation
measures of the sequence {z,, n > 1}.

> 1. (3)

Let us state two theorems, proven in [I], which are important for a subsequent discussion.

Theorem 1 ([I]). Let {&,, n > 1} be a sequence of independent random elements in R?
such that

3C e R: Z (1]l > C) < +oc. (4)

Then with probability one the non-random sequence of measures {,un = ZZZIPofk’l, n > 1}
is a sequence of visitation measures for {,, n > 1}.

Theorem 2 ([I]). Let {&,, n > 1} be a sequence of independent random elements in R?
satisfying @) ,m > 1 be fixed and F: R{m™+1) 4 R! be a Borel function that maps bounded
sets to bounded sets. Then for the sequence of random elements in R!

T = F(ﬁm&n-ﬁ-b cee 7£n+m) (n > 1)

the non-random sequence of measures {,un =, , Po ntn > 1} is with probability one
a sequence of its visitation measures.

From the theorems given above, it is clear that visitation measures of a sequence of
random variables are much simpler than its counting measures, yet contain information
about the time spent by the sequence in the neighbourhoods of its partial limits. In [I] this
notion is applied to the study of the asymptotic behaviour of linear perturbed iterations

To=1uc Rdy Tny1 = Arp + &g (n > 0)7

with a linear operator A in R? and non-identically distributed perturbations {&,, n > 1}. In
[2] a similar technique is used to prove a local ergodic theorem for a sequence of nonlinear
perturbed iterations of the form

To=1ucC Rda Lntl = Sp(xn) + £n+1 (n 2 0)7

with continuous function ¢: RY — R. This theorem establishes the conditions under which
for any continuous function f: R? — R with compact support there exists a finite limit
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where the normalizing sequence {v,, n > 1} is obtained from the sequence of visitation
measures of {z,, n > 1} and may grow more slowly than n.

In [5] it is demonstrated that investigating visitation measures for {x,/a,, n > 1} with
various numerical sequences {a,, n > 1} that monotonically decrease to zero, turns out to
be an effective method to study the nature of convergence to zero of the sequence of random
variables {x,, n > 1} itself.

Note that visitation measures entirely determine the frequencies with which a sequence
of random variables visits the neighbourhoods of its partial limits. The idea of counting
the number of times a sequence falls within the neighbourhoods of a given point goes back
to H.Steinhaus [4] and H. Fast [3], who independently introduced the concept of statistical
convergence. This type of convergence has since been extensively developed and investigated
by many authors. We recall that a sequence {a,, n > 1} of elements of a metric space (X, d)
converges statistically to an element a € X, if for any € > 0

1 n
E Z H{d(ak,abg} — O, n — Q. (5)
k=1

This type of convergence allows one to identify «the main» among the possible partial
limits of a sequence, whose neighbourhoods are visited much more frequently than the nei-
ghbourhoods of the others. Note that the notion of visitation measures is far more general
and informative, allowing one to say how often a sequence of random variables visits the
neighbourhoods of any of its partial limits. In particular, a conclusion can be drawn about
the existence of a statistical limit.

Example. Let {n,, n > 1} be a sequence of iid standard Gaussian random variables, and
let &, = nn/+v/2In(n+ 1), n > 1. Using the Borel-Cantelli lemma, it is straightforward to
show that with probability one the segment [—1, 1] is the set of partial limits of the sequence
{&., n > 1}. According to Theorem (1 the sequence {}";_, Po &', n > 1} is a sequence of
visitation measures for the sequence {¢,, n > 1}. Therefore, for any ¢ € (0, 1)

N N
Jim =3 Tgse = Jim 7 P(lgd > ) =0
k=1 k=1

and thus one immediately deduces the fact of statistical convergence of {£,, n > 1} to zero,

S—1lim & =0 as.
n—oo
The use of visitation measures allows us not only to find zero as «the essential» partial limit
of {¢,, n > 1}, but also to determine the asymptotic behaviour of the frequencies with which
this sequence falls within the neighbourhoods of other partial limits. Namely, by applying
to the probability

P&, € [, f]) = P (nn e [V2I(n+1)-a,/2In(n + 1) .5})

the well-known estimate

1 1 1 1 1
(———) ~—e_’32/2<P(77>x)<—~ e_x2/2, x>0
x

x a3 Vor
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for a standard Gaussian random variable 7, one can verify that for any 0 < o < 8 < 1 and
any € > 0

1 n n

WZP(&;G(%B)) — 0, #ZP(&G(@,B)) — 00 (n— o0),

k=1 k=1
and thus due to the equivalence of counting and corresponding visitations measures
n n

1 1

i—ate Y Lty =0, oy > Lgesy >0 (n—00) as.
k=1 k=1

Moreover, for any a < ay < b1 <ag < fy<1

nllg)loz (Ské 042,52 /Z ka 041,51)): )

and therefore the same asymptotic behaviour holds for the counting measures
nh—>nolo Z H(fk € (OCQ,/BQ))/Z H(fk € (Oél,ﬁl)> =0 a.s.
k=1 k=1

2. Main results. For any m > 1 define the sequence {z!', n > m} as follows

Lemma 1. Let {{,, n > 1} be a sequence of independent random variables in R satisfying

@). Then

lim sup |z —2,| =0 a.s. (7)
m—ro0 n>m

Proof. Note that for any n > m

n —Tn| < a |$7~Lm—711 —Tpa| <o <™ 20 — Tnom| < Q™ (Jo| + sup |24).

nx1

|z

From condition it follows that sup,,»; |{,| < 400 a.s. and then, since a < 1,

sup |z,| < N
n=>1

1
sup |€,| < 400 a.s.
— O p>1
Hence, we obtain ([7)). ]

Lemma 2. Let {{,, n > 1} be a sequence of independent random variables in R satisfying
(). Then for any m > 1 the sequence {z"', n > m} with probability one has as its visitation
measures the sequence {>™ =37 Po(z")"', n>m}.

Proof. Note that {2, n > m} can be represented as
' = Fo(&nomi1s - 6n), (8)
where F),,: R™ — R for any m > 1 is defined by the equality
Fo(ut, ... ) = Uy + @(Um-1 + @(Um—2 + - + p(u1 + ¢(20)) . .. ). 9)

Since the function ¢ in @ satisfies the Lipschitz condition , then F}, is a continuous
function and therefore the statement of the lemma follows from Theorem n
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Denote by L?, the set of partial limits of the sequence {z7", n > m} defined in (6) and let
L% be the set of partial limits in R™ of the vector sequence {(&_mi1,---,&n), n = m}. Note
that since the random variables {&,, n > 1} are independent, according to Kolmogorov’s
zero-one law, the set LS, is deterministic.

Lemma 3. Let the sequence {&,, n > 1} satisfies condition (4). Then

Ly, = Fu(LS,). (10)
Proof. Let w € L? . This means that there exists a subsequence {ny, & > 1} such that
T, — u, k — oo. By construction, z;’ = Fo(&np—mt1, - -, &n,, ). From condition it
follows that the vector sequence {(&n,—m+1s - - - &n, ) k = 1} is bounded with probability one
and therefore a convergent subsequence {(§n,,—m+1,---,&n,,),! = 1} can be chosen from it.
Let

(& —mt1s - &ny) = W1see o3 Ym), L= 00

Then (y1,...,Ym) € LS, and since F,, is continuous, we obtain

Fm<€”kl—m+17 .. 7£nkl> — Fm(yla . ,ym), [ = oo.

Hence, u € F,,(L%,).

Now assume that u € F,,(LS,). Then u = F,,(y1, . . ., ym) for some (y1, ..., ym) € LS,. This
means that there exists a subsequence {(&,, —m+1,---,&n, ), & = 1} converging to (Y1, ..., Ym)
as k — oo. From the continuity of F;, it follows that

m

T = Fn(Snmmits - 6n) = (Y1, Ym) = .
Thus, v is a partial limit of {«I', n > 1}, that is, u € L. a

Theorem 3. The set L* of partial limits of the sequence of iterations {x,, n > 1} coincides
with the intersection of the closures

L* = ﬁ G Lz (11)

k=1m=k

Proof. Let

Then there exists a subsequence {y,, € L7, , k > 1} such that y,,, — y (k — oo). For
the sequence {a7™, n > my} there exists a subsequence {z7', j > 1} such that a7 —

L Then

Ym,, J — 00. In particular, there exists a number n;, for which |a:?j’; — Y| < %

Tok =y (k — o0).
According to Lemma , |:137’?]’Z — Zp;, | = 0 (k — 00), and therefore x,;, — y (k — o).
Hence, y is a partial limit of {x,, n > 1}, that is, y € L*.
Now, let y € L*. Then there exists a subsequence {z,,, k > 1} such that z,,, — vy,
(k — o00), that is
Ve >03ko Vk 2 ko |xn, —y| <e.
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Note that
Img Vm = mo Vk > 1: |x21k — Ty, | < €.
From this it follows that
Vk > ko o0 —y| < 2e.

This means that there exists a partial limit y,,, of {2, n > my} such that
[Ymo — I < 2¢.
By choosing € = 1/1, I > 1 we construct subsequences {y.,,, [ > 1} such that y,,, € L% and
Ym, — Y, | — 00.
Hence, y € m for every k > 1 implying y € (N~ m O

Lemma 4. Suppose that for a sequence {x,, n > 0} in R? and for an increasing sequence
of measures {1, n = 0} on B(R?) the following conditions hold:

1. the limit set 9M,, is non-empty;

2. for every positive € > 0 there exists a sequence {y,, n > 0} in R? such that {yu,, n > 0}
is its sequence of visitation measures and

lim |xn — ynll < e.
n—oo

Then {u,, n > 0} is a sequence of visitation measures for {x,, n > 0}.

Proof. We must verify that the sequence of counting measures {v% = > 7_, 0,,, n > 0} is
equivalent to the increasing sequence of measures {p,, n > 0} . Let us first check that the
set L” of partial limits of {z,, n > 0} coincides with 9,. Suppose that u € L*. For ¢ > 0
let {y,, n > 0} be a sequence satisfying condition 2 in the statement of the lemma. Then

B(u,e) N LY = B(u,e) "M, # @.
Hence, u € M, and thus L* C 9. The reverse inclusion is checked in a similar manner.
Now let us verify that the conditions in (3]) of Definition 3 are satisfied. To do this, we
will take open sets Uy, Us, such that U; is compact, U; C U, and Uy N M, # <. Then there
exists € > 0 such that Ui C U,, where U stands for the e-neighbourhood of the set U.
Then for counting measures {v% = >"7_, 0,,, n > 0} and {v¥ = >"/_, 0,,, n > 0} we obtain
the following inequalities

lim vy (Us) > lim Vn(Uiz > lim Vn(Ui) > 1
nooo Un(U1) ~ oo VY(UF?) 7~ nsoo Vi (UF)
that ensure the conditions of Definition 3 are satisfied. O

Theorem 4. The sequence of measures {%n =y, , Po {L’El, n = 1} is a sequence of
visitation measures for {x,, n > 1} with probability one.

Proof. For every n > 1 consider a set {n,x, 1 < k < n} of independent random variables
that are independent of the sequence {&,, n > 1} and such that for any k = 1,n

d
Tnk = fn
For a fixed m > 1 let us construct a sequence {y, n > m} as follows
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Y = Fn(nl,na ey Mn—mny §n—m+1, - - - &n)s
where F), is defined in @D By similar reasoning used in the proof of Theorem (1] in [I], it
can be proven that {>.;_  Po (yf")™',n = m} is a sequence of visitation measures for
{y', n=m}.
Given that y," < x, for every n > m and that by construction

sup |x;n_y;n|_>0, sup |xn_y171n|_>0 (m—>oo),

n=m n=m
the statement of the theorem follows from Lemma [4] ]

3. Iterations with Gaussian perturbations. In this section, we apply the notion of
visitation measures to the analysis of convergence of iterations

Tpy1 = @(Tn) + &np1, =0 (12)

with
b= n>1,
v2In(n+1)
where {n,, n > 1} is a sequence of id standard Gaussian random variables. Note that if =,
is the unique solution to the equation x = @(z), then the sequence =, = z, — z, (n > 1)

satisfies
Mn+1

En :~§n + n>oa
#1 = PlE) v2In(n + 2)

with the function ¢(y) = ¢(y + z.) — x,, for which ¢(0) = 0. Therefore, without loss of
generality, we will assume in what follows that ¢(0) = 0 in and thus z, = 0.

Lemma 5. z, = 0 (n — 00).
Proof. Condition implies

Elan| < a”zo] + ) a" FE .
k=1
From the construction of {&, k > 1} and the Toeplitz theorem it follows that

n

Z Q" FR&| =0, n— oo.
k=1
Hence, by the Chebyshev inequality, for any € > 0

P(lz,| > ¢) < =0, n— oo

Lemma 6. For an arbitrary [a,b] C (0,1) and any € > 0

1 n
lim Z ]I[a,b] (ZL’k) = 400 a.s.
k=1

n—oo pl—a—e

For any 6 > 0

1 n
nh—>r20 ﬁ ; I[[_(w] (:L‘k) =1 a.s.
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Proof. Denote
-1

-1 Tn
pn=Pozx, ', (,=Po|——m n=1).
2In(n+ 1) ( )
In Theorem | it was proved that the sequence {5, = > ,_, ur, n > 1} is with probability
one a sequence of visitation measures for {z,, n > 1}. Therefore, it is enough to check that

. 1
Jim Tae pin([a, b]) = +o0, (13)

. 1
Jim -~ pa([~6,0]) = 1. (14)

Note that the measures i, ¢, satisfy the following relation 11 = (ftn 0 0 ) *x (g1 (n > 0)
and therefore pu, has the density

nl0) = [ pu— 0oy 97 (a0),
R
where p,, is the density of (,.
From Lemma [5|it follows that for £; € (0, min((b — a)/2,¢))

1
dng = 1VYn = no Vu € [a+e1,a + 2¢4]: qn(u) > épn(a—irQel)
and this implies . Condition is proven in a similar manner. O

Corollary 1. For the sequence {x,, n > 1} of iterations given by

S— lim z,=0 a.s.
n—oo

Note that the example considered in this section illustrates that visitation measures

contain all the information about all the partial limits of the sequence, not just its statistical
limit.
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