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There are presented sufficient conditions for the Taylor-Dirichlet series of the form F(x) =
Z::) ape® 7@ and X = (\,), B = (B,) be positive sequences, 7: Ry — R, be a diffe-
rentiable function such that 7'(z) > 0 (z > z¢) providing validity of Wiman-type inequality
outside some set E of finite Lebesgue measure. We prove the following statement: If for the
sequences A = (\,), 8 = (B,) and a twice differentiable function 7: Ry — R, such that
7'(x) >0 (x > x9), 7"(x) > 0 (x > x¢) there exists a function 1) € £, that the condition

— 1 >0:u-— < An d n < \/
Qg :=sup lim nu{n = () +7(@)fn S ut w(u)} < 400
z>0 u—+oo Inu

holds, where v(D) = #{n > 0: X\, + 7' (x)B, € D}, then there exists a set E of finite Lebesgue
measure such that for arbitrary § > 0 and z € Ry \ F we have

F(2) < p(e, F)(In p(a, F))*0*.

For every non-costant entire functions of the form f(z) = > a,2" and 7 > 0 denote

pr(r) = max{|a,|r™: n > 0} and M(r) = max{|f(z)| : |z| = r}. It is well known that
(see |1H4], |5, Part IV, Ch. 1, § 3, Problem 56|) the (Wiman) inequality

My(r) < € py(r) (In g (r)) /24

holds for r € [0,4+00) \ E, where € > 0 is arbitrary given and the set E has finite logarithmic
mesure, i.e. In-meas E := fEm[1,+oo) dlnr < 4o00. Statements about analogues of this Wi-
man’s theorem have been repeatedly proven for the entire Dirichlet series (|6-11]). In |6, p.71]
it is proved that for every entire Dirichlet series F' € D()) of the form

+o0
F(2) =Y Foexp{zA}, 0=2X <Ay < Apsr T 400 (1 <0t +00),

n=0

whose exponents satisfy the condition A,.; — A, > h >0 (n > 0), for each € > 0 and for all
x € [0,400) \ E (F is some set of finite Lebesgue measure) the following

M(z, F) < p(x, F)(In pu(x, F))V/?e
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holds; here M(z, F) = sup{|F(z + iy)|: v € R}, p(x, F) = max{|F,|e®*:n > 0}. In
the paper [9] we find the following statement: if the counting function n(t) = >, ., 1 of
a sequence A = (\;) satisfy the condition

— I (n(t + V(D) - nlt = /b))

t—+o0 Int

<p; <+ (1)

for some positive function ¢: R, — R, such that f;oo dt /¢ (t) < +o0, then for every entire
Dirichlet series F' € D(\) and any € > 0 there exists a set £ = E(e, F) C [0,400) of finite
Lebesgue measure such that inequality

M(z, F) < p(z, F)(In p(x, F))Pre

holds as x — +o00 (z ¢ E). Previously, a similar statement was proven in [10] (see also |6, p.
62|, [7,11]) with p; = p— 3, p > %, by the following condition

(30, D € (0,+00)) (30 € [1/2,1)) Bty > 0)(Vt > to): |n(t) — At?] < D. 2)

We note that condition (2)) implies condition (1)) with p; = p — 1.
A similar result was also obtained for the Laplace-Stieltjes integrals in |12, Theorem 1].
Let TD(\, 8, 7) be the class of positive convergent for all = > 0 series of the form

“+oo

F(zx) = Z et (@B

n=0

and A = (\,), 8 = (0,) be positive sequences, 7: R, — R be a differentiable function such
that 7/(z) > 0 (z > x¢). The following statement is well known.

Theorem (see |17,]18]). If for a sequence A\ = (\,,) such that 0 = X\g < A\, T +o00 (1 < n T

+00), the condition
+oo

3 nin < 400 (3)

n=1

holds, then for every function F' € TD(\, 3, T) there exists a set E of finite Lebesgue measure
such that the Borel relation

In F(x) = (1+ o(1)) In pu(w, F) (4)
holds as © — 400 outside some set F of finite Lebesgue measure; here
p(x, F') = max {anem’\””(xm": n>0}.

Remark (|15,16]), condition (3 is also sufficient and necessary in order that Borel relation
holds for each entire Dirichlet series F' € D(\) as & — 400 outside of some set E of finite
Lebesgue measure. The statements just cited show the complete similarity of the conditions
that ensure the fulfillment of the Borel relation outside a set of finite Lebesgue measure for
both entire Dirichlet series and Taylor-Dirichlet series. Similar result was also obtained for
the series by a system of functions in [13,(14].

We note that analogues of the Wiman inequality for Taylor-Dirichlet series are currently



222 A. O. KuryLIAK!, O. B. Skaskiv!, O. M. TRUSEVYCH?

completely absent in the literature. The purpose of this paper is to attempt to fill this gap
regarding analogues of the Wiman inequality for Taylor-Dirichlet series.

We denote by L the class of positive continuous functions ®: R, := [0, +00) — R, such
that ®(x) / +o00 (0 < x — +00). Denote by L; the class of function ¢ € £ such that
f;goo dt/(t) < 4oo for some ty > 0.

We prove the following theorem

Theorem 1. If for the sequences A = (A, ), B =(
7: Ry — Ry such that 7'(x) > 0 (x > xg), 7"(z) >0
that the condition

__1nl/{n202u— P(u) < Ay +7(2) B < u+ /Y }

Qo :=sup lim
>0 u=+00 Inu

Bn) and a twice differentiable function
(x > xg) there exists a function ¢ € L4

(5)

holds, where v(D) = #{n > 0: \, + 7'(x)B, € D}, then for every function F' € TD(\,3,7)
there exists a set E of finite Lebesgue measure such that for arbitrary 6 > 0 and x € Ry \ F
we have

F(z) < (e, F)(In p(z, F))*o*.
For the proof we need the following lemma.

Lemma 1 (|16],Lemma 1). Let ¢ € £y, and g: Ry — R, is a differentiable non-negative
and non-decreasing function. Then the set

E={x2>0:g(z) = ¢(g(x))}
has finite Lebesgue measure.

Proof of Theorem[1 We consider the functions F': R, — R, represented for all x > 0 by
integrals of the form

ﬂm:A“E@mMm+mmu»mm,

where v(dt) is Borel measure, 3(t),a(t) are the positive Borel measurable functions, and a
differentiable function 7: R, — Ry such that 7/(z) > 0 (z > ).
For a given function ¢ € £, and x > 0 we denote

Au,z) :=v{t>0:u—Vp(u) <t+7'(z <u+\/_}

and also n A
a(z) = Tm In Ay, 2)
u——+00 lnu

We suppose that o := sup{a(z): x > 0} < +oo. Without loss of generality, we can assume
that
In A(u, z)

Inu

(Vx> 0)(Vu > 1): < ap < 400.

Denote g(z) = In F(x). Let
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be probability measure on the o-algebra of Borel sets on R, . Then for the mean of random
variable & =t + 7/(z)B(t) we get

M — /0 b () = /0 " apyertrrwse LF ;((?)5 D), at) = ().

and also in the case when 7”(x) exist for all x > 0,

Me = [Tenn = [ e LETOIOR, gy - B )

therefore,
Dg = Mg - (1 = 1~ (o) - () = ) - 71e)
in the case 7”(x) > 0 we obtain
D¢ < g"(x).

Apply now the Tschebyschov inequality at a = /2D

1 1
7o) / a(t)e PO @y (dt) = / P,(dt) = P{|¢ — M| > a} < D€/’ = 5
|E—M¢|>a |€-=ME[>a
Then, we get

F(z) = P(a) /|s et /{ _M£|<Q>Px(dt) <=2 4 F(a) /5 o, PO

So,

Flz) < 2F(z) / P(dt) = 2 / a()e O ().
|E—ME|<a |§—M¢|<v2DE

Using Lemma [1| to function ¢’ with the function ¢ (z)/2 instead the function ¢ (x), for all =
outside of some set finite Lebesgue measure we obtain

a(t)e® @O P (dt) < 2u(x, F)x

F(z) <2
)= /HT/(I)B(I‘/)&9’($)|§\/29”(€v)
xv{t>0:u—ip(u) <t+7(z)8(t) <u+ \/w(u)}‘u:g/(x) <2(g' () *u(z, F).  (6)

1+e

Applying Lemma |1| to the function g(z) with the function ¢(z) = z1In" ™ x, we get

g'(z) < g(x)In"* g(z) (7)

and Ing'(z) < (14+¢)Ing(z) = o(g(x)) as © — +oo outside a set of finite Lebesgue measure.
Therefore, applying inequality to the inequality @ we obtain

F() < 2u(x, F)(g(2))* ™0+ g(a)

as * — +o0o outside a set of finite Lebesgue measure. Hence, finally, for arbitrary o > 0 we
have
F(z) < p(z, F)(In p(w, F))*r

as r — +oo outside a set of finite Lebesgue measure.
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