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We extend certain results of the theory of Fourier quasicrystals on the real line to the
case of a horizontal strip of finite width. We define the Fourier transform for measures on a
strip that is a natural generalization of the Fourier transform for measures on the line. For
positive or translation bounded measures ;1 on a strip with the Fourier transform of the form
ft =3_. cr by0y we prove that the measure v = 3 p b2, has the exponential growth. If for
some 7 > 0 the points of I' in every interval of length 7 are linearly independent over integers
then the measure i also has the exponential growth.

1. Introduction. A complex measure ;1 on a Euclidean space with discrete locally finite
support is called crystalline, if i is a tempered distribution and its Fourier transform in the
sense of distributions fi is also a measure with discrete locally finite support; u is called a
Fourier quasicrystal if both measures |u| and |fi| are also tempered distributions. Here and
below |v|(E) denotes the variation of the complex measure v on the set E.

Fourier quasicrystals and crystalline measures have been studied very actively in the
recent years. Many works are devoted to investigations their properties (see, for example,
the papers [1,/11,/15]). In fact, Fourier quasicrystals are forms of Poisson formulas, which
were used, in particular, by D. Radchenko and M. Viazovska in [17].

The first nontrivial example of Fourier quasicrystals, which are sums of unit masses

p=> 0, MER, (1)

AEA

was found by P. Kurasov and P. Sarnak [10]. In [16] A. Olevskii and A. Ulanovskii establi-
shed a 1-1 connection between such Fourier quasicrystals and sets of zeros of real-rooted
exponential polynomials. In [5] this result was generalized to the zero sets of real-rooted
absolutely convergent Dirichlet series. A multidimensional version of the result by Olevskii
and Ulanovskii was partially obtained in papers |1] and |15]|, whereas the case of an arbitrary
measure on the line whose Fourier transform is a pure point measure was fully investigated
in papers [§] and [9].

Measures of the form with support A on a horizontal strip of finite width appeared
in [6], where an analog of Olevskii and Ulanovskii’s result was found. Also in [7], the technique
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of Fourier quasicrystals on a strip was used to provide a criterion for an entire almost periodic
function to be a finite product of sines.

Returning to the definition of a Fourier quasicrystal, it is natural to ask whether we
need additional conditions on the variations of the measures p and ji in order to prove
that a crystalline measure is a Fourier quasicrystal. The answer is positive; in the paper |4]
a crystalline measure on R was constructed that is not a Fourier quasicrystal. In the paper
[3] some conditions were found for a crystalline measure to be a Fourier quasicrystal. In
particular, it was proved that if a measure p on R is positive or translation bounded and its
Fourier transform ji is a pure point measure

[ = Z by0y, (2)
vyel
then the measure v = ) ~er b %6, is also translation bounded, and if all points of T in every
interval of length n are linearly independent over Z, then i is also translation bounded.

The set " in (2)) is called spectrum of the measure p. Recall also that a measure on R is
translation bounded if its variations on intervals of length 1 are uniformly bounded.

In our paper we show that analogs of these results do not valid for measures on a hori-
zontal strip of finite width. Nevertheless we prove that for non-negative or translation
bounded measures p on a strip the measures v as above and the measure ji in the case
of locally independent set I' have at most exponential growth. The precise formulations are
presented in Section 2 after giving necessary definitions. Here we also present an analogue
of the Poisson formula. An example of calculating the Fourier transform of a measure on
a strip is given in Section 3. In Sections 4 and 5, we give some auxiliary results. In Section 6,
we present the proofs of the main theorems.

2. Necessary notions and formulations of the main results. Let p be a measure with
support on Sy := {z € C: |[Imz| < H}. Denote
My(r) = |ul({z € Su+ |2] < r}).
Suppose that
M/J(r) < Ch IIl&X{l, Tp}a (3>

with some positive constants Cy, p. We will say that the measure p is translation bounded
on Sy if
sup |pu|({z € Sg: s <Rez < s+ 1}) = Cy < 0. (4)
seR

It is easy to check that inequality with p =1, (7 = 4Cj is valid for translation bounded
measures.

Let a function ¢ belongs to the space D of all C*°-functions in R with compact support.
Denote by

&(z) = / o(t)e ™= dt, zeC (5)
R
the entire extension of the usual Fourier transform

o(x) = / o(t)e 2™ dt, r e R
R

Clearly,
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It follows from the definition (5| that for all m € N uniformly with respect to |y| < H
|2°(2)] < Cy(max{1, [z[})~™. (7)

Let a measure p on Sy satisfy . Integrating by parts, we get

| #Elee) < canm +o [
2€8y

|z|>1

27" |l (dz) < C3m/ =" M, (r)dr. (8)
1
Therefore, for m > p the integral

|, #emaz) )

converges absolutely. So, the c-Fourier transform of a measure pu is well-defined by the equa-
lity

(i, ) = / °(2) (). (10)

It is easy to see that the definition of generalizes to all functions ¢ on R with compact
support that have bounded derivatives up to order m > p. Consequently, and are
also valid for such functions. In the next section we will show that the c-Fourier transform
of the measure pp = >_, _, 0ny; is the measure i§ = Y - e*™4,. Clearly, the exact analog
of results in [3] is incorrect. To formulate our generalization of these results we recall the
following definition ( [12, Ch.1]):

A measure v on R has a type o with respect to the exponential growth if

lim rlogv(—r,7) = 0.
r—00

In our paper we obtain the following results:

Theorem 1. If a positive measure . on Sy satisties and its c-Fourier transform [i° is
also a measure, then p is translation bounded.

Theorem 2. Let ;1 be a non-negative measure on Sy satisfying , and its Fourier transform
j1° be a pure point measure of the form . Then the measure

V= Z|b'y’257 (11)

vyel

has the property
v(t —1,t+1) = O(e*Hlt) as t— oo, (12)

and has the type with respect to the exponential growth at most 4w H. The same statement
is true for any translation bounded measure . on Sy with a pure point measure [i°.

Theorem 3. Let ;1 be a non-negative measure on Sy satistying , and its Fourier transform
j1° be a pure point measure of the form . If there exists 7 > 0 such that the sets
I'N(t —n,t +n) are linearly independent over 7 for all t € R, then the measure [i° has
the property

|2 (t = 1,t 4+ 1) = O(e* 1) as t— 00, (13)

and has the type with respect to the exponential growth at most 2w H. The same statement
is true for any translation bounded measure j on Sy with a pure point measure [i° satisfying
the condition of the theorem.
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Recall that the set X C R is linearly independent over 7Z if for any finite number of
elements t,...,t, € X and arbitrary mq,...,m, € Z the equality mit; + --- + myt, = 0
implies m; =---=m,, = 0.

Note that the condition on I is satisfied in the case [t — /| > n for all ¢, ¢’ € T, ¢/ # ¢.
Thus, the above example of the measure jy shows that estimates and are optimal.

In conclusion, note that in the case p = >\ axdr, A C S, o°=>" 0,0, I' CR, we
obtain an analogue of the Poisson formula > 1 b,¢(7) = >_\4 axp“(A), here ¢¢ is defined

in .

3. The example of c-Fourier transform for a measure on a strip. Let us find the
c-Fourier transform of the measure pig = ), ., 0,4 on the strip S = {z: [Im 2| < 1}.

Let ¢ € D be a test function. Since the measure pq satisfy and the integral @ with
1 = jp converges absolutely, we can change the order of integration and summation and get

G5.0) = [ e mian) =3 [ # @i = L s+

neL neE”L

It follows from () that ¢°(n+1) = (go(/t)}”)(n), therefore, according to the classical Poisson

formula,
(05,%) = (s (lt)em)( = ()™ => "5, (),

nez neL nez
ne o 2mn
and 1§ = >, ., €70y,

4. Some properties of the c-Fourier transform. The next three equalities for all ¢ € D
and p satisfying follow immediately from the definition of c-Fourier transform:

(e2mimtp(t))e = (¢°) (2 — 1),  2€8m, TER, (14)
(P9)(2) = 6_2””@6@) for . (t) = p(t—1), 2€ 8y, T€ER, (15)
() = 2 (t) for po(B) = p(E—7),  1ER. (16)

Since for s € R, z € Sy
’627rzsz AC( )’ < 627T‘ |H‘ AC( )| S 0362“|5|H(max{1, |Z|})_m

we see that the same arguments as in prove the estimate

/ e%isngc(z)lu(dz) < C4€Q7r\s|H’ (17>
SH

where the constant C; does not depend on s.
If the measure p is translation bounded, then for any shift of the measure pu.(E) =
w(E — 7) we have
\pu|({z € Sp: |z] <r}) < 4Cy max{1,r},

where Cj is the constant from (). We obtain from with m = 2

| s ennan| < crein, (18)
Su

where the constant C5 does not depend on either s or 7.
We will also use the following proposition.
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Proposition. For any m € N there is a funct{on U, (t) with compact support such that its
Fourier transform V¢ (z) satisfies (7)) and Re V¢, (z) > 0 for all z € Sp.

Proof. Set 6(t) = 1/2 for [t| < 1 and 6(t) = 0 for |[t| > 1. The c-Fourier transform of the
function 6 x 6 equals sin?(272)/(272)?, therefore it is non-negative for all z € R and vanishes
only at the points z = k/2, k € Z\ {0}. Consider the function

WY(t) = ™40 % 0)(t) + e TG % 0)(1).
It has compact support and c-Fourier transform
V°(2) = sin®(2mz — w/4)/ (272 — 7/4)% + sin? (272 + 7/4) /(272 4 7/4)?,
that is strictly positive on the real axis. The simple calculation shows that

c - i Amiz —4miz 1 1
V(2) = 1 (e — e7im) [(27&' — /42 (27rz+7r/4)2} *

1 2 2
1 { (Orz— /A2 | (@ret 7r/4)2} '

The expression in the square brackets behaves like O(273), and the expression in the braces
behaves like (72)72 as z — oo. Hence for z € Sy, 2 — oo,

S 3 140(1) 1

$(2) = O™ + g = s (1+o(1)
Define the convolution of n > m/2 functions () with ®(¢). Clearly, this function has
compact support. Also, its c-Fourier transform

d(2) = [sin*(2mz — 7/4) /(212 — 7/4)* + sin®(2nz + 7 /4) /(272 + 7/4)]"
satisfies and strictly positive on the real axis. Therefore Re ®¢(z) is strictly positive in

a neighborhood of R. We also have for z € Sy, z — o0
- 1
()= — (14 0(1
(Z) 4”7T2n(R€Z)2n( + 0( ))7
hence there is N < oo such that Re d¢(2) > 0 for z € Sy, |Rez| > N. On the other hand,
there is 7 > 0 such that Re ®°(z) > 0 for [Imz| < n, |Rez| < N. Consequently, for the

compactly supported function V,,(t) := (H/n)®(Ht/n), for all z € Sy we obtain
Re U¢ (z) = Re ®°(nz/H) > 0.

]

5. Some properties of almost periodic functions. The proofs of our theorems are based
on some results of the classical theory of almost periodic functions (see [2], [13]).

Recall that a continuous function f(t) on the real line R is called almost periodic if for
any € > 0 the set of its e-almost periods

E. = {7’ eR:sup|f(t+71)— f(t)| < 5}
teR

is relatively dense, i.e., E. N (t,t + L) # & for all t € R and some L = L(¢).

Each almost periodic function on R is bounded, a finite sum or product of almost periodic
functions is also almost periodic, and the uniform limit on R of almost periodic functions is
almost periodic too. In particular, every absolutely convergent Dirichlet series

D(t) = Zawegmt”, Z la,| < oo, (19)
weN weN

with a countable 2 C R is almost periodic. It is easy to check that the usual Fourier transform
of D(t) is a measure with a finite total mass D = >, awd..
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For every almost periodic f(¢) and every w € R one considers the Fourier coefficients

co(f) € Cas
co(f) = lim — / f(t)e 2™ qt,

The set {w: ¢, (f) # 0} is at most countable. It is easy to check that the uniform convergence
of the series (19) implies ¢, (D) = a,, for all w € R. Next, the Parseval identity

Sl = jim o [ 1P (20)

weR

holds.
Note that by Y. Meyer (cf. [14, Theorem 3.8]), if the Fourier transform of the measure
f(t)dt for an almost periodic function f is also a measure, then

Z]cw )| < oo, Vr<oo, and W:ch(f)é

lwl<r weN

We will also use the Kroneker lemma (see |13, Chapter II]):
Let x1,...,zn be linearly independent over Z real numbers and 64, ...,0y be arbitrary
real numbers. Then for every ¢ > 0 there exist ¢ € R and p; € Z, j € {1,..., N}, such that

|tl'j—9j—pj|<57 ]6{1,,N}

6. Proofs of theorems. Proof of Theorem . Let the measure p > 0 be satisfied
with some p < oo, and ¥, be the function from the Proposition with m > p. Set n =
inf Re V¢ (z). Using (16]), we get for any fixed s € R

2€8y: 0<Re 2<1

/ piaz) <t [ Re s (2)poa(de) <ot [ Rt (2)umu(ds) =
268y : s<Rez<s+1 268y : 0<Rez<1 Sy

=7 'Re /SH Ui (2)p-s(dz) <! /SH We (2)p_s(dz)| = 7" /R\Dm(t)[f_s(dt)‘ -
[ entemican| <ot [ 1ol

Since W, is compactly supported and |°| is a measure, we see that the last integral is finite,
and the first integral is bounded by the independent on s constant. O

7]_1

Proof of Theorem[3 By Theorem 1, it is enough to prove Theorem 2 for any translation
bounded measure pu.

Let ¢ € D be a non-negative even function such that ¢(t) = 1 for |t| < 1. Note that
¢°(2) is also even, and for any 7 € R: ¢°(17 — 2) = ¢°(z — 7).

Using and the definition of the Fourier transform of measure on Sy, we get

(1% ¢°)(7) = / (7 — )uldz) = / (27 (1)) (2)u(dz) =

2€Sy 28y
_ / go(t)e%m[f(dt) _ Z b%&(”)/)e%m—'y
R YESupp ¢

for every 7 € R. Since ¢ is a measure, we see that > |b,| < oo and the last sum
converges absolutely. Therefore, (u * ¢¢)(7) is an almost periodic function on R. The above
equality also implies (see Section 5) that the usual Fourier transform of this function is a
measure .

prt =Y o(7)hyd.

YEsupp ¢
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By Meyer’s result, the Fourier coefficients of the function (u ¢¢)(7) are

Oy (% §°) = byp ().
Using Parseval’s equality , we obtain that mass of the measure v from ((11) on [—1, 1]
can be estimated as follows

U= <Y lebl? = ey (ux &)

lvI<1 vER veR
1 /7
g 1 —_— H¢ < — .
TlglgOQT/ [(px §°)(7)Pdr < sup | (e x 2°)( Té%i’/s,{ )‘
The measures p is translation bounded, hence it follows from ) with s = 0 that

| / )] < 0

If we replace ¢(t) with ¢(t — ') with ¢ € R then by we have to replace ¢¢(z) with
e~ 2m"23¢(2). By (18)), we obtain v[t' — 1,# + 1] < 2T We have proved (12).

Then, each interval (—r,r) can be covered by |r]+1 intervals of the form (t—1,¢+1) with
t < r, where |r] is an integer part of the number 7. Therefore, v(—r,r) < C2(|r| 4 1)e*™*,
and T@ rlogv(—r,r) < 4mH. O

Proof of Theorem[3 By Theorem 1, it is enough to prove Theorem 3 for any translation
bounded measure .

Let ¢ € D be such that 0 < ¢(t) <1, suppy C (—n,n), ¢(t) =1 for |t| < n/2, and Cs is
the constant from that corresponds to this ¢. Suppose that does not valid. Then
there are intervals I,, = (¢, — n/2,t, +n/2) such that ¢, — oo and

S Iba) = 1€1(1) > 5Cse .
yel'nl,
If the set I' N (¢, — n,t, + 1) is finite for some n € N, then we set A, =N (¢, —n,t, +1n).
Otherwise, taking into account that f is a measure and |i|(t, — n,t, + 1) < 0o, we choose
A, to be a finite subset of I' N (¢, — n,t, + n) such that
> |b,| < Cse™Hltnl, (21)

YELN(tn—n,tn+1)\An
With this setting, we have

E ‘b,y‘ > 4C5€2WHIt"‘.
YEARNI,

Using the Kroneker lemma, we can find s, € R and mgn) € Z such that for all v € A,
argb»Y

sy + —m{"| < 1/6. Therefore, for all v € A, we have Re e2™sn7b. = [b.| cos(2ms, +
arg b,) > |b |/2 >0, and
Re Z 2o Th, > 2052 HlInl, (22)
yEALNI,

Let ¢ € D be the function defined at the beginning of the proof. It follows from , ,
and the inequality Re e*™*m7b, > 0 for all v € A,, that

’ / e%“nfsa(t—tn)mdt)\z R CE ™ D DI ¥

VEAR YELN(tn—n,tn+1m)\An

> Re Z e 7p + Re Z (v — tn)e*™ b, — Cre?™Hltnl ~ Cpe2mHltnl,

yeEALNI, ’YEAn\In
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The c-Fourier transform of the function e?7*rtp(t —t,,) equals e~27in(z=sn)3¢(» — 5, ). Hence,
by definition of the c-Fourier transform of the measure,

/eZWiS”tgo(t — tp)fc(dt) = / e~ 2mitnEmsn) 3¢ (5 — s, \u(dz) = / eI (2) s, (dz).
R Su

Su
By (18), the modulus of the last integral does not exceed Cse®™/!'. This bound contradi-
cts to what was received earlier, hence is true. Arguing as in the proof of Theorem
2, we obtain that the measure fi° has the type with respect to the exponential growth
at most 2w H. O
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