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For the real part of the Cauchy-type integral, which is known to be the logarithmic double
layer potential, we obtain estimates of the modulus of continuity in the closure of domain
bounded by an Ahlfors-regular integration curve. These estimates are more exact than the
well-known Zygmund estimate for the modulus of continuity of the Cauchy-type integral. The
accuracy of estimates for the logarithmic double layer potential is proved by constructing an
example of a curve and an integral density for which the specified estimates are exact with
respect to the order of smallness.

1. Introduction. Let v be a closed rectifiable Jordan curve in the complex plane C, and
let D' and D~ be the interior and exterior domains bounded by -, respectively.
The classical theory of the logarithmic double layer potential (see, e.g., J. Plemelj [])

1 0 1
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ZWLg(t)ant<n\t—z\)dst Vz e (1)

is developed in the case where the integration curve ~ is a Lyapunov curve, and the integral
density ¢g: v — R taking real values is a continuous function. Here n; and s; denote the unit
vector of the outward normal to the curve v at a point ¢ € v and an arc coordinate of this
point, respectively.

J. Radon [2] established the continuous extension of the logarithmic double layer potential
from the domains DT and D~ to the boundary v for any continuous integral density g: v — R
in the case where + is a curve of bounded rotation, i.e., a curve for which the angle between
the tangent to the curve and a fixed direction is a function of bounded variation. It is known
that the class of Lyapunov curves and the class of Radon curves of bounded rotation are
different, i.e., each of them contains curves that do not belong to the other class (see, for
example, L.I. Danilyuk [3, p. 26]).

J. Kral [4] proved that logarithmic double layer potential (1) can be continuously extended
from the domains D™ and D~ to the boundary v for all continuous functions g: v — R if
and only if the curve v satisfies the condition

2T
sup / (€, 6)do < o, (2)
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where 11,(&, ¢) is the number of intersection points of the curve v with the ray {z = { +
re'?: r > 0}.

Logarithmic double layer potential is the real part of the Cauchy-type integral (see,
for example, I.I. Danilyuk [3], F.D. Gakhov [5], N.I. Muskhelishvili [6])

~ 1 g(t) +
g(z) = omi )t Zdt Vz e D™ . (3)

While the results mentioned above about the continuous extension of the logarithmic
double layer potential to the boundary of a domain, which are contained in papers [1 2, [4],
are valid for arbitrary continuous functions g, the continuous extension of integral to the
boundary of DT or D~ requires additional assumptions on the density g of the integral.

The theory of the boundary properties of integral is presented in the monographs
by F.D. Gakhov [5] and N.I. Muskhelishvili [6] under the classical assumptions about the
smoothness of the integration curve and the Holder density of the integral. In the papers of
N.A. Davydov [7], V.V. Salaev [§], T.S. Salimov [9], E.M. Dyn’kin [10], O.F. Gerus [11}, 12],
the theory of the Cauchy-type integral and the Cauchy singular integral is developed on an
arbitrary rectifiable Jordan curve in classes that are more general than the Holder class of
the integral density, which are defined, as a rule, in terms of the modulus of continuity of
the function g. In this case, for the modulus of continuity of the Cauchy-type integral and
its limiting values on the boundary of a domain, both upper estimates (see |8, 11} [9} 10, 12])
and lower estimates for specially constructed functions to prove the ordinal accuracy of the
specified upper estimates on subclasses of the class of closed rectifiable Jordan curves (see,
for example, V.V. Salaev [§] and O.F. Gerus [I3], 14]) are established.

The aim of this work is to refine the aforementioned estimates for the modulus of conti-
nuity of the real part of the Cauchy-type integral (i.e., the logarithmic double layer potential)
on subclasses of the class of closed rectifiable Jordan curves.

The paper is organized as follows. In Section 2, we introduce the preliminaries and
formulate the main Theorems 1 and 2, which contain the upper estimates for the modulus
of continuity of the real part of the Cauchy-type integral. Section 3 contains auxiliary
statements. The proofs of Theorems 1 and 2 are contained in Section 4. Finally, in Section
5, we prove the ordinal accuracy of the estimates given in Theorems 1 and 2.

2. Upper estimates for the modulus of continuity of the real part of the Cauchy-
type integral in the case of Ahlfors-regular integration curves. In what follows,
a closed rectifiable Jordan curve v satisfies the condition (see V.V. Salaev [§])

O(e) :=sup 0,(c) =0(e), e —0, (4)

rey

where 6, (¢) := mesy.(z), 7-(z) == {t € v: |t — | < ¢} and mes denotes the linear Lebesgue
measure on . Curves satisfying condition are important in solving various problems (see,
for example, V.V. Salaev [§], L. Ahlfors [I5], G. David [16], C. Pommerenke [17], A. Bottcher
and Y.I. Karlovich [I8]). Such curves are often called the regular curves (see, for example,
[16]) or the Ahlfors-regular curves (see, for example, [I7]), or the Carleson curves (see, for
example, [18§]).

Let d := max |t1 — t2| be the diameter of the curve .
1,t2€y

For each & € v, we define a branch arg(z — £) continuous on v \ {£} of the multivalued
function Arg(z — &) in the following way. For each positive § < d/2, we select that connected
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component g5 of the set v5(§) which contains the point £. We choose a point & € ¢,
at which v has a tangent and which does not precede the point ¢ with respect to the
given orientation of the curve ~. It is obvious that in the case in which there is a tangent
to v at the point &, we can set & = &£. Let us cut the complex plane along the curve
Les = [ &) UT[E, 00, where v[€,& ] is the arc of v with the initial point £ and the
terminal point &, and I'[{;, o0] is a smooth curve that connects the points & and oo and lies
completely (except for its ends &; and 0o) in the domain D~. Now, let us single out a branch
args(z — &) of the multivalued function Arg(z — &), which is continuous outside the cut I'¢ 5
with the normalization condition args(zg — &) = ¢, where zp € D' and ¢ is one of the
values of the function Arg(z — &) at z = zp. We shall use the fixed values z; and ¢q for all
positive § < d/2. As a result, we have the obvious equality

args (t — &) = args(t — &) Vo1,0: 0< 8y <d<d/2 Vtey\ (€
that implies the existence of the following limit
arg(t —¢§) == lim args(t —¢) Vi e\ {¢}
6—0t

By definition

/ (9(t) — 9(€))darg(t — ) == lim /\ 0@t —)  veer.

6—0t

if the limit on the right-hand side of the equality exists.
Denote

M,(g,€) :=sup sup
g€y 6€(0,e)

/ (9(t) —g(&))darg(t =€),  &>0.
e (§\ s (§)

It is proved in Theorem 2 [19] that the condition
M,(g,e) =0, e — 0, (6)

is necessary and sufficient for the continuous extension to the boundary = of the real part
of Cauchy-type integral from the domains D' and D~ in the case where 7 is a closed
Ahlfors-regular Jordan curve. Moreover, if condition (6] is satisfied, then the limit on the
right-hand side of equality exists, and for all £ € v, the limiting values

(Re'gv)i(g) = lim Reg(z) (7)

2—€,2€DE
are represented by the formulas

(Red) (€)= g(6) + — / (9(t) — 9(€))darg(t — €), ®

2777

(Red) " (©) = 5= [ (9(0) — 9(O)dars(t ~ &) Q

Let us note that in the paper of O.F. Gerus and M. Shapiro [20], an analog of the Davydov
theorem [7] is proved for an appropriate Cauchy-type integral along an arbitrary rectifiable
Jordan curve in R?, which takes values in the algebra of quaternions. This result is applied
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in the paper of O.F. Gerus and M. Shapiro [21I] to establish sufficient conditions for the
continuous extension to the boundary of a domain of metaharmonic potentials, a partial
case of which is logarithmic double layer potential . o o
Continuous extensions of the function Reg to the closures D+ and D~ will be denoted
\+ N\ — )
by (Reg) and (Reg) , respectively.
For a function f: E — C continuous on E C C, we shall use its modulus of continuity

we(fe) = sup  |f(t) = f(t2)].

t1,ta€EE:|t1—t2|<e

An upper estimate for the solid modulus of continuity of the function (Reﬁ)jE on the set
D= in the case of an Ahlfors-regular integration curve is established in the following theorem.

Theorem 1. Let a closed Jordan curve vy be Ahlfors-regular and let a function g: v — R
be continuous on ~y. If condition @ is satisfied, then the following estimate is true

wD—i<(Re§)i,e> <c (Mw(g,e) +f—:/jd %(1792, ’7>dn) Ve € (0,d/8], (10)

where the constant ¢ depends only on vy but does not depend on €.

Below ¢ denotes various positive constants whose values depend only on the curve v but
are different even within one chain of inequalities.

Let us note that if the modulus of continuity of the function ¢g: v — R, which is given
on a closed Ahlfors-regular Jordan curve, satisfies the Dini condition

1
/ Mdn < 00, (11)
0 Ul

then Cauchy-type integral has the limiting values g (&) at every point £ € v from the
domain D*, and the following Zygmund estimate holds:

wD—i(”gv,a)gc(/:Mdn—i—a/;d#dn), (12)

Ui

where the constant ¢ depends only on 7 but does not depend on ¢ (see O.F. Gerus [11]], and
also V.V. Salaev [§], where the Dini condition of form is given in terms of the regularized
modulus of continuity using the Stechkin construction).

Condition (|11)) is sufficient for condition @ to be satisfied in the case where v is an
Ahlfors-regular curve, but it is not necessary for this. Indeed, if condition @ is satisfied, but
the condition

t _
/ 9) = 9() g<€)d!t—§] — 0, e— 0,
ve@\vse) [t =&

is not satisfied, then condition is also not satisfied, and the function Img(z) have no conti-
nuous extension to the boundary 7 from the domains Dt and D~ while the function Reg(z)
is continuously extended to « from DT and D~. Thus, estimate is an improvement of
estimate for the logarithmic double layer potential in the case where an integration
curve is Ahlfors-regular.

sup sup
§€y 0€(0,e)
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Note that in the case of an Ahlfors-regular curve, for each £ € v and each § > 0, the
function arg(t — &) has a bounded variation on the set v\ 75(£). However, in general, the
function arg(t — &) can be a function of unbounded variation on 7, because, in particular, it
can be unbounded in a neighborhood of the point &.

Consider the class of curves «, for which the function arg(t — £) has a bounded variation
V,[arg(t — &)] on v\ {&} for all £ € v and, moreover, satisfies the condition

sup V,[arg(t — &)] < oc. (13)

ey

Condition is equivalent to condition , which follows from the Banach indicatrix
theorem (see J. Krél [4, Lemma 1.2]). Therefore, curves satisfying condition (13) will be
called the Krdl curves.

Every Kral curve is an Ahlfors-regular curve (see [19, Proposition 4.1]).

In the case where the integration curve is a Kral curve, limiting values ([7]) exist everywhere
on v for an arbitrary continuous function g: v — R (see J. Kral [4]). Therefore, in this case,
by Theorem 2 [19], condition (6]) is satisfied. In addition, estimate for the modulus of
continuity of the limiting values of the real part of the Cauchy-type integral is specified in
the following theorem.

Theorem 2. Let a closed Jordan curve v be a Kral curve and let a function g: v — R be
continuous on 7. Then the following estimate is true

wD—i((Reg)i,g> <ce /2d (9. 1) dn Ve e (0,d/8], (14)

7?2
where the constant ¢ depends only on «y but does not depend on €.

It will be proved in Section 5 that estimates and are exact with respect to the
order of smallness as ¢ — 0.

3. Auxiliary statements. Consider the following auxiliary statements.

Lemma 1. Let a closed Jordan curve v be Ahlfors-regular. Let a function g: v — R be
continuous on v and let condition @ be satisfied. Let 1,8 € 7, [&1 — &] < e and £/2 <
g1 < 5e for e € (0,d/8]. Then the following estimate is true

15¢
<c (My(g,e) + 5/ Wd?ﬁ :

where the constant ¢ depends only on v but does not depend on ¢.

1
57 ], 90 otE) anst =

Proof. Let us evaluate the modulus of each term on the right-hand side of the equality

/ (9(t) — g(€))darg(t — &) =
Y2eq (€1)

=/ (g(t)—9(52))darg(t—£2)+Re(l/ Mdt) = J + J.
7=(&2) U S i) &2

It is obvious that
|Ji| < M,(g,¢).
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Taking into account the two-sided inequality £/2 < 1 < 5e and condition , we obtain
a chain of inequalities

|J2| S / |g(t) - g(€1)| + |g(§1) - 9(62)| |dt‘ S 2w7(97251)‘9§1<261> S
Y2e1 (€1)\7e(€2) €

|t — &

3e1 g 15¢
< cw,(g,2e1) < aw, (g, 281)61/ _Z < cg/ W'y(927 n)dn’
2eq 77 < 7]

where ¢ denotes different constants whose values depend only on the curve 7. O

Lemma 2. Under the conditions of Lemma ]| the following estimate is true

<ec (My(g,e) + s/:d %do : (15)

where the constant ¢ depends only on the curve 7.

(Re)* (6~ (Red) (&

Proof. Let us prove estimate for the function (Reﬁ)+ (estimate for the function
(Reg) ~ is proved similarly).
We take into account equality and use the following representation of the difference

(Red) " (&1) — (Reg) " (&) = 9(&1) — 9(&2)+
1 1
to- /7 (9(t) = g(&n))darg(t — &) — o~ / (9(t) — g(&))darg(t — &) = g(&1) — g(&)+
1 1

o 2o (€1) (9(t) — g(&))darg(t — &) — Gy /7251(51) (9(t) — g(&))darg(t — &)+

& —& 9(t) —g(&) ) (9(&) —9(&) dt ) .
_'_Re( 2mi /7\7251(&) (t = &)(t = &) ) e 2mi /7\”/251(51) t—& B

=:19(&) —9(&)+ L — L+ I3+ 1.

+

The moduli of integrals I; and I, are estimated in Lemma [T}

To estimate the modulus of the term I3, we use the inequality |t — &| > |t — &|/2 for
all t € v\ 7o, (&), Proposition 7.2 [22] (see also the proof of Theorem 1 in the paper of
O.F. Gerus [23]) and condition (4] so that we have

& — & 9(t) — g(&)] €1 w,(g,n)
13 < o dt| < 5 dbe, () <
L N R 31 T Jpera 7
<2 (M0aCn)ws(g.2n) [P wnlgn)
T Jey 7 .

where the constant ¢ depends only on the curve 7.
In addition, taking into account the inequality (see the proof of Theorem 1 in the paper

of V.V. Salaev [§])
/ dt
Moae (61) T~ &2

< 4,

we obtain the following relations
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9(&2) — g(& dt
{9@1) —9<€2) +I4{ < {g(&) —g(§1)| + ‘ ( 2)2 ( 1)‘ / !
T Y\v2eq (1) S

2e d 2d
= 6ww(g,5)5/ —Z < 65/ ng’n)dn.
e M e n O

Lemma 3. Let a closed Jordan curve v be Ahlfors-regular. Let a function g: v — R be
continuous on <y and let condition @ be satisfied. Let = € D* and let &, be one of the
closest points of the curve 7y to the point z, and let |z — £, | < 2e with € € (0,d/8]. Then the

following estimate is true
2d
w )
(M7(975)+5/ 75792 n)dT/) )
3

where the constant ¢ depends only on the curve 7.

< 3W7(97 5) -

(Reg) ™ (2) — (Reg) (£.)] < ¢

Proof. Denote p := |z — &,|.

Taking into account the Cauchy integral theorem, the Cauchy integral formula, equalities

and @, we have
(Reg) ™ (2) - Reg) (&) =
1 - z
_ R(§ / o0~ 9 (1) — 9(¢.))dang(t — €.) =

)5
:Re(Qim, /ws) t)t_gz dt) (9(t) — g(&.))darg(t — &)+
g(t

’Y2p (&2)
+Re <Z B gz (52)

051 — S2 + Ss.
2mi /Y\'YQP(fz) (t— Z)( — &) ) o ’

Taking into account condition (4)), we obtain the inequalities

1 lg(t) — g(&.)] wy(g,2p)
S g—/ —dt<7—’922p < aw,(9,2p) < cw,(g,4e) <
| 1’ ot () |t—Z| ’ | 27Tp 13 ( ) 'Y( ) ’Y( )

5e 5e
d
< cwv(g,élzf)e/ —727 < cg/ ww(g,n)dm
n 4

2
4e € n

where ¢ denotes different constants whose values depend only on the curve 7.
It is obvious that for p < /2, the following inequality holds

1
|52| S %M’Y(gvg)?

and for €/2 < p < 2¢, the modulus of integral S5 is estimated in Lemma .
Just as when estimating |/3| in the proof of Lemma [2| we first obtain

2d
|Sg| S Cp/ w’Y(gvlrl)dn’
P

772

where the constant ¢ depends only on the curve ~.
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Further, we have the relation

2d 2e 2d
wy(9,1) w,(9,7) w~(9,1)
p/ —dn = p/ —mdn +p | —Edn < wy (g, 26)+
P n p n 2 n

€

2d 3¢ 2d 2d
w-(g,m) dn wy(g,m wy(g,m
—i—2€/ 2 5—dn = 6w, (g, 25)5/ — + 25/ il 5 >d77 < 8 it 5 )dn.
2 n n 2 n 2 n

€ 2¢e € €

]

4. The proofs of Theorems 1 and 2. Consider the proofs of Theorems 1 and 2, which
were presented in Section 2.

Proof of Theorem []. Let 0 < ¢ < d/8 . Consider two cases for the location of the points
z1,29 € DT o
Case 1. Let 21,29 € D, |21 — 29| < g, IPin|t — 21| < 2¢ and I{lin|t — 29| < 2e. Let &,
ey ey
be one of the closest points of the curve v to the point z; for £ = 1,2. It is obvious that
.. = 2 in the case where z;, € 7. Then we have the equality

(Red) " (21) — (Reg) " (22) = (Red) " (21) — (Reg) " (&) +
+(Reg) (&) — (Reg) " (€2,) + (Reg) T (&2,) — (Reg) (22).

Inasmuch as |21 — &,,| < 2e, |20 — &,| < 2¢ and [€,, — &,,| < be, then |(Reg)™(z1) —
(Reg)* (&) and |(Reg) ™ (22) — (Reg)™(&,,)| is estimated in Lemma 3] and |(Reg)*(&,,) —
(Reg)t(&,,)| is estimated in Lemma 2| As a result, we obtain an estimate of form with
§1 =2z and § = 2.

Case 2. Let 21,29 € DV, |21 — 25| < € and Itréi$|t — 29| > 2e. Then I{lei’?ﬂ — 2| > e.

Let &, be one of the closest points of the curve v to the point z;. We use the following
representation of the difference

(Re§)+(21)—(Refq')+(22):Re(zl_Z2 L(g(t)—g@ dt) _

211 t—21)<t—22)

B G = e DR G N = = DR

=: 81 + Sso.

Similarly to the estimate of |S| in the proof of Lemma [3| we obtain the estimate

2e
15| < 65/ Mdn,

772

where the constant ¢ depends only on the curve ~.

In addition, taking into account the inequalities |t — z;| > |t — &,,|/2 and |t — 25| >
|t — &.,]/3, which are fulfilled in this case for all ¢ € ~, similarly to the estimate of |I3| in the
proof of Lemma [2| we obtain the estimate

2d
|52‘ S Cg/ L‘g’n)drr]7
£

,,72
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where the constant ¢ depends only on the curve 7.
An obvious corollary of the mentioned estimates for |s;| and |sy| is the inequality

2d
S05/ ww(g,n)dn’
13

‘ (Re§)+(zl) - (Re§)+(22) 2

where the constant ¢ depends only on the curve 7.

Since all possible cases of arrangement of the points z;, 2o € D+ are considered, the proof
of estimate for wy+((Reg)™, €) is complete. Estimate for ws=((Reg) ", €) is similarly
proved.

Proof of Theorem[3, Since condition () follows from Kral’s main result in [4] and Theorem 2
[19], estimate holds.
Under condition for the curve 7, the following inequalities hold

M,(g,¢) < sup sup / ol —g(@) [ )] <
Ye Ys

£€v 0€(0,e)
*wy(g,m)
< wy(g,¢) S;lp Vi [arg(t — &)] < ce Tdﬁ, (16)
€y 5

where the constant ¢ depends only on ~, and therefore estimate takes form ((14)). O]

5. A lower estimate for the modulus of continuity of the real part of the Cauchy-
type integral. Let us note that the upper estimate for the modulus of continuity
wpe((Reg)*, ), which is considered throughout the entire class of Krél curves v and the
entire class of continuous functions g: v — R, is exact with respect to the order of smallness
as ¢ — 0. The specified accuracy of estimate ((14]) will be proved by constructing an example
of a curve v and a continuous function ¢g: v — R such that for the solid modulus of continuity
wg=((Reg)®, €), the lower estimate is realized by the right-hand side of inequality (14)).

For fixed constants ¢ > 1 and k& > 0, P.M. Tamrazov [24, p. 58] introduced the notion
of a normal majorant of the class (o,k) as a non-decreasing function u(n) satisfying the
inequality

p(An) <oXu(n)  VA>1 Vnp>0.

In the case where p(n) is a normal majorant of the class (o, 1), the following inequality
holds
plre) )

T2 m
Note that in the case of the circle ~ it follows from the properties of the modulus of
continuity (see, for example, V.K. Dzyadyk and I.A. Shevchuk [25]) that the modulus of

continuity w,(g,n) of an arbitrary continuous function ¢g: v — R is a normal majorant of
the class (2,1).

Vi > m > 0. (17)

Lemma 4. Let v = {t € C: |t + 1| = 1} and let u(n) be a normal majorant of the class
(0,1). Then for the function

t t

@.(t) = / u (ot~ o ) e
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for ty,ty € 7y such that [ti| < |ta], [t; — ta| < e and |ta| > 2¢, the following estimate is true

D.(t1) — Pulta)| < cu(e) Ve e (0,1), (18)

where the constant ¢ does not depend on ¢, t, and ts.
Proof. For ti,ty € v, we have the equality

n(n' —£t3)
=) (n* — 1)

Let € € (0,1), [t1] < |t2l, |t1 —t2| < € and |ta] > 2e. Then |t1| > € and |t2] < 2|¢;|. Taking
also into account the inequalities

5dn.

() = 0.(12) = 45 - 1) [ g

1 1
In—t] > —=(n+1t]), |n+t|2§(n+|t|) vn € (0,1 Vten, (19)

V2

we have

' S [t 2]ta]?
§3625(|t1|+|t2|)/ 1(n) 77(77 L1| 2 ) i
o (n+ltl) (0 + [tal)

Ita] + |t1]?¢
< 3-36%|t| (/ /|> UURAGIHED ~dn =3-36>(j1 +j2),  (20)
t1

(n+ 1ta])" (n + It2])

’CID*(tl) — D, (ts) <

where

It 1 4 20412
n(n* + [t1]2[ts] . n(n* + [t]?|t2|
jr o= el / ) Ol )

n, J2 = €lt1]
n+|t1|) T+ ta))! T T )+ 1))

and we put jo =0 if |[t1] > 1.
Taking into account inequality , we obtain the relations

[t1] ) 214 |2 2
, nlt:[*[ta] [t )” p(]ta]) p1(e)
g1 < elt t / —————dn=e—5—= <eo——= =oule), 21
1 | 1|:u(| 1|) o ’t1’4|t2’4 n ’t2‘2 ‘tll c M( ) ( )
1 4 2 1
. n(n* + 4/t
j2 < elta] u(n)%dn < Belty] %dn <
[ta] n |ta]
1
< el [ Ly < Soute) (2)
e Ji
Relations f imply inequality . O]

The following statement is true.

Theorem 3. Let v = {t € C: |t + 1| = 1} and let u(n) be a normal majorant of the class
(0,1) such that u(07) = 0. Then for a continuous function g: v — R given by the equality

o) s [t (80" <Im‘t1>72> Ent2|t i) 2t

Vt € 7,
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the following inequality holds
w,(9,:) < Cule) Ve >0, (23)

where the constant C does not depend on ¢, and for the solid modulus of continuity of the
function (Reg) the following estimate is true

wﬁ<(Re§)i,e> > ce /54 %dn Ve € (0,1/4], (24)

where a positive constant ¢ does not depend on ¢.

Proof. It is obvious that the function g is continuous on ~ \ {0}. Let us prove that the
function ¢ is also continuous at the point 0. For |t| < 1, taking into account inequalities
and , we have the relations

21,12 i 77 "Ht‘ )
8-18 d
19(t) — 9(0)] = lg(t)] < 8- 182]1] (/ /H> T
21,12 w(|thn w(n)
< 32.18°) (/O !tl4d+/|t|_n3 dn>§

. 32_182<u(|t|)+ () /1%617]) < 7201 + 20 (). (25)

2 |t] it 1

which together with the condition p(07) = 0 imply the continuity of the function g at the
point 0.
Further in the proof we will use the equality

tp(n) Y otu(n) Y otu(n) Ytpln)
g(t)_/ (n—1)2 ) /o (n+t)2dn+/o (n—f)an_/o (77+f)2dn_
=: Q1(t) — Po(t) + P5(t) — Pult)  VIE. (26)

To obtain estimate , consider two cases for the location of the points tq,t, € v, for
which Itl — t2| <e< 1l
Case 1. Let |t1] < |t2| < 2e. In this case, using estimate (25, by virtue of the function ()
is a normal majorant of the class (o, 1), we have

l9(t1) = g(t2)] < |g(tr) — g(0)] +1g(t2) — 9(0)] < 2 T2%(1 + 20)u(2e) < 144°%(1 + 20)opu(e).

Case 2. Let |t1] < [to] and [ta] > 2e. In this case, taking into account equality and
Lemma [4, we have

l9(t) = g(t2)| < [@.(t1) = D (t2) < Cule),

+|0.(@) - 0.(7)

where the constant C' does not depend on &.
The estimates obtained in the two considered cases yield inequality foralle € [0,1).
For € > 1, inequality follows from the relations

()

o, (0,2) < 2 g(0)] = 24 g ()] < 20 )




54 S. A. PLAKSA, A. A. SARANA

Finally, to prove estimate , we consider the functions ®;, k = 1, 4, from equality .

The function @, is analytic outside the segment [0, 1] and is continuously extended to the
point 0 from the domain C \ [0, 1] with ®;(0) = 0. Therefore, ®; is analytic in the domain
D% and continuous on D+.

The function ®, is analytic outside the segment [—1,0] and is continuously extended to
the point 0 from the domain C \ [—1,0] with ®5(0) = 0. Therefore, ®5 is analytic in the
domain D~ and continuous on D~. In addition, ®5(c0) = 0.

Taking into account the equalities

_ 1

i ¢
fe(f4+l)—1=— — 1= Vit € 7,
(t+1) 1 i

t+1

we rewrite the functions ®3 and ®,4 for all £ € v in the form

@y(t) = — /01( 4Ot =t [ : M0y on

Let us now consider the functions defined by the equalities , in which the variable ¢
can take values outside the curve ~.

The function @3 is analytic outside the segment [—1/2,0] and is continuously extended
to the point 0 from the domain C\ [—1/2,0] with ®3(0) = 0. Therefore, ®3 is analytic in the
domain D~ and continuous on D~. In addition, the value of this function at infinity ®3(co)
is real.

The function ®, is analytic outside the infinite segment [0, oo] with the beginning point
0 and the end at infinity, which contains all positive numbers, and is continuously extended
to the point 0 from the domain C \ [0, co] with ®4(0) = 0. Therefore, ®, is analytic in the
domain D* and continuous on D+.

Taking into account the Cauchy integral theorem and the Cauchy integral formula, we
have

5(2) = B (2) - Ba(2) + B(e) — Bale) = {28 N 2223 _ 28 e

and, in addition, g=(0) = ®3(c0).
Therefore, for 0 < ¢ < 1/4 we obtain

wﬁ((Re§)+,5) > ‘Re@’(—e) —'g””(o))’ =

Y () I R 10) ' p(n) L")
s ey s A e U A

To replace the upper limit of integration by 4 in the last integral, we give some relations.
First, taking into account the inequality , we have

6/1 ngg)dn < s,u(4)/1 % <ep(d) = 45# < 450@ =doule)

and, in addition, for 0 < e < 1/4, we obtain

Re(®(—¢) — <I>4(—5))‘ =

e [ Bz eute) [ = (1 oute) = Fute)
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from which it follows that for 0 < ¢ < 1/4, the following inequalities hold:

6/6‘4$d77§6(/€1+/14)%d77§(14‘16?0-)6/61%@7. (29)

Now, denoting cq := }1(1 + 167“)*1, as a corollary of the relations and , we obtain
estimate for the solid modulus of continuity wz+((Reg)*, ¢).

Estimate for the solid modulus of continuity wy=((Reg)~,¢) follows from the rela-
tions

o= (Re9) ") 2 [Re(3e) 7 (0))| = [Re(@3(e) - (2))| -

Y () Y A () b op(n) 1 [ p(n)
~< | et e | (77+L)2d7728/5 et e S

14€

and inequalities . O

Theorem [3| and inequalities and imply the next statement.

Corollary. Under the conditions of Theorem @ for all € € (0,1/4], the following estimates
are true:

wD—i((Reﬁ)i,s> > ce /54 de > (My(g,e) + 5/54 %dn) , (30)

where positive constants ¢ and ¢; do not depend on €.

Thus, inequalities show that the upper estimates for the solid moduli of continuity
of the logarithmic double layer potential, which are given in Theorems [I] and 2] are exact
with respect to the order of smallness as ¢ — 0.

The results of the work were announced in the preprint [26].
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