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The Fréchet distance between curves in metric spaces is known to have its fuzzy counterpart.
In the present note we consider the fuzzy discrete distance between sequences of points in fuzzy
metric spaces. Also, discrete curves in non-Archimedean fuzzy metric spaces are considered.

It is proved that the Fréchet distance between piecewise linear curves in the fuzzy normed
spaces equals the discrete Fréchet distance between discrete curves consisting of their vertices.

The fuzzy distance between two points can be interpreted as a function of the parameter
t > 0. We prove that the fuzzy distance between continuous curves is approximated by the
distances between their close discrete curves in the topology of convergence on compact sets.

Introduction. Among the generalizations and modifications of metric spaces, the fuzzy
metric spaces play a special role. These spaces are related to the statistical metric spaces
and the Menger spaces (see, e.g., [23] and [37]).

The most important theories of fuzzy metric spaces are those by George and Veeramani
([12, [14]) and by Kramosil and Michalek (|27]).

In this article we deal with the notion of fuzzy metric space in the sense of [12} 14]. The
main reason of this is because these fuzzy metrics induce metrizable topologies, which is
important for applications.

The theory of fuzzy metric spaces is developing in various directions; its applications
include composite indicators (|25]), fixed point theory (|16}, 21]), asymptotic topology ([22]
40, 41]), color image processing ([18]), computer vision and image recognition (see, e.g.,
26, 31, 32]).

Some constructions in the theory of metric spaces have their analogues for fuzzy metric
spaces. These include fuzzy Hausdorff metrics on spaces of (closed) sets ([33]), fuzzy Prokho-
rov metrics on spaces of probability measures (|34]), fuzzy metrics on spaces of idempotent
measures ([0]), etc. Recently, a fuzzy Fréchet metric on a set of curves in a fuzzy metric
space has been defined ([4]).

Recall that the Fréchet distance between curves in a metric space was introduced in [I1].
The Fréchet metric and its modifications found numerous applications, e.g., in hand-writing
recognition ([38]), speech recognition ([28]), analysis of moving objects ([7]), molecular biolo-
gy (|24]) etc. See also [42] and references therein.

The present paper is devoted to the discrete version of the fuzzy Fréchet distance between
(discrete) curves in a fuzzy metric space. Separately, we consider piecewise linear curves in
fuzzy normed spaces, as well as discrete curves in non-Archimedean fuzzy metric spaces.
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The fuzzy distance between two points can be interpreted as a function of the parameter
t > 0. We prove that the fuzzy distance between continuous curves is approximated by the
distances between their close discrete curves in the topology of convergence on compact sets.
Finally, we formulate some open problems.

1. Preliminaries.

1.1. Fuzzy metric spaces and fuzzy normed spaces. The unit segment [0, 1] will be
denoted by I. A t-norm is a continuous, associatiative, commutative function *: I x T — I
which is monotone (in the sense that © < 2’ and y < ¢/ imply z xy < 2’ x¢/) and 1 is the
unit for x

Some examples of t-norms are: min (denoted by A), - (i.e., multiplication), (a,b)
max{0,a + b — 1} (the Lukasiewicz t-norm). See [37] for more examples as well as general
constructions of t-norms.

We recall the definition of the fuzzy metric space in the sense of [12].

Let X be a set, * be a t-norm, and R, = (0,4+00). A GV-fuzzy metric on X (i.e. in the
sense of George and Veeramani) is a pair (M, *), where M : X x X xR, — (0, 1] a mapping
satisfies the following conditions for all z,y, 2z € X, s5,t € R,:

(1GV) M(x,y,t) > 0;

(2GV) M(z,y,t) = 1 if and only if x = y;
BGV) M(z,y,t) = M(y,x,t);

(4GV) M(z,z,t +8) > M(z,y,t) * M(y, z, s);
(6GV) M(z,y,—): Ry — [0,1] is continuous.

If (M, %) is a GV-fuzzy metric on X, then the triple (X, M, ) is called a GV-fuzzy metric
space. For the sake of brevity, in the sequel we write “fuzzy” instead of “GV-fuzzy”.

Given z € X, e € (0,1), and ¢t > 0, one can define

B(z,e,t) ={y e X: M(z,y,t) >1—e}.

It is proved that every fuzzy metric M on X generates a topology 73, on X which has
as a base the family of open sets of the form B(z,e,t), where x € X, 0<e < 1,¢> 0.

A topological space (X, 7) is said to be fuzzy metrizable if there is a fuzzy metric M on X
such that 7 = 75;. Then, it was proved ([I3]) that a topological space is fuzzy metrizable if
and only if it is metrizable.

The following notion is introduced in [20].

A fuzzy metric M on X is said to be stationary if M does not depend on ¢, i.e., if for
each =,y € X, the function M,, = M(z,y,—) is constant. In this case we write M (z,y)
instead of M (x,y,t).

A triple (X, M, A) is called a fuzzy ultrametric space if X is a nonempty set, and M is
a fuzzy set on X x X x (0,00) satisfying conditions 1), 2), 3) and 5) of Definition 2 and
moreover 4°) M(z,y,t) AN M(y, z,s) < M(x,z,max{t, s}). It is known that 4’) is equivalent
to the condition M (x,y,t) A M(y,z,t) < M(z, z,t) (see, e.g., [36]).

Given a topological space X, we denote by exp X the set of all nonempty compact
subsets in X. Let (X, M,x*) be a fuzzy metric space. Given x € X and A, B € exp X,
let M(x, B,t) = sup,cp M(v,y,t) and M(A, B,t) = inf,ea M(z, B,t). Then the Hausdorft
fuzzy metric is a function Mpg: exp X X exp X x (0,00) — (0, 1] defined by the formula

My(A, B,t) = min{M (A, B,t), M(B, A,t)}.

Then My is known to be a fuzzy metric on exp X (see [33]).
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Let (X, d) be a metric space. Then the function M;: X x X x (0,00) — R defined by
the formula My(z,y,t) = m is known to be a fuzzy metric for * = - (see [14]). We say
that M is the standard fuzzy metric generated by d.

We will need the following definition from [35]. The 3-tuple (X, N, *) is said to be a fuzzy
normed space if X is a vector space (over R), * is a continuous t-norm and N is a fuzzy set
on X x (0,00) satisfying the following conditions for every x,y € X and t,s > 0:

(1) N(z,t) >0,
it) N(z,t) =1iff 2 =0,
i1i) N(ax,t) = N(z,t/|a|), for all a # 0,
) N(z,t)* N(y,s) < N(z +y,t+s),
v) N(z,-): (0,00) — [0,1] is continuous,
(vi) limy oo N(z,t) = 1.
Given a fuzzy normed space (X, N, x*), the function M: X x X x (0,00) defined by the
formula M (z,y,t) = N(xz — y,t), is a fuzzy metric on X (see [35]).
The structure of fuzzy normed space is tightly connected with convexity in linear spaces
in the case of the norm A (see [1]).

(
(
(
(

Lemma 1. Let N be a fuzzy norm on a linear space X over R with respect to the t-norm
A and let M be a fuzzy metric on X generated by N. Given x,y,z € X and « € [0, 1], we
have

M(z,ay+ (1 - a)z,1) > min{M(z,,1), M(z, 2,1)}.
Proof. We may assume that 0 < a < 1. Then
M(z,ay+ (1 —a)z,t) = N(ay+ (1 — @)z — z,t) >
> N(ay — azx,at) « N((1 —a)z — (1 — )z, (1 — a)t)
= N(y - l’,t) * N(Z - (L’,t) = min{M(‘ray7t)7 M(xu Z7t)}'

]

1.2. Fréchet distance. Let X be a topological space. By C(X) we denote the set of all
parametric curves in X i.e., all continuous maps v: [0,1] — X. The curves are considered
up to monotonic change of parameter. In the sequel we are interested in the case when X is
a (fuzzy) metric space.

Let (X,d) be a metric space. By I we denote the segment [0, 1]. By H(I) we denote the
set of all nondecreasing continuous selfmaps of I that preserve endpoints.

Having two continuous parametric curves ~;: I — X, ¢ = 1,2, their Fréchet distance is
defined by the formula

dp(y1,72) = a,aifé% o sup{d(vyi(ai(t)),y2(az(t))): t € T}.

It is well known [11] that the function dp is a metric on the set C(X).
Let (X, M, ) be a fuzzy metric space, v;: I — X, i = 1,2, be parametric curves in X.
Define

Mp(71,72,t) = sup inf M(vi(a(s)),12(s),t).
aeH(T) S€L

Clearly, Mp(v1,72,t) is well-defined. It immediately follows from the definition that

Mp(y1,72,t) < My (1), 72(0), 7).
The following result is proved in [4].
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Theorem 1. The function Mp is a fuzzy metric on the set C(X).

Let (X, d) be a metric space and let (My, ) denote the standard fuzzy metric generated
by d. The following is proved in [4].
Proposition 1. (My)p = M,,.

A similar result can be proved for the fuzzy metric (M}, A), where M)(z,y,t) = e~ d(tzﬁy),
n € N.

2. Discrete Fréchet fuzzy metric. For applications, it is useful to approximate a curve
by curves that consist of regular pieces like linear segments in Euclidean spaces. One can go
even further and consider a curve like an ordered sequence of close enough points (this is
reasonable, e.g., in computer science). In the case of metric spaces the discrete counterpart
of the Fréchet distance is considered in [10]. Below we modify this approach.

Having in mind that a curve in a fuzzy metric space behaves “regularly” between its
consequent chosen points, we regard a discrete curve in a fuzzy metric space (X, M,t) as
amap v: {1,2,...,n} = X, where n € N.

Given n, m € N, we define a coupling as a sequence ((i1, j1), (i2,J2), - - -, (ix, Jx)) of distinct
points of {1,2,...,n} x {1,2,...,m} satisfying the following conditions:

1. (ilmjl) = (]-7 1)7 2. (Zka.]k) = (nvm)v 3 ip-‘rl S {ipyz.p + 1}7 4 jq—f—l € {jq:jq + 1}

The set of all such couplings will be denoted by C'(n, m).

Now let v;: {1,2,...,n;} — X, i = 1,2, be discrete curves, where (X, M, *) is a fuzzy
metric space. Given a coupling

Le C(”la 712), L= ((ibjl)? (i2aj2>7 SRR (/lejk’))a
and t € (0,00), define
(L, )]l = ming M (31(p), 2Gip),6): p € {1, ., K},
Finally, the discrete fuzzy Fréchet distance is

Mar(y1,72,t) = Leg%z‘f(nz) (L, )]

We denote by dC(X) the set of all discrete curves in X.
Theorem 2. The function My is a fuzzy metric on the set dC(X).

Proof. Properties (1)-(3) from the definition of a fuzzy metric are obvious.
Let v;: {1,2,...,n;} = X, i = 1,2, 3, be discrete curves. Let
L/ € O(nth)u L, - ((i17j1)7 (i27j2>7 sy (ipujp))u
and
L” € C(ng,ng), L” = ((k’l, ll), (kQ, lg), cey (k?q, lq)>,
be couplings such that

Mar(v1,72,t) = (L), Mar (2,73, 8) = [[(L", s)]]-
There exists a coupling

i € C<p7 Q>7 E = ((Slatl)a (32>t2)7 R (Sratr))a
such that v2(js,) = v2(ke,) for every o € {1,2,...,r} (this is implicitly used in the proof of
Proposition 1 of [10]).

Then

Mar (0.t +3) = | max [(Lt+ )] 2 (Lot +5)] =
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= min{M (71 (4s,), 13(l), t +5): f=1,2,...,r} >
= min{M (71(is, ), 12 (s ) 1) * M (v2(ke, ) y3(ley),8): B=1,2,....r} =
> min{ M (71 (7s5), V2 (Jss ), 1)1 B=1,2,... 7}
*min{ M (va(key), v3(les),8): B=1,2,...,1} = Map(71,72,t) * Mar (72,73, 5).

The continuity of the function t — Myp (71, 72, t) is a consequence of the fact that the maxima
and minima of finitely many continuous functions are continuous.

]

Proposition 2. Let M be a stationary fuzzy metric on a set X. Then the discrete fuzzy
metric Myp is also stationary.

Proof. Straightforward. O

Proposition 3. Let (X, N,A) be a fuzzy normed space. Let v;: [0,1] — X, i = 1,2, be
polygonal curves. Denote by 7;: {1,2,...,n;} — X the discrete curves of vertices of ~;,
i = 1,2, respectively. Then Mp(y1,7v2,t) = Mar(F1,72,t).

Proof. Fix t > 0. First show that Mg(v1,7v2,t) > Mar(91,92,t). Let L € C(ny,ng) be such
that Myp(91,%2,t) = ||(L,t)]|. There exist piecewise linear functions oy, as: [0,1] — X that
consequently connect the vertices of 4; and are linear between every two subsequent vertices.

Applying Lemma [I] to every couple of segments connecting consequent vertices of ~; and
~v9 we see that

ICL, DI < min M(m(ea(s)), 72(02(5)), 1) < Mr(71,72:t).

)

Again fix ¢ > 0. Now prove that Mpg(vy,72,t) < Myp(71,92,t). Let € > 0. There exist
continuous parametrizations «;: [0,1] — [0, 1], ¢ = 1,2, such that

min{M (v1 (1 (s)), 11 (cua(s)), ) : s € [0,1]} > Mp(y1,72,t) — €.

For any s € [0, 1], send «;(s) to the closest predecessing vertex v;(s) of 7;, ¢ = 1,2. The
obtained set of couples {(vi(s),v2(s)): s € [0,1]}, when properly ordered and enumerated,
is a coupling L € C(nq1,ng), where n; is the number of vertices of ~;, i = 1, 2.

By Lemmal[I]

I(L, )] = min{ M (v1(n(s)), n(ai(s)), 1) > Mp(71,72,1) — €.
Since € > 0 is arbitrary, the inequality follows. n

Given two discrete curves v;: {1,2,...,n;} — X, ¢ = 1,2, where (X, M, %) is a fuzzy
metric space, one can easily see the following.

Proposition 4.
Map (1,72, t) < Hy(vi({1,2,...,n1}),72({1,2,...,na}),1).
Recall that M, denotes the standard fuzzy metric on X generated by a metric d on X.
Proposition 5. (My)ir = My,,..
Proof. This easily follows from the condition: given ¢ € (0, 00),
d(v,y) <d(2',y") <= M(z,y,t) > M(z",y/,1)

for any z,y, 2,y € X. O
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Theorem 3. Let ;, i = 1,2, be curves in a fuzzy metric space (X, M, ). Then there exist
discrete curves v;,, n € N, i = 1,2, with the following properties:

1. for every n € N, the curve ;, lies on v;, 1 = 1,2;

2. the sequence M (Y1, Yan, — ooy converges to M (71, v, —) in the topology of convergence

on compacta.
Proof. Let n € N. By compactness of [0, 1] x [0, 1] x [1/n,n] and continuity of M, there exist
partitions
0:t0<t1<t2<"‘<tin:1, OISO<81<82<“'<8jn:1

of [0, 1] with the property that

M (6) 32(5), ) = MO (E),72(), )] < -
whenever ¢,t" € [t;,ti11), s,5 € [sj, Sj4+1), for some 4, j, and u € [1/n, n].
Define discrete curves
A {0,100 0, = X, Ao {010 jnt — X
by the formulas:
Yin(i) = 1(t:), Yon(G) = 72(s;)-
Let u € [1/n,n] and let € > 0. Then from the definition of the fuzzy Fréchet distance it
follows that there exist ay, s € H([0, 1]) such that

Mp(y1,72,u) < rer%rhM(%(al(s)),%(%(s)),u) +e
Let C be a coupling defined as follows:

(i,j) € C' <= there exists t € [0, 1] such that ay(t) € [i,i+ 1), aa(t) € [j,7 + 1).
There exists xq € [0, 1] such that

Mp (71,72, u) = M(n(ai(zo)), 1e(az(zo)), u).
There are 7, j such that

a1(wo) € [ti, tit1), aa(x0) € [85, Sj41)-
Then (i, 7) € C and by the choice of xy,
P 1

| Mp (71,72, w) = M(91(2),%2(5), u)| < ”

and therefore
P 1 o 1
Mp(v1,72,u) < M(%1(i), 2(5), w) + —tes Mar (1,52, ) + e

Since € > 0 is arbitrary,

L 1
Mp(y1,72,u) < Map(f1, 72, u) + o (1)

On the other hand, there exists a coupling C” such that

Mar (Y1, 92, u) = M(%1(2), 32(5), w)
for some (7, j) € C. Clearly, there exist o, o € H([0, 1]) such that for every x € [0, 1] there
exists (4, j) € C” such that o (x) € [t;, tit1), &h(x) € [s;,Sj41). Then

I . 1 1
Mar (1,72, u) < sre%rhM(71(041(s)),72(a2(5))),u) + - < Mp(y1,72,u) + e (2)

Formulas and together imply

Mar (31, Y2, u) — Mp(y1,792,u)| <
and we are done. O

S|
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Theorem 4. Let (X,M,A) be a fuzzy ultrametric space. Given discrete curves
vi: {1,2,...,n;} = X, define
Mj (1,795, 1) = max{min{M (3 (1), 12(j), ) (i, j) € C}: C € Clny,ma)}.
Then M} is a fuzzy ultrametric on the set of all discrete curves in X.

Proof. We proceed similarly to the proof of Theorem . Properties (1)-(3) from the definition
of fuzzy ultrametric are obvious.
Let us check (4’). Given discrete curves v;: {1,2,...,n;} = X, 1=1,2,3, let

L' € C(ny,na), L' = ((i1, J1), (i2, J2), - - -, (ips Jp)),
and

L” € C(ng,ng), L// = ((kl, ll), (kz, lg), Cey (kq, lq>>,
be couplings such that

Map(y1,72:t) = (L )N, Map(v2, 73, 5) = [I[(L", )]
There exists a coupling

E S C(p? q)? I~J = ((Slatl)a <827t2)7 ceey (STatr))a
such that 72(js,) = 72(ke,) for every a € {1,2,...,r} (see the proof of Theorem [2).
Then

Mar(,at) = | max (L)) = (L)) =

= min{M (71 (4s,),13(liy), t): B=1,2,...,r} >
> min{ M (71(7s;), 72(Jss), 1) A M (va2(key), v3(ley), t): B=1,2,...,r} >
> min{ M (71 (4s,), 72(Jss ), 1) : B=1,2,...,7}A
Amin{ M (va(key), v3(lig ) t): B=1,2,...,1} = Mar(71,72, ) * Mar(72,73,1).

(5) is proved similarly as in the proof of Theorem . O

2.1. Fuzzy discrete Fréchet distance between closed curves. The discrete Fréchet
distance between closed curves is considered in [39].

Given a discrete curve v: {1,2,...,n} — X, we regard (1) as its starting point,
i.e., a point without predecessor. If we then regard ~(n) as the predecessor of (1), we
obtain the notion of closed discrete curve. Given p € {0,1,...,n — 1}, define the p-shift
Sp(7):{1,2,...,n} = X of v: {1,2,...,n} — X by the formula:

, v(i + D), ifi+p<n,
S =
vi+p—m), ifi+p>n.

Then define the discrete Fréchet distance between closed curves v;: {1,2,...,n;} — X,
1 = 1,2, by the formula:

Mac Y2, 1) = Mar (S, ,S ,1).
ar(yye,t) = omax | omax | Mar(Sp (1), S, (72), 1)

There is a counterpart of Theorem [2|for discrete closed curves in fuzzy ultrametric spaces.

3. Remarks.

3.1. Modifications. Some other modifications of the Fréchet distance are also considered
in the literature. In particular, the non-monotonic Fréchet distance is defined in [3], and its
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discrete version is mentioned in [I0]. One can define fuzzy counterpart of the non-monotonic
discrete Fréchet distance.

One can define the notion of the fuzzy discrete Gromov-Fréchet distance:

Magr(71,72,t) = sup{Mar(j1 (1), j2(12), 1)
ji: v(I) — Z are isometric embeddings, i = 1, 2}.

Also, given discrete curves 7,7, in a fuzzy normed space (R", N, x), one defines their
isometric Fréchet distance (M is the fuzzy metric generated by NV):

ME(y1, 72, t) = inf{Myp (71, h(72), ) : h: R® — R" is an isometry}.

These distances can be objects of further investigations.

3.2. Completability. A sequence (z,) in a fuzzy metric space (X, M) is said to be Cauchy,
if for each € € (0,1) and each t > 0 there is ny € N such that M(z,, z,,t) > 1 — € for all
n,m > ng. X is called complete if every Cauchy sequence in X is convergent in topology on
X induced by M (see, e.g., [12]).

A fuzzy metric completion of (X, M) is a complete fuzzy metric space (X, M) such that
(X, M) isometrically embeds in X as a dense subspace. X is called completable if it admits
a fuzzy metric completion.

It is proved in [29] that the hyperspace Fin(X) of nonempty finite subsets of a fuzzy
metric space is completable if and only if X is completable. We conjecture that the same is
true for the space of discrete closed curves in X.

3.3. Connections to the DTW distance. The dynamic time warping (DTW) distance
is the integral counterpart of the discrete Fréchet distance [5]. In the fuzzy metric setting,
its version looks as follows. Given two sequences, © = (z;)",,y = (y;)", in a fuzzy metric
space (X, M, x*), we first define a warping path w connecting = and y as a sequence w =

(ws = (Ti(s), Yj(s)))a= satisfying:
Lowy = (21, 41), Wk = (T, Yn);
2. [i(s) —i(s = 1)[ < Land [j(s) — j(s — 1)| < 1;
3.i(s) >i(s—1) and j(s) > j(s —1).

The set of all warping paths connecting x and y is denoted by W(z, y).
By the definition, the fuzzy DWP distance is

fDTW (z,y,t) = sup{*"_; M (i(s), Yj(s), 1) : w € W(z,y)}.

It is known that the DWP distance does not satisfy the triangle inequality, i.e., is not a
metric ([9]). Modifying the example from [9] one can show that the fDTW does not satisfy
property (iv) from the definition of the fuzzy metric.

In [30], a version of the DTW distance, which is a combination of the DTW and the
so-called symbolic edit distance (the so-called time warped edit distance), is defined. We
formulate as an open problem the finding and investigating of a fuzzy analogue of this
metric.

Acknowledgements. The authors express their gratitude to the referee for valuable
comments.
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