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This article is a continuation of the research on the concept of an analytic function of
a bounded L-index, conducted during 2019-2025 in the articles A. Bandura, T. Salo and
O. Skaskiv, in which the construction of a complete and exhaustive theory of analytic functi-
ons of a bounded L-index in joint variables in an arbitrary complete Reinhardt domain was
successfully started. In this article, the criterion for the boundedness of the L-index of a functi-
on analytic in a Reinhardt domain in terms of its maximum modulus on balls with an arbitrary
center and an arbitrary radius is proved.

1. Introduction. We will need the following standard notations from the theory of holo-
morphic multivariate functions (see, for example, [2,6,7]). Let Rn and Cn be real and complex
vector spaces, respectively, with Euclidean metric |z −w| =

√
(z1 − w1)2 + . . .+ (zn − wn)2

for z = (z1, . . . , zn), w = (z1, . . . , wn); R+ = [0,+∞), 0 = (0, . . . , 0), 1 = (1, . . . , 1). For
A = (a1, . . . , an) ∈ Rn, B = (b1, . . . , bn) ∈ Rn, we define AB = (a1b1, · · · , anbn), A/B =
(a1/b1, . . . , an/bn), A

B = ab11 a
b2
2 · . . . ·abnn , A+B = (a1+ b1, . . . , an+ bn), kA = (ka1, . . . , kan),

rA = (ra1, . . . , ran), ∥A∥ =
∑n

j=1 aj and A! = a1! . . . an!, if each aj ∈ Z+. And all vector
inequalities are understood as coordinate inequalities. This concerns the inequalities A < B,
A ≤ B, and so on.

The domain G ⊂ Cn is called the complete Reinhardt domain ([17,18]), if:
∀z ∈ G ∀R ∈ [0, 1]n one has Rz ∈ G and for all (θ1, . . . , θn) ∈ [0; 2π]n)(z1e

iθ1 , . . . , zne
iθn) ∈ G.

Examples of Reinhardt domains are the ball Bn(z0, r) = {z ∈ Cn : |z − z0| < r}, r > 0,
and the polydisk Dn(z0, R) = {z = (z1, . . . , zn) ∈ Cn : |zj − z0j | < rj, j ∈ {1, . . . , n}},
R = (r1, . . . , rn). Denote also Sn(z0, r) = {z ∈ Cn : |z − z0| = r}, r > 0.

This paper is, in a sense, a continuation of the research carried out in papers [1–5], in
which the construction of a complete and exhaustive theory of analytic functions of bounded
L-index in joint variables in arbitrary complete Reinhardt domain was successfully initiated.
From the one hand, it is well-known that every analytic function f in the complete Reinhardt
domain G centered at z = 0 can be represented in G by a multiple power series. On the other
hand, the domain of convergence of every multiple power series is a logarithmically-convex
complete Reinhardt domain centered at z = 0. Our presented results are similar to the results
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obtained for such classes of holomorphic functions: entire multivariate functions ([1]), as well
as functions which are analytic in a unit ball ([10]). For a full exhaustion of the domain, balls
with some radii and centers are used. Another exhaustion of multidimensional complex space
by polilinear domains is recently considered in [13]. The properties of functions, which are
analytic in the Reinhardt domain, are one of the cornerstones of modern multidimensional
complex analysis (see other researches [14–16, 19, 20] in this direction). Our approach is
valuable for its connections to the theory of value distribution ([12]) and its application to
the study of the properties of analytical solutions to differential equations ([11]).

Denote by ∂G the boundary of the domain G. For J ∈ Zn
+ we will denote

H(J)(z) =
∂∥J∥H

∂zJ
(z) =

∂j1+j2+···+jnH

∂zj11 ∂zj22 . . . ∂zjnn
(z1, z2, . . . , zn).

Suppose that the function L : G → Rn
+ is continuous and for any j ∈ {1, 2, . . . , n} and

β > 1 one has

lj(z) > β/inf{(r|zj|)− |zj| : R̂jz ∈ ∂G, r > 1},

where R̂j = (1, . . . , 1, r︸︷︷︸
j-th item

, 1 . . . , 1). Denote B = (0, β], Bn = (0, β]n. Below we suppose

everywhere that G ⊂ Cn is the complete Reinhardt domain.
An analytic function H : G → C is called a function with bounded L-index (in joint

variables) if ∃n0 ∈ Z+ ∀J ∈ Zn
+ ∀z ∈ G:

|H(J)(z)|
J !LJ(z)

≤ max

{
|H(K)(z)|
K!LK(z)

: K ∈ Zn
+, ∥K∥ ≤ n0

}
.

The least corresponding number N(H,L,G) = n0 is the L-index in joint variables.

2. Exhaustion of the Reihardt domain by balls. Denote ℓ(z) = min1≤j≤n lj(z), L(z) =
max1≤j≤n lj(z). Obviously, that ℓ(z) ≤ L(z). By Q′(G) we denote the class of functions L,
which satisfy the condition (∀r ∈ [0, β], j ∈ {1, . . . , n}) : 0 < λ1,j(r) ≤ λ2,j(r) < ∞, where

λ1,j(r) = A(z0, z) inf
z0∈G

inf A(z0, z), λ2,j(r) = sup
z0∈G

supA(z0, z),

A(z0, z) =
{ lj(z)

lj(z0)
: z ∈ Bn

[
z0, r/ℓ(z0)

] }
, Λk(r) = (λk,1(r), . . . , λk,n(r)) (k ∈ {1, 2}).

Theorem 1. Let L ∈ Q′(G). In order that an analytic function F in a domain G be of
bounded L-index in joint variables it is necessary that for each r ∈ (0, β] there exist n0 ∈ Z+,
p0 > 0 such that for every z0 ∈ G there exists K0 ∈ Zn

+, ∥K0∥ ≤ n0, satisfying

max

{
|F (K)(z)|
K!LK(z)

: ∥K∥ ≤ n0, z ∈ Bn
[
z0, r/L(z0)

]}
≤ p0

|F (K0)(z0)|
K0!LK0(z0)

(1)

and it is sufficient that for each r ∈ (0, β] there exist n0 ∈ Z+, p0 > 0 such that for every
z0 ∈ G there exists K0 ∈ Zn

+, ∥K0∥ ≤ n0, satisfying

max

{
|F (K)(z)|
K!LK(z)

: ∥K∥ ≤ n0, z ∈ Bn
[
z0, r/ℓ(z0)|

]}
≤ p0

|F (K0)(z0)|
K0!LK0(z0)

. (2)
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Proof. Let F be of bounded L-index in joint variables with N = N(F,L,G) < ∞. For every
r ∈ (0, β] we put q = q(r) = [2(N + 1)r

√
n
∏n

j=1(λ1,j(r))
−N(λ2,j(r))

N+1] + 1, where [x] is
integer part of the real number x. For p ∈ {0, . . . , q} and z0 ∈ G we denote

Sp(z
0, r) = max

{
|F (K)(z)|
K!LK(z)

: ∥K∥ ≤ N, z ∈ Bn

[
z0,

pr

qL(z0)

]}
,

S∗
p(z

0, r) = max

{
|F (K)(z)|
K!LK(z0)

: ∥K∥ ≤ N, z ∈ Bn

[
z0,

pr

qL(z0)

]}
.

Using definition of λ1,j(r) and Bn[z0, pr
qℓ(z0)

] ⊂ Bn[z0, r
L(z0) ], we have

Sp(z
0, r) =max

{
|F (K)(z)|
K!LK(z)

LK(z0)

LK(z0)
: ∥K∥ ≤N, z ∈Bn

[
z0,

pr

qL(z0)

]}
≤

≤ S∗
p(z

0, r)max

{
n∏

j=1

lNj (z
0)

lNj (z)
: z ∈ Bn

[
z0,

pr

qL(z0)

]}
≤ S∗

p(z
0, r)

n∏
j=1

(λ1,j(r))
−N

and, using definition of λ1,j(r), we obtain

S∗
p(z

0, r) = max

{
|F (K)(z)|
K!LK(z)

LK(z)

LK(z0)
: ∥K∥ ≤ N, z ∈ Bn

[
z0,

pr

qL(z0)

]}
≤

≤max

{
|F (K)(z)|
K!LK(z)

(Λ2(r))
K : ∥K∥ ≤N, z ∈ Bn

[
z0,

pr

qL(z0)

]}
≤ Sp(z

0, r)
n∏

j=1

(λ2,j(r))
N . (3)

Let K(p) with ∥K(p)∥ ≤ N and z(p) ∈ Bn
[
z0, pr

qL(z0)

]
be such that

S∗
p(z

0, r) =
|F (K(p))(z(p))|
K(p)!LK(p)(z0)

. (4)

Since by the Maximum Principle Modulus z(p) ∈ Sn(z
0, pr

qL(z0)), we have z(p) ̸= z0. We choose

z̃
(p)
j = z0j +

p−1
p
(z

(p)
j − z0j ), j ∈ {1, . . . , n}. Then we have

|z̃(p) − z0| = p− 1

p
|z(p) − z0| = p− 1

p

pr

qL(z0)
, (5)

|z̃(p) − z(p)| = |z0 + p− 1

p
(z(p) − z0)− z(p)| = 1

p
|z0 − z(p)| = 1

p

pr

qℓ(z0)
=

r

qL(z0)
. (6)

From (5) we obtain z̃(p) ∈ Bn[z0, (p−1)r
qL(z0) ] and S∗

p−1(z
0, r) ≥ |F (K(p))(z̃(p))|

K(p)!LK(p)
(z0)

. From (4) it follows

0 ≤ S∗
p(z

0, r)− S∗
p−1(z

0, r) ≤ |F (K(p))(z(p))| − |F (K(p))(z̃(p))|
K(p)!LK(p)(z0)

=

=
1

K(p)!LK(p)(z0)

∫ 1

0

d

dt
|F (K(p))(z̃(p) + t(z(p) − z̃(p)))|dt ≤

≤ 1

K(p)!LK(p)(z0)

n∑
j=1

|z(p)j − z̃
(p)
j |
∣∣∣F (K(p)+1j)(z̃(p) + t∗(z(p) − z̃(p)))

∣∣∣ , (7)
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where 0 ≤ t∗ ≤ 1, z̃(p) + t∗(z(p) − z̃(p)) ∈ B(z0, pr
qL(z0)). For z ∈ B(z0, pr

qL(z0)) and J ∈ Zn
+,

∥J∥ ≤ N + 1 we have

|F (J)(z)|LJ(z)

J !LJ(z0)LJ(z)
≤ (Λ2(r))

J max

{
|F (K)(z)|
K!LK(z)

: ∥K∥ ≤ N

}
≤

≤
n∏

j=1

(λ2,j(r))
N+1(λ1,j(r))

−N max

{
|F (K)(z)|
K!LK(z0)

: ∥K∥ ≤ N

}
≤

≤
n∏

j=1

(λ2,j(r))
N+1(λ1,j(r))

−NS∗
p(z

0, r).

From (7) and (6) we obtain

0 ≤ S∗
p(z

0, r)− S∗
p−1(z

0, r) ≤

≤
n∏

j=1

(λ2,j(r))
N+1(λ1,j(r))

−NS∗
p(z

0, r)(N + 1)
n∑

j=1

lj(z
0)|z(p)j − z̃

(p)
j | ≤

≤
n∏

j=1

(λ2,j(r))
N+1(λ1,j(r))

−N(N + 1)S∗
p(z

0, R)
√
nL(z0)|z(p) − z̃(p)| =

=
n∏

j=1

(λ2,j(r))
N+1(λ1,j(r))

−N
√
n
(N + 1)r

q(r)
S∗
p(z

0, R) ≤ 1

2
S∗
p(z

0, R).

This inequality implies S∗
p(z

0, r) ≤ 2S∗
p−1(z

0, r), and in view of inequalities (3) and (4) we
have

Sp(z
0, r) ≤ 2

n∏
j=1

(λ1,j(r))
−NS∗

p−1(z
0, r) ≤ 2

n∏
j=1

(λ1,j(r))
−N(λ2,j(r))

NSp−1(z
0, r).

Therefore,

max

{
|F (K)(z)|
K!LK(z)

: ∥K∥ ≤ N, z ∈ Bn

[
z0,

pr

qL(z0)

]}
= Sq(z

0, r) ≤

≤ 2
n∏

j=1

(λ1,j(r))
−N(λ2,j(r))

NSq−1(z
0, r) ≤ (2

n∏
j=1

(λ1,j(r))
−N(λ2,j(r))

N)qS0(z
0, r) =

=
(
2

n∏
j=1

(λ1,j(r))
−N(λ2,j(r))

N
)q
max

{
|F (K)(z0)|
K!LK(z0)

: ∥K∥ ≤ N

}
. (8)

From (8) we obtain inequality (1) with p0 = (2
∏n

j=1(λ1,j(r))
−N(λ2,j(r))

N)q and some K0

with ∥K0∥ ≤ N . The necessity of condition (1) is proved.
Now we prove the sufficiency. Suppose that for every r ∈ (0, β] there exist n0 ∈ Z+,

p0 > 1 such that for all z0 ∈ G and some K0 ∈ Zn
+, ∥K0∥ ≤ n0, the inequality (2) holds.

We write Cauchy’s formula for a ball (see [8, p. 349] or [9, p. 109]) as following ∀z0 ∈ B
∀K ∈ Zn

+ ∀S ∈ Zn
+ ∀z ∈ G(z0, r/ℓ(z0))

F (K+S)(z)=
(n+ ∥S∥ − 1)!

(n− 1)!

∫
Sn(z0,r/ℓ(z0))

|ξ − z0|(ξ − z0)SF (K)(ξ)

(|ξ − z0|2 − ⟨z − z0, ξ − z0⟩)n+∥S∥dσ(ξ),
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where dσ(ξ) is the normalized surface measure on Sn, so that σ(Sn(0, 1)) = 1. Put z = z0:

F (K+S)(z0) =
(n+ ∥S∥ − 1)!

(n− 1)!

∫
Sn(z0,r/ℓ(z0))

(ξ − z0)SF (K)(ξ)

|ξ − z0|2(n+∥S∥)−1
dσ(ξ).

Therefore, applying (2), we have

|F (K+S)(z0)| ≤ (n+ ∥S∥ − 1)!

(n− 1)!

∫
Sn(z0,r/ℓ(z0))

|(ξ − z0)S||F (K)(ξ)|
|ξ − z0|2(n+∥S∥)−1

dσ(ξ) ≤

≤
(
ℓ(z0)

r

)2(n+∥S∥)−1
(n+∥S∥−1)!

(n−1)!

∫
Sn(z0,r/ℓ(z0))

|(ξ − z0)S||F (K)(ξ)|K!LK(ξ)

K!LK(ξ)
dσ(ξ) ≤

≤ p0

(
ℓ(z0)

r

)2(n+∥S∥)−1
(n+ ∥S∥ − 1)!

(n− 1)!

∫
Sn(z0,r/ℓ(z0))

|(ξ − z0)S||F (K0)(z0)|K!LK(z)

K0!LK0(z0)
dσ(ξ) ≤

≤ p0

(
ℓ(z0)

r

)2(n+∥S∥)−1
(n+ ∥S∥ − 1)!

(n− 1)!

|F (K0)(z0)|K!
∏n

j=1 λ
n0
2,j(r)L

K(z0)

K0!LK0(z0)
×

×
∫

Sn(z0,r/ℓ(z0))

|(ξ − z0)S|dσ(ξ) ≤

≤ p0

(
ℓ(z0)

r

)∥S∥
(n+ ∥S∥ − 1)!

(n− 1)!

|F (K0)(z0)|K!
∏n

j=1 λ
n0
2,j(r)L

K(z0)

K0!LK0(z0)
×

×
∫

Sn(z0,r/ℓ(z0))

|(ξ − z0)S|
(r/ℓ(z0))∥S∥

dσ

(
ξ − z0

r/ℓ(z0)

)
≤

≤ p0

(
ℓ(z0)

r

)∥S∥
(n+ ∥S∥ − 1)!

(n− 1)!

|F (K0)(z0)|K!
∏n

j=1 λ
n0
2,j(r)L

K(z0)

K0!LK0(z0)
×

×
∫

Sn(0,1)

|ξS|dσ(ξ) = p0

(
ℓ(z0)

r

)∥S∥
(n+ ∥S∥ − 1)!

(n− 1)!
×

×
|F (K0)(z0)|K!

∏n
j=1 λ

n0
2,j(r)L

K(z0)

K0!LK0(z0)

Γ(n)
∏n

j=1 Γ(sj/2 + 1)

Γ(n+ ∥S∥/2)
.

This implies

|F (K+S)(z0)|
(K + S)!LK+S(z0)

≤

≤ |F (K0)(z0)|
K0!LK0(z0)

p0

(
ℓ(z0)

r

)∥S∥ K!
∏n

j=1 λ
n0
2,j(r)(n+ ∥S∥ − 1)!

∏n
j=1 Γ(sj/2 + 1)

(K + S)!Γ(n+ ∥S∥/2)LS(z0)
≤

≤ |F (K0)(z0)|
K0!LK0(z0)

p0
K!
∏n

j=1 λ
n0
2,j(r)(n+ ∥S∥ − 1)!

∏n
j=1 Γ(sj/2 + 1)

(K + S)!Γ(n+ ∥S∥/2)r∥S∥
. (9)

We choose r > 1. Since ∥K∥ ≤ n0 the quantity p0K!
∏n

j=1 λ
n0
2,j(R) does not depend of S.

Then there exists n1 such that
p0K!

∏n
j=1 λ

n0
2,j(r)

r∥S∥
≤ 1 for all ∥S∥ ≥ n1. (10)
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The asymptotic behavior of (n+∥S∥−1)!
∏n

j=1 Γ(sj/2+1)

(K+S)!Γ(n+∥S∥/2)r∥S∥ is more difficult as ∥S∥ → +∞. Using the
Stirling formula Γ(m+ 1) =

√
2πm

(
m
e

)m
(1 + θ

12m
), where θ = θ(m) ∈ [0, 1], we obtain

(n+ ∥S∥ − 1)!
∏n

j=1 Γ(sj/2 + 1)

(K + S)!Γ(n+ ∥S∥/2)r∥S∥
≤

(n+ ∥S∥ − 1)!
∏n

j=1 Γ(sj/2 + 1)

S!Γ(n+ ∥S∥/2)r∥S∥
=

=

√
2π(n+ ∥S∥ − 1)(n+∥S∥−1

e
)n+∥S∥−1

∏n
j=1

√
2πsj/2(

sj
2e
)sj/2∏n

j=1

√
2πsj(

sj
e
)sj
√

2π(n+ ∥S∥/2− 1)(n+∥S∥/2−1
e

)n+∥S∥/2−1r∥S∥
×

×
(1 + θ(n+∥S∥−1)

12(n+∥S∥−1)
)
∏n

j=1(1 +
θ(sj/2)

12sj/2
)

(1 + θ(n+∥S∥/2)
12(n+∥S∥/2))

∏n
j=1(1 +

θ(sj)

12sj
)
.

Denoting

Θ(S) =
(1 + θ(n+∥S∥−1)

12(n+∥S∥−1)
)
∏n

j=1(1 +
θ(sj/2)

12sj/2
)

(1 + θ(n+∥S∥/2)
12(n+∥S∥/2))

∏n
j=1(1 +

θ(sj)

12sj
)

and simplifying the previous inequality we deduce

(n+ ∥S∥ − 1)!
∏n

j=1 Γ(sj/2 + 1)

(K + S)!Γ(n+ ∥S∥/2)r∥S∥
≤

≤ Θ(S)
2(1−n)/2e−∥S∥/2

r∥S∥

(
n− 1 + ∥S∥
n− 1 + ∥S∥/2

)n−1+∥S∥/2

· (n− 1 + ∥S∥)∥S∥/2×

×
n∏

j=1

( e

2sj

)sj/2
≤ Θ(S)

2(n−1+∥S∥)/2e−∥S∥/2

r∥S∥
(n− 1 + ∥S∥)∥S∥/2

n∏
j=1

( e

2sj

)sj/2
=

= Θ(S)
2(n−1)/2

r∥S∥

(
1 +

n− 1

∥S∥

) ∥S∥
n−1

·n−1
2

· ∥S∥∥S∥/2
n∏

j=1

1

s
sj/2
j

≤

≤ Θ(S)(2e)(n−1)/2

(
1

r

n∏
j=1

(
∥S∥
sj

) sj
2∥S∥
)∥S∥

, sj → ∞. (11)

Denote xj = ∥S∥
sj

∈ (1,+∞), x = (x1, . . . , xn). Obviously, Θ(S) → 1 as sj → ∞, j ∈
{1, . . . , n}. Then (11) implies a constrained optimization problem

H(x) :=
n∏

j=1

x
1/(2xj)
j → max subject to

n∑
j=1

1

xj

= 1, xj ∈ (1,+∞).

If this problem has a solution, then H(x) is not greater than some H∗ and we choose
r > H∗ in (11). The optimization problem was solved in [1]. By its solution, one has H(x) ≤∏n

j=1 n
1/(2n) =

√
n. We choose r ≥

√
n. For this r we have 1

r

∏n
j=1

(
∥S∥
sj

) sj
2∥S∥ ≤ 1. In view of

(11) it means that there exist n2 such that
(n+ ∥S∥ − 1)!

∏n
j=1 Γ(sj/2 + 1)

(K + S)!Γ(n+ ∥S∥/2)r∥S∥
≤ 1 (12)

for all ∥S∥ ≥ n2. The asymptotic behavior of right part (9) in other cases S can be investi-
gated similarly. Taking into account (9), (10) and (12) we have that for all ∥S∥ ≥ n1 + n2

|F (K+S)(z0)|
(K + S)!LS+K(z0)

≤ |F (K0)(z0)|
K0!LK0(z0)

.
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This means that for every J ∈ Zn
+

|F (J)(z0)|
J !LJ (z0)

≤ max{ |F (K)(z0)|
K!LK(z0)

: ∥K∥ ≤ n0 + n1 + n2}, where
n0, n1, n2 are independent of z0. Therefore, the function F has bounded L-index in joint
variables with N(F,L,G) ≤ n0 + n1 + n2.

If we impose some constraint by the function L then Theorem 1 implies the criterion

Theorem 2. Let L ∈ Q′(G) be such that supz∈G
L(z)
ℓ(z)

= C < ∞. An analytic function F

in G has bounded L-index in joint variables if and only if for each r ∈ (0, β] there exist
n0 ∈ Z+, p0 > 0 such that for every z0 ∈ G there exists K0 ∈ Zn

+, ∥K0∥ ≤ n0, such that
inequality (2) holds.

Proof. Sufficiency is proved in Theorem 1. As for necessity we choose q = q(R) = [2(N+1)×
×Cr

∏n
j=1(λ1,j(r))

−N(λ2,j(r))
N+1] + 1 and replace L(z0) by ℓ(z0) in the proof of Theorem 1.

No other changes.

We need the following lemma.

Lemma 1. Let L1, L2 be positive continuous functions in G and for every z ∈ G L1(z) ≤
L2(z). If an analytic function F in G has bounded L1-index in joint variables then F is of
bounded L2-index in joint variables. If, in addition, for every z ∈ G L1(z) ≤ ℓ2(z) then
N(F,L2,G) ≤ N(F,L1,G).

Proof. The proof of Lemma 1 is carried out using simple calculations.

Theorem 3. Let L ∈ Q′(G), a function F be analytic in G. If there exist r ∈ (0, β], n0 ∈ Z+,
p0 > 1 such that for each z0 ∈ G and for some K0 ∈ Zn

+ with ∥K0∥ ≤ n0 the inequality (2)
holds then F has bounded L-index in joint variables.

Proof. The proof of sufficiency in Theorem 1 for r = β implies that N(F,L,G) < +∞.

Let L∗(z) = r0L(z)
r

, ℓ∗(z) = r0ℓ(z)
r

, r0 = β and r is radius for which (2) is true. In a general
case from validity of (2) for F and L for r < β we obtain

max

{
|F (K)(z)|

K!(L∗(z))K
: ∥K∥ ≤ n0, z ∈ B

[
z0, r0/ℓ

∗(z0)
]}

≤

≤ max

{
|F (K)(z)|

K!(r0L(z)/r)K
: ∥K∥ ≤ n0, z ∈ B

[
z0, r0/(r0ℓ(z

0)/r)
]}

≤

≤ max

{
|F (K)(z)|
K!LK(z)

: ∥K∥ ≤ n0, z∈B
[
z0, r/ℓ(z0)

]}
≤

≤ p0
K0!

|F (K0)(z0)|
LK0(z0)

=
β∥K0∥p0
r∥K0∥K0!

|F (K0)(z)|
(r0L(z)/r)K

0 =
p0β

n0

rn0

|F (K0)(z)|
K0!(L∗(z))K0 .

i.e. (1) holds for F, L∗ and r0 = β. As above now we apply Theorem 1 to the function F (z) and
L∗(z) = r0L(z)/r. This implies that F is of bounded L∗-index in joint variables. Therefore,
by Lemma 1, the function F has bounded L-index in joint variables.
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