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BALL EXHAUSTION OF THE REINHARDT DOMAIN: PROPERTIES OF
ANALYTIC FUNCTIONS OF BOUNDED L-INDEX IN JOINT VARIABLES

A. 1. Bandura, L. I. Kryshtopa, L. M. Shehda. Ball exhaustion of the Reinhardt domain:
properties of analytic functions of bounded L-index in joint variables, Mat. Stud. 65 (2026),
22-29.

This article is a continuation of the research on the concept of an analytic function of
a bounded L-index, conducted during 2019-2025 in the articles A. Bandura, T. Salo and
0. Skaskiv, in which the construction of a complete and exhaustive theory of analytic functi-
ons of a bounded L-index in joint variables in an arbitrary complete Reinhardt domain was
successfully started. In this article, the criterion for the boundedness of the L-index of a functi-
on analytic in a Reinhardt domain in terms of its maximum modulus on balls with an arbitrary
center and an arbitrary radius is proved.

1. Introduction. We will need the following standard notations from the theory of holo-
morphic multivariate functions (see, for example, [2,6,7]). Let R™ and C" be real and complex
vector spaces, respectively, with Euclidean metric |z —w| = /(21 — w1)2 + ... + (2, — wy,)?
for z = (z1,...,2,), w = (21,...,w,); Ry = [0,400), 0 = (0,...,0), 1 = (1,...,1). For
A= (ay,...,a,) € R*", B = (by,...,b,) € R" we define AB = (aiby,--- ,a,b,), A/B =
(a1/b1, ... an/by), AP =ala-.. . -abr, A+ B = (ay+by,...,an+b,), kA= (kay,... ka,),
rA = (ray,...,ra,), Al = 3°7_, a; and Al = a;!...a,!, if each a; € Z,. And all vector
inequalities are understood as coordinate inequalities. This concerns the inequalities A < B,
A < B, and so on.

The domain G C C™ is called the complete Reinhardt domain ([17,(18]), if:

Vz € GVR € [0,1]" one has Rz € G and for all (6, ...,0,) € [0;27]") (216, ..., 2,¢%") € G.

Examples of Reinhardt domains are the ball B*(2°,r) = {z € C": |z — 2°| <r}, r > 0,
and the polydisk D"(2, R) = {z = (21,...,2,) € C*: |z — 29| < 1y, j € {1,...,n}},
R = (ry,...,m,). Denote also S"(2°,r) ={z € C": |z — 2| =7}, 7 > 0.

This paper is, in a sense, a continuation of the research carried out in papers [1-5], in
which the construction of a complete and exhaustive theory of analytic functions of bounded
L-index in joint variables in arbitrary complete Reinhardt domain was successfully initiated.
From the one hand, it is well-known that every analytic function f in the complete Reinhardt
domain G centered at z = 0 can be represented in G by a multiple power series. On the other
hand, the domain of convergence of every multiple power series is a logarithmically-convex
complete Reinhardt domain centered at z = 0. Our presented results are similar to the results

2020 Mathematics Subject Classification: 32A10, 32A17, 58C10.

Keywords: analytic function; bounded L-index in joint variables; Reinhardt domain; maximum modulus;
boundedness criterion; function of several complex variables.

doi{10.30970/ms.65.1.22-29 This work is licensed under |CC BY-NC-ND 4.0 @®®G
*Corresponding author: A. I. Bandura

(© A. I Bandura, L. I. Kryshtopa, L. M. Shehda, 2026


https://orcid.org/0000-0003-0598-2237
https://orcid.org/0000-0002-5274-0217
https://orcid.org/0000-0003-4721-7832
https://doi.org/10.30970/ms.65.1.22-29
https://creativecommons.org/licenses/by-nc-nd/4.0/

BALL EXHAUSTION OF THE REINHARDT DOMAIN 23

obtained for such classes of holomorphic functions: entire multivariate functions ([1]), as well
as functions which are analytic in a unit ball (|10]). For a full exhaustion of the domain, balls
with some radii and centers are used. Another exhaustion of multidimensional complex space
by polilinear domains is recently considered in |13]. The properties of functions, which are
analytic in the Reinhardt domain, are one of the cornerstones of modern multidimensional
complex analysis (see other researches [1416]19,20] in this direction). Our approach is
valuable for its connections to the theory of value distribution ([12]) and its application to
the study of the properties of analytical solutions to differential equations ([11]).
Denote by 0G the boundary of the domain G. For J € Z" we will denote
H(J)(z) _ oI g N 8.7'1"!‘.72?"‘ "F]nH'
027 0210z ... 0z
Suppose that the function L: G — R is continuous and for any j € {1,2,...,n} and
£ > 1 one has

(Zl,ZQ, ceey Zn)

1i(z) > B/inf{(r|z]) — |2|: R;z € 8G, r > 1},

where Ej = (1,...,1, N ,1...,1). Denote B = (0, 5], B" = (0, 5]". Below we suppose
j-th item

everywhere that G C C" is the complete Reinhardt domain.

An analytic function H: G — C is called a function with bounded L-index (in joint
variables) if Ing € Z, VJ € 27t Vz € G:

|HY)(2)] |H"(2)]
e GOl P2l gezn, K| <nb.
TL() =M RILR() B €2 K =mno

The least corresponding number N(H, L, G) = ny is the L-index in joint variables.

2. Exhaustion of the Reihardt domain by balls. Denote ¢(z) = min;<;<, {;(2), L(z) =
maxi<j<n lj(2). Obviously, that ¢(z) < L(z). By Q'(G) we denote the class of functions L,
which satisfy the condition (Vr € [0,8],7 € {1,...,n}): 0 <A ;(r) < Ag;(r) < 0o, where

A j(r) = Az, 2) infG inf A(zo, 2), Ao ;(r) = sup sup A(zo, 2),
ZOE ZOEG
Li(2)

Alz0,2) = {zj(ZO) L2 € B [0, r/0(x")] } Ar(r) = a (1), + o+ den (1)) (K € {1,2}).

Theorem 1. Let L € Q'(G). In order that an analytic function F' in a domain G be of
bounded L-index in joint variables it is necessary that for each r € (0, ] there exist ny € Z,
po > 0 such that for every 2° € G there exists K° € Z1, | K°|| < no, satisfying

[FUDR0)

() (
max{m: |K|| < ng, 2 €B" [ZO,T/,C(ZO)}} < Pom (1)

KILE(2)

and it is sufficient that for each r € (0, 5] there exist ng € Z., po > 0 such that for every
2° € G there exists K € Z1, | K°|| < no, satisfying

F(K) z 0 . F(Ko) ZO
max { o I S o2 € B [/ | < mogggrrey @)
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Proof. Let F be of bounded L-index in joint variables with N = N(F,L,G) < oo. For every

r € (0,8] we put ¢ = q(r) = 2(N + Dry/n ][ (A (r) "N (A (r)) ¥ + 1, where [2] is
integer part of the real number z. For p € {0,...,¢} and 2° € G we denote

F(K)
S, (2%, r) = max{ﬂz |K|| < N,zeB" {zo, L} } :

KILK(z) qL(2Y)
(K)
*0 0 _ |F (Z)| . n 0 pr
Sp(Z7T)—maX{m”KHSN,ZEB Z,qﬁ(zo) .
Using definition of Ay ;(r) and B"[2%, _F75] C B"[2°, ;5] we have

5,019 ZmaX{lfl:,(E;f(Zz)J Eigzoi K| <N, 2 eIB%"{ 0 qu(Z«O)]}
< Sp(0r max{] 1l;;(< )):zeIB%” [zo,ﬁ”_ Z

and, using definition of Ay j(r), we obtain

(A1;(r

7=1

Su(z%r) :max{y;!LK(< >)’I{f<( >) |K|| <N, ZGIB%"[ J}
Smax{%(l\g(r))}(: IK|| <N,z € B" FO,%H A JOes )Y 3)

7=1
Let K® with ||[K®)| < N and 2 ¢ B" [ IEZO)] be such that

| FE) (@)

*7_ 0 _
Sp(z ,7“) = K(P)!LK(M(ZO)'

(4)

Since by the Maximum Principle Modulus z® € S, (2°, %), we have 2(®) % 20 We choose
A{p)—z —|—p1((p) 2)), 5 €{1,...,n}. Then we have

-1 -1 opr
) _ 0 _P W _ o _P—1 P 5
0 -0 = B0 = )
p—1 0 ) I o ) 1 pr r
B0 20 = 20+ Eo (o0 =20 o0 = 00 =D T ()
p pal(z?)  qL(2)
|F(K<P))(g(p))\

From ({]) we obtain Z® € B"[z° M] and S)_,(2°,7) >

' qL(20 Z ORI () From it follows

(ED) (@) — |FEP) ()
0<S,(2%r) =S, 4(2,1) < K®ILED (;0) -

1 b w
= o |, i e 2 <
1 Z ’ZJ(p) _ %p)’ ‘F(K(P)+1j)<’g(l’) + 15 (2 — )| (7)

= K(p)lLK@)(ZO)
! o



BALL EXHAUSTION OF THE REINHARDT DOMAIN 25

where 0 < t* < 1,20 4 ¢*(2® — Z0) ¢ B(2° qﬁ(zo)) For z € B(2° ) ) and J € Z7,
|J]] < N +1 we have
|F)(2)|L7(2) J [FUO(2)]
<
T (o) = W) maxy fapecy s 1K< N
n )
N+1 -N | (2)]
3| CHEIANE) mM{KmKwUHKHSN}S
< Qs )N Oy ()NS50, 7).
7j=1
From and @ we obtain
0<S:(2%r) =S5 1(2r) <
< TTOos )M Qs () NS0 (N + 1) D 1202 = 27| <
j=1 j=1
< JJQos )Y () N (N + 1)S5(2°, R)VnL(2%)[z® — 20| =
j=1
- _ N+1)r 1,
= T0us 0 0, 0) VS 60 ) < 3556 )
j=1

This inequality implies S (2% 7r) < 255 1(2%7), and in view of inequalities and we
have

Sp(2%,m) <2[ [y () NS (2% 7) < 2H Mg (1) ™Y (g ()Y Spa (2%, 7).
Therefore,

|1 (K)(Z)’ O 0
_— < _— — <
maX{K'LK(z) |K|| < N,z€B" |z PED Sq(27,1r) <

n

HMJ me%mr32HMJ N (1)) 7S0(2°, ) =

@ﬁku Mx»ﬂnm{ggél§wm<w} )

From (8) we obtain inequality (I)) with po = (2]}_; (A1;(r)) ™V (A2,;(r))¥)? and some K°
with [[K°|] < N. The necessity of condition (1)) is proved.

Now we prove the sufficiency. Suppose that for every r € (0, ] there exist ny € Z,,
po > 1 such that for all zp € G and some K" € Z7, || K°|| < ng, the inequality () holds.

We write Cauchy’s formula for a ball (see |8, p. 349] or |9, p. 109]) as following Vz° € B
VK € Z" VS € 'y Vz € G(2°,r/(2?))

sy _ (S = 1) €~ SED) FR(e)
e T TR B = e e o

§7(20,r/£(29))
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where do(€) is the normalized surface measure on S, so that ¢(S,(0,1)) = 1. Put z = 2%

X 0 n+ S| —1)! € — 20)SFE)
)0y — | : nu_ul)! ) / |<§ ZO|>M+”S”<5>CZJ<€)

S (20,r/L(2%))
Therefore, applying , we have

(n+[IS]I = 1! (€ = 231 FT Q)
| FU+S) 0y < = / : _ZZO|2(n+”S“)_1 do(€) <
§7(20,r/(2°))

0500 2 lsh-1 n+ 1S —1)! £ — 20 S|| () O KILE (¢
G =l M -

<

§(2%,r/€(2°))

L0\ 20ISID-1 () ) L0V | UK (0 KILE (
< 5o (f( )) (n 4 [IS]| = 1)! / (€ = 2P GEIRALT(E) ey <

(n—1)! KOILE?(20)
Sm(29,r/£(20))

o (O 1S — 1)t |FED ) KT, A5G (r)LE (2°)

= Po (n— 1) KOILKY(20)

X

<[ el <
Sn (20,7 /£(20))
0N (IS = 1) EED (0) KT, A5 (r)LE (2°)
< Po ( ) (n _ 1)| KO!LKO (ZO)
(€ —2°)%] §— 20
< (i)Y <r/e<z°>)§
Sn(29,7/£(29))

0N (4 1S = ) FED O K0, A5% (r)LE(2°)
< Po (—> (n—1) KOILKY(20)

s ()" (n 4 ||S) - 1)!
X / 13 ‘dU(f)_po( . ) (n—1) X

S7(0,1)

y [FUD O BT A5y (LS (2°) D) T, T(s;/2 + 1)
KOILR?(20) L(n+[1511/2)

X

X
r

This implies

FEOE]
(K + S)ILE+S(20)
_AEENEO] o)\ R Ay (r) (4 [IS1 = DTG Dlsy /24 1)
= KOLE(20)° \ T (K + S)IT(n + ||5||/2>LS(ZO) =
|[PED ()] KT A (r)(n + 1S = DT T(s;/2+ 1) ©
= KOLR(z0) ™ (K + )T (n+[[S[/2)rT1
We choose r > 1. Since [|K|| < ng the quantity poK!T]'_, \5%(R) does not depend of S.
J=17"2,3

Then there exists n; such that

poK! Ty A55(r)
IS

<1 for all ||S|| > ni. (10)
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+IgiHS)'1F)Er1;[:|| 51” /(2?%/“2;[1) is more difficult as ||S|| — +oo. Using the

Stirling formula I'(m + 1) = v2rm (2)™ (1 + 1), where § = 6(m) € [0, 1], we obtain
(n+ 18I = DT Tlsi/2 4+ 1) (4 IS = DT Dsi/2+1)
(K + S)IT(n+||S||/2)rlsl = SIT(n 4+ |5 /2)rISI
\/27(71 + IS = 1)(M nHISI-1 H L/ 27s;/2 S] 5]/2
= X
[T, v/275,(2)%y/2x(n + 151/ - ><%>WISIW e
O(n+]|S||-1 0(s;/2)
O+ st [T (1 + 55)
n+||S|/2 0(s;)y °
(1 + stz T (1 + 52)

The asymptotic behavior of

Denoting

O(n+[IS]—1) 6(s;/2)
1+ Bprerey) [ (1 + 5273)
6(n+[1S1l/2) 6(s;)
(I + arrsi) = (U + 1527)
and simplifying the previous inequality we deduce
(n+ IS = D', Ts5/2+ 1)
(K + S)!T(n + ||S]|/2)rI5l

9(1-n)/2,—|1Sl/2 n—1+|9| n—1+|5]|/2
<O(S (n =14 ||S|)IS172x
< O — & (n— 1+ HSH/Q) (n =1+ 5]))
n 5;/2 (n=1+]1S1)/2IIS/2
> J < o) 2 e

i sj/
<11(5; e IS ()

j=1 =
2(%—1)/2 n — 1 n—1 2 n 1
- IR i . 151172 | I _

< O(8)(2¢)m1/2 (T H <||;5;||>

o(S) =

151
> , Sj — 00. (11)

7j=1
Denote z; = ”S” € (1,400), x = (z1,...,2,). Obviously, O(S) — 1 as s; = 00, j €
{1,...,n}. Then |.D implies a constrained optimizatjon problem
H(z) := Hx;/(%]) — max subject to Z =1, z; € (1,+00).
j=1 j=1 i

If this problem has a solution, then H(z) is not greater than some H* and we choose
r > H* in (11). The optimization problem was solved in [1]. By its solution, one has H (x) <

[T;—, n'/®" = /n. We choose 7 > \/n. For this r we have % []’_ <”S”> 8 < 1. In view of
(11]) it means that there exist ny such that
(n+ 1S = DT Tlsi/2+1)
(K + S)IT(n+||S]|/2)rlsl =
for all [|S|| > no. The asymptotic behavior of right part () in other cases S can be investi-
gated similarly. Taking into account ({9), and we have that for all ||S]| > ny + ng

[P (20)] <Il’f(KO)(zON
(K + S)ILSE(20) = KOLK (20)

(12)
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This means that for every J € Z7 E(D),( 5 < max {lg,(fiz : ||K|| < ng 4+ ny + na}, where
ng, N1, Ny are independent of zj. Therefore the functlon F has bounded L-index in joint
variables with N(F,L,G) < ng + ny + no. H

If we impose some constraint by the function L then Theorem (1| implies the criterion

Theorem 2. Let L € Q'(G) be such that sup,.¢ E((zz)) = C < 00. An analytic function F
in G has bounded L-index in joint variables if and only if for each r € (0, (] there exist
ng € Zy, po > 0 such that for every 2° € G there exists K° € Z', |[K°|| < no, such that

inequality holds.
Proof. Sufficiency is proved in Theorem |1} As for necessity we choose ¢ = ¢(R) = [2(N +1)x

xCOr [Ty (As(r )N (A2 ()N 41 and replace £(2°) by £(2°) in the proof of Theorem .
No other changes

We need the following lemma.

Lemma 1. Let Ly, Ly be positive continuous functions in G and for every z € G Ly(z) <
Lo(2). If an analytic function F' in G has bounded Lj-index in joint variables then F is of
bounded Lsy-index in joint variables. If, in addition, for every z € G Li(z) < l5(z) then
N<F7L27G> < N(F7L17G)

Proof. The proof of Lemma (1] is carried out using simple calculations. m

Theorem 3. Let L € Q'(G), a function F be analytic in G. If there exist r € (0, 3], ng € Z,
po > 1 such that for each z2° € G and for some K° € Z'} with ||K°|| < ng the inequality
holds then F' has bounded L-index in joint variables.

Proof. The proof of sufficiency in Theorem [I| for » = 8 implies that N(F,L,G) < +o0.
Let L*(z) = %(Z), *(z) = %(Z), r? = B and r is radius for which ([2)) is true. In a general
case from validity of for F and L for r < 8 we obtain
FUO)| 0 e
maX{W.HKHSHO,ZGB[Z,T()/E (Z ):| <

max |F(K)(Z)’ : Ny, 2 20 o/ (ral(29) /7
= {K!(TOL(z)/r)K'”KHS 0,2 € B [2°, 10/ (rol(2")/ )}}S

() (
< max {% IK|| < no, 2€B [zo,r/é(z°>}} <

po [FUIGE)| By PO pym |FU()
= KO LE°(20) plECIKOL (rgL(2) /r)K°  pmo KON(L*(2))K°
i.e. (1) holds for F), L* and rqy = 3. As above now we apply Theoremto the function F'(z) and

L*(z) = roL(z)/r. This implies that F' is of bounded L*-index in joint variables. Therefore,
by Lemma [l the function F' has bounded L-index in joint variables. O]
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