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There are presented sufficient conditions for the entire Dirichlet series with monotonically
increasing sequence of exponents providing validity of Borel-type relation outside some set E
of finite h-measure, i.e. mpE = [ 5 dh(x) < 400 with a positive continuously differentiable
on [0,400) function h, whose derivative h’ increases to infinity. The corresponding Borel-type
relation states that the logarithm of supremum of the Dirichlet series along an imaginary line
behaves like as logarithm of maximal term of the Dirichlet series. The conditions are given as
the convergence of some auxiliary series constructed from the values of the function &’ and the
sequence of exponents.

Let D()) be the class of entire Dirichlet series absolutely convergent in C of the form

+oo
F(z) = Z ane™,
n=0

where A = (\,,) is a sequence such that 0 = \g < A\, T +00 (1 <n 1 +00). Let us denote by
D = J, D(X) the class of all entire Dirichlet series.

We denote by L the class of positive continuous functions ®: R, := [0, 4+00) — R, such
that ®(x) 7 400 (0 < & — 400), and by L the class of positive continuous differentiable
functions h such that A'(t) / +oo (0 <t 7 +00). Let & € L. We introduce the class

DN ®)={F e€D\): lnu(z, F)>xd(x) (x > z0)}.

Let h(z) be a positive increasing to +oo continuous function on the real ray [0, +00). For
a Lebesgue measurable set £ C [0, +00) we call m, E = [, dh(z) its h-measure, at h(z) = z
the h-measure of a set F is its Lebesgue measure.

It is known (|1,2]) that for every entire function F' € D(\) the relation

InM(z, F) = (140(1))Inp(x, F) (1)

holds as z — 400 outside some set F of finite Lebesgue measure, mE < 400, if and only if
=1

; <o 2)

where M (z, F) = sup{|F(z + iy)|: y € R}, p(x, F) = max{|a,|e®*: n > 0}.
By v(z, F) = max{n: |a,|e®* = p(x, F)} we denote the central index of a Dirichlet
series F' € D()).
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The finiteness of Lebesgue measure of an exceptional set E in the previous statement on
the whole class D is the best possible description. It follows from the following statement.

Theorem 1 (|3l/4]). For every function h € LT there exist a sequence A\ = () such that
satisfy , an entire Dirichlet series F' € D()\), a constant > 0 and a measurable set
E; C [0, +00) of infinite h-measure (mE; = +00) such that

VxeE): mMM(x,F)> 1+ 8)nu(z, F).

Due to Theorem [I| the natural question arises: what conditions must satisfy the entire
Dirichlet series in order that relation be true as x — +00 outside some set Fy of finite
h-measure, i.e. myFy < +007

In this paper we obtain the answer to this question when h € L*.

Currently, in the literature, the problem of finding an unimproved description of the
magnitude of an exceptional set in one or another relation from the Wiman-Valiron theory
is usually called the I. V. Ostrovskii problem, who formulated this problem in 1995 in relation
to the Wiman inequality. Later, the same issue was considered of a number of articles (for
example, see [5-14]) as well, in particular, with respect to other asymptotic relations, obtai-
ned in the Wiman-Valiron theory. The described problem is important not only from the
point of view of the development of the internal Wiman-Valiron theory (see also |15-20]),
but also from the point of view of possible applications of its results (in this connection see,
for example, [21}22]).

We prove the following theorem.

Theorem 2. Let h € LT, ® € L. If a function F € D(\, ®) and a number b > 0 such that

$ Hlpln) +) 5

< +00,
n\,

n=1

then asymptotic relation holds as © — +o0o outside some set E of finite h-measure
(mpE < +00), where the function ¢ is an inverse function to the function ®.

Let us first prove a few auxiliary statements.

By (R;(F));25 we denote the sequence of discontinuity points of the central index v(o, F)
of an entire Dirichlet series F', numbered so that v(o, F') = j for R;(F) <o < R;41(F) and,
if v(Rj+1(F), F) = j+p, then Rj11(F) = Rj12(F) = -+ = Rj4,(F) < Rj1p+1(F). The upper
estimates of the general term |a,|e**" of the Dirichlet series F' € D(A) by the maximal term
w(x, F') can be obtained from the properties of the so-called comparison series, which for the
positive continuous non-decreasing on [0, +00) function «(t) takes the form (see also [23-26])

F.(2) = io .y, €Xp {zAn + /OAH a(t)dt} :

n=0
Lemma 1. If F,, € D(\), then for all j > 0, and 0 € [Rj(F,) + a()\;), Rj11(Fa) + a();)],
n > 0 one has
’anlea)\" An
T Sexpq — (a(t) — a(N)))dt p . (4)
|ajleos by

In the case R;(F,) < Rj1(F,) we additionally have
v(o,F,) =j for all o € [R;(F,) + a();), Rj41(Fu) + a(N)).
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Proof of Lemma[l. We denote «,, = fo/\" a(t)dt and R, = R,(F,) for n > 0. For ¢ €
[R;, Rj41] by definition of the maximal term yu(o, Fy,) for all n > 0 one has

jan|e At < (o, Fy) = faglelite),
Hence, for (¢ — a();)) € [R;, Rj+1] and n > 0 we get

o—a(Aj)Antan —a(Aj)Ajt+ay)

‘an|e(( ) < |aj| exp(("

So, for all n > 0 and o € [R; + a())), Rj+1 + a();)] we obtain

|an | 6(7)\”

An
e < exp{—(an — a;) + () (A — Aj)} = exp {— /A (aft) — Oé(Aj))dt} :
Therefore, inequality is proved.
Since, |ay,|e"*Ton < u(o, F,) for all 0 € (R;,Rjy1) and n # j, for all o € (R;(F,) +
a(A)), Rj11(Fa) + a();)) inequality (4] is also strict for n # j.
But «a(t) is a non-decreasing on [0, +00) function. Thus, for arbitrary non-negative dis-
tinct integers n and m the inequality

//\n(a(t) — a(A))dt > 0

holds. Then, from the inequality (4)) for o € (R;(F,) + a())), Rj+1(F,) + a(A;)) in the case
R;j(Fo) < Rja(Fa) we get

|, |eoM < exp {_ /An(a(t) _ a()\j))dt} <1

)\.
|ajle ;

for all n # j. It means that v(o, F) = j for 0 € (Rj(F,) + a(\;), Rit1(Fo) + a()))).
Since the function v(o, F') is right semi-continuous, the second statement of Lemmall]is also
proven. 0

Lemma 2. Let A: [0,+00) — [0,400) be a non-decreasing function such that A(t) — 400
(t = 400). If F,, € D(A) with a function

a(t) :/0 A HmrC2) s o)

X

then asymptotic relation holds as © — +0o0,
+o0
v ¢ |JIRi(Fo) + a(\), Bi(Fa) + a(\) =: E.
j=1

Proof of Lemma[Z Without loss of generality, we can assume that |ag| = 1. Let R,, = R,(F,)
(n > 0). By Lemmal[l] for all n > 0 and = € [R; + a();), Rj11 + a(};)) inequality () holds
and v(z,F) = j for x € [R; + a()\;), Rj41 + a();)). Since f/\’\:(a(t) —a(\))d\, —t) =
f/\’\yn (A, — t)da(t), therefore, for all n > 0 and = ¢ E we have

Wl o {- [ a0t =eo L [ 2 aannen ).

p(z, F)

v
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where v = v(z, F).

Then at n = 0 for z ¢ E from () we obtain Inu(x, F) > [/ A(t)dInn(2t). So, for any
to € (0,\,) and = ¢ E one has Inu(z, F) > A(to) (1nn(2/\ ) — lnn(QtO)). By the condition
A(ty) — +oo (tg — +00), it remains to choose tg = to(r) — +o0 (x — +00) so that the
conditions A(ty) — +oo and 2Inn(2ty) < Inn(2),) at © — +oo are simultaneously satisfied.
Hence,

Inn(2\,) =o(Inu(x, F)) (x — 400, x ¢ E). (6)
We put m = min{n: A\, > 2\, }, A, = A\ ) One should observe that for all n > m
My N —
/ A"t LA@ydinn(2) > A, [ 2 (26) > Ay (Inn(A,) — Inn(2\).

v AV
Therefore, for all z ¢ E from inequality we get

A\, —t
22<x> {l‘/\n< Z eXp{ / A(t)dlnn(2t)}§
t
z, I >\>2>\ An>2)y
oot 1 1
< n(2)\,)4 = n(2)\,) —— < n(2),).
kakAV_n( [ = A e <)

So, for every x ¢ F one has

M2, F) < ) agle™ + plx, F) - So(x) < 2n(2),)u(z, F).

An<2Xy

Applying relation @, we finally obtain
In M(z, F) <14 In2+Inn(2x,) 1401
Inp(z, F) Inu(x, F)

as ¢ — +oo0, v ¢ E. O

Proof of Theorem[3. Since £ ~ In(n+1)—Inn (n — +o0) and ' ((A,)+b) > W ((A,/2)+ b).
Therefore, from condition (3f) it follows

X W (oM, /2) + B)(In(n + 1) —Inn
3 ((An/2) + b)(In( ) )

2. N, < +00,
hence,
400 7,7 oo —
/ h (cp(i) + b)dlnn(%) . Z (oM /2) + b))(\ln(n +1) —1Inn) < oo (7)
A1 n=1 n

where n(t) is a counting function of the sequence A.

Let us prove that there exists a non-decreasing function B(t) ,* +o0o0 as t — +oo such
that

/0 m B(t)wdmn(%) < foo. (8)

Consider the function

P(t): :/+OO Wdlnn@x).

t
From (7)) it follows that ¢ (t) \, 0 as t — 400. Let now for n > 1 and ¢ € [\, A1)
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An) — V(A

/\n+1 - /\n

Obviously, 1(t) \ 0 for t — +o0 and, moreover, for n > 1 we have ¥g(A,11) = P(\,).
Let B(t): =(¢o(t))"2. Then B(t) S +o0 as t — 400 and

/OOOB(t)wdlnn(%):— i - JO( Zw (/\ )( )S

<23 (VIT 1) ~ VD) = 2v/5(0) < +oc.

Yo(t): =v(An-1) +

So, is satisfied.
We put now

B: :/0 OOB(x)dl%(ZE).

Since h € LT and ({§) hold, then B < +oc0 and the function A(t): =bB(t)/B is a continuous
function and A(t) — +o00 as t — +o0.
Note that

t nn(2x too nn(2x Foo nn(2x
a(t): :/0 A(w)le(Q)g/o A(x)le@):%/o B(x)le@):b. 9)

Let us prove that the Dirichlet series F}, is absolutely convergent in the whole complex plane,
that is, F,, € D(A). For the general term of the series for F,, we have

An
|lan| exp {J)\n +/ a(t)dt} < Jan| exp{(0 + a(Mn))An} < |an et
0
So, F,, € D(A).
We put R, = R,(F) for n > 0. Applying Lemma [2| with the functions «(t) and F,, we
obtain that relation () holds as z — +o0, and = ¢ E = (J; 2[R, + a(Au1), By + a(\n)).
Let us prove that m, E < +o00. Indeed,

th:/ Z/ e :;(h(RnJra()\n))—h(Rn+oz(/\n_1)))- (10)

Rn+a An— 1
By the condition F' € D()\ D),

x®(z) <Ilnp(z, F) =lnpu(0, F) + / Ao,y dt < TNy (z—0,F)
0

for all # > zo. Hence, z < (A (z—0,r)). Since, by Lemmal[l} v(R, +a(Ay-1) =0, F) <n—1,
we get R, + a(A,—1) < ¢(Au—1). Consequently applying the formula from Lagrange’s Mean
Value Theorem h(b) — h(a) = (b — a)h/(a + &(b — a)) with € € (0, 1), the last inequality and
inequality @D to ( ., we obtain

mpE = Z W (Ry + a(Mno1) + en(a(Nn) — a(Ans1))) (a(Xy) — (A1) <

< Z(/ Az )W)h'(g@()\n_l)+/)\n A(@M) <

bt el +b)
<. / Bla)— £

0
If all elements of the sequence (R;) are distinct, then Theorem [2]is proved.

dlnn(2z) < 4o0.
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If there are identical points among elements of the sequence (R;), i.e. R, < R,11 =
Rn+2 = Rn+p < Rn—l—p—l—l; then

Rntpta(Anip) ,
/ o dh(z) < W(Rnip + a(Anip))(@(Anip) — a(Anir)) = (@Angp) = a(Anga))x
Ryii1+a(in

W (s + 60w + 60h) ~ 00W) < W (Ruis +a) +) [ a2

An
Since, by Lemma. [I} v(Rp41 + a(A,) — 0, F) < n, then using the inequality 2 < (A @—o,r))

we have BosptoChnrs) \
n+p T (An+p n+p /
/ dh(z) < / A PO Y o),

Rn+1+a(>\n) B z
So, in the case of existence of identical points in the sequence (R;), we again arrive at the
inequality

T

+oo b
th<—/ (o) + )dlnn(Qx)<+oo.
Therefore, Theorem [2] is proved. O

Conjecture 1. The finiteness of the h-measure of an exceptional set in the Borel relation
for the class D(\, ®) under the conditions of Theorem [2 is the best possible description of
its magnitude.

Conjecture 2. Condition in Theorem @ can be replaced by the condition: for every
sequence (by,), b, — +0 (n — 400),

io W (e(An) + bn)

< +00.
nA,

n=1
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