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Let € be a unital prime *-algebra. For any U,V € €, the product defined by U ¢V =
U*V — V*U is known as bi-skew Lie product of U and V. This paper establishes that if a
family A = {{, }nen of mappings (,: € — & (not necessarily linear) on & with (o = id¢ (the
identity map on €), satisfies the relation ¢, (UoVoW) =3 . . _ (U)o (V) o (- (W) for

all U, V,W € € and for each n € N, then A is an additive *-higher derivation provided Cn(%)
is self-adjoint for g € {1,i}.

1. Introduction. Let € be a x-algebra over the complex field C. An algebra € is called prime
if UEV = (0) for U,V € € implies either U = 0 or V = 0. An additive map (: € — €& is
called an additive x-derivation if it satisfies ((UV) = ((U)V +U((V) and ((U*) = ¢(U)* for
all U,V € €. The left (resp. right) bi-skew Lie product is defined as UoV = U*V —=V*U (resp.
UoV = UV* —VU?*), while the left bi-skew Jordan (resp. right bi-skew Jordan) product
is defined by U e V = U*V + V*U (resp. U@V = UV* + VU*). A map (: € — € (not
necessarily linear) is called a nonlinear bi-skew Lie derivation or bi-skew Lie triple derivation

if
(U oV)=C(U)oV +Uo((V)
CUoVoW)=(U)o VoW +Uo((V)oW+UsVo((W)

for all U, V,W € €. Analogously, one can define nonlinear bi-skew Jordan derivations and
nonlinear bi-skew Jordan triple derivations. The properties of such derivations have been
widely investigated in various works (see |2}, 3], 6], [7, [8 12]). In [12], Taghavi and Razeghi
demonstrated that if ¢ (é) and ¢ (%) are self-adjoint, then every nonlinear bi-skew Lie deri-
vation on a prime x-algebra € is an additive *-derivation. Later, Shahvandi and Taghavi {I1])
extended this result and prove that every nonlinear bi-skew Lie triple derivation on a prime
x-algebra € is also an additive x-derivation, provided that ( (%) and ¢ (%) are self-adjoint.

In this paper, we extend the above result [I1] to the case of higher derivations. Let N
denote the set of all non-negative integers, and consider a family A = {(,}nen of linear
mappings (,: € — € on the x-algebra €, where (y = idg (the identity map on €). Then we
say that A is:
(a) a higher derivation if for all U,V € € and n € N

GUV) = > GU)GV);

p+g=n

or
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(b) a bi-skew Lie higher derivation if for all U,V € € and n € N
GUV)= > QU)o ¢(V);
p+gq=n
(c) a bi-skew Lie triple higher derivation if for all U, V,WW € € and n € N
UV oW) = 30 GU)oGV)oG(W).

pt+g+r=n
If the linearity assumption is relaxed, A is termed a nonlinear higher derivation, a nonlinear
bi-skew Lie higher derivation and a nonlinear bi-skew Lie triple higher derivation, respecti-
vely. It is evident that for n = 1, higher derivation, bi-skew Lie higher derivation and bi-skew
Lie triple higher derivation are usual derivation, bi-skew Lie derivation and bi-skew Lie triple
derivation respectively. In recent years, different types of higher derivations have been studi-
ed on various algebras (see [5], [4], [10], [13], [I4]). Zhang and coauthors {I5]), proved that
a nonlinear *-Lie higher derivation on factor von neumann algebras is an additive %-higher
derivation. In [I], Ali et al. characterized the nonlinear mixed bi-skew Jordan triple higher
derivations on prime x-algberas.

Motivated by the work on higher derivations, we obtain the structure of nonlinear bi-
skew Lie triple higher derivations on prime x-algebras. In fact we prove that every nonlinear
bi-skew Lie triple higher derivation on a prime *-algebra € is an additive *-higher derivation,
provided ¢, (%) is self-adjoint.

2. Preliminaries and main result. Throughout the article, unless mentioned otherwise,
¢ stands for a prime x-algebra over the complex field C. Let H be a complex Hilbert space
and B(H) refer to the algebra of all bounded linear operators on H. Let P € B(H) be
a projection operator, then P? = P and P* = P.

Main Theorem. Let € be a prime *-algebra with unity [ and a nontrivial projection P.
Let A = {(,}nen be a nonlinear bi-skew Lie triple higher derivation on € i.e.,

GUVeW) = > (U)o (V) oG (W)
ptg+r=n
for all U, VW € & and n € N. Then A is an additive %-higher derivation on &, provided
Cn (%) is self-adjoint for 5 € {1,i}.
Let P, = P be a nontrivial projection in € and P, = I — P. Write &;; = PF¢F;,1 <
1,7 < 2. Then by the Peirce’s decomposition, we can write & = &;; ® €15 B €91 B €Eyy and
thus any operator U € € can be written as U = Uyy + Uyg + Uy + Uss.

The proof of our main theorem relies on several key lemmas, which we now present.
Lemma 1. (,(0) =0 for each n € N.

Proof. We employ an inductive argument on positive integers n > 1. The initial case (n = 1)
is an immediate consequence of Claim 2 in [I1]. Proceeding inductively, we suppose (;(0) = 0
holds whenever 1 < k < n. The remaining task consists in verifying ¢,(0) = 0. Then

((0) = u(00000) = Y ((0)0¢(0) 06 (0) =

pt+gq+r=n
=(u(0)0000+00G(0)00+0000G,(0)+ > G(0)0¢(0)0G(0) =0
ptatr=n
0<p,q,r<n-—1 L]

Lemma 2. (,(£) = 0; ¢.(5) =0 and (,(4) = 0 for each n € N withn > 1.
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Proof. The statement holds for n = 1, as established by Claim 3 in [II]. Suppose the
statement is valid for all k < n, ie., ((%) = 0; Ck( 5 ) = O and (,(4) = 0. Our goal is
to prove that this holds for £ = n. leen that ’ = <> <> =, it follows that

R s
oe)os+hosoel])+ 5y 65 ou(d) o5 (4) -

0<pqr<n 1
1 il 1 *
36 (5) = 36(5) +56(5) +560(5) +30(5) +39(5)
This implies that
1 il 1 i\ * 1 I~
PY Y e _n__'n__-n_:- 1
2<<2>+2C<2> ZC(z) ZC(Q) 0 (1)
It follows from that
1 1l 1 il I\~
Z - (= = 2
2C”(2>+2<"<2) HC"( )HC”( ) 0. @)
On adding and , we get
1l i\ *
Since, by the hypothesis, Cn(%) is self-adjoint, then we have
i\ * il
From (3) and (4), we get
il
a(5) =0 (5)
Again using the fact that Qn(é) is self adjoint and Cn(”) =0i 1n , we get Cn( )=0.
We now demonstrate that (,(5 ) = 0. Utilizing the relatlon ” o —I o= and condition

Cn(%) = 0, we can write

1=6(g) =637 7) =X, 0(z)a(F) 6 (5) -

o) F oL e bea( oL o (D)
X e 6(5) 06(5) o5 >:—Z’<n(7[) ~ia(3)
This gives
o(3) =-a(5) ©

Next using the fact that =L o £ 0% = 0 and Lemma |l we obtain

=65 o4od) - T 55 (05 1) -
“a(F)ebetroc(D)odr Foloall)s

2

MO T | SN
)-

0<p,q,r<n—1
This implies that ¢,(5H)* = ¢,(3). Hence, using equality @ we get G.(5E) = 0. O
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Lemma 3. For any U € € and n € N, we have

Proof. (i) To verify this, observe that Cn( —iU ¢ é o é) = Cn(U oY %) By using Lemma
2.2, we get (,( —iU) o Lol =¢,(U) o4 oL It implies that

(=) = Gu(=iU)" = =iGu(U)" — iGa(U). (7)
Additionally, it is straightforward to confirm that Cn( —Uo % ) Cn( = é) which
leads to (n( — z'U) o % o é =(, (U) o _7] o % Consequently, we obtaln

Rewriting equivalently, we establish
Gn(=U)" + Gu(=iU) = iGu(U)" = iGu(U). (9)
Adding (7) and (9), we get ¢,(—iU) = =i, (U).
A similar argument can be used to show that (,(iU) = i(,(U). O

Lemma 4. For any Ui € QEH, Uis € @12, Usy € €51 and Uy € @22, we have:
(4) Ca(Unr + Ut2) = Gu(Un1) + Ca(Ur2);  (48) Cu(Uzr + Usz2) = (u(Ua1) + Cu(Usz).

Proof. (i) We proceed by induction on n € N with n > 1. By Claim 5 in [11], the result
holds true for n = 1. Assume that for all k& < n, the result holds, i.e.,

Ce(Urn + Ur2) = G (Un) + G(Una).
Let T = (u(Uyy + Usa) — Go(Ur1) — Gu(Ur2). We now demonstrate that 77 = 0. For any
Wy € €y, observe that Uyy © Way ¢ I = 0 and in view of Lemma [T}, we find that

Cn((Ull + U12) o Way <>—7) = Cn(Un o Wy <>]) + Cn(Um o Woy <>—7) =
= (U)o War oI + Uy 0 G(Way) o I + Upy 0 Way 0 (o (I)+
+>° prgrr=n G(Un1) © (G(War) © G (1) 4+ Gu(Ura) © Way 0 I + Uya © o (Way) © I+

0<p,q,r<n—1

+Urp 0 Wo ¢ Cn( ) + Z ptgt+r=n Cp(UIQ) <& Cq(W21) ¢ Cr(l) =
0<p,q,r<n—1

= (G (Un1) + Gu(Unr2)) © Wy o I 4 (Ury + Usz) © G (Way) o I+
+(Ur1 + Urz) o War 0 Gu(I) + Z p+q+v~ n (Cp(Ull) + G(Ur2)) © (q(War) © ¢ (1).
On the other hand, by induction hypothe51s We also have

Cu(Ury + Ura) o War 0 I) = Gu(Ury 4 Ua) © Way o I + (Uyy + Usa) © (u(Way) o I+
+(Ur1 + Ura) o Woy 0 G (1) + Z pratr=n (Ui +Uiz) 0 ((War) 0 (.(I) =

0<p,q,r<n—1
= (U1 + Ur2) o War o I + (Uiy + Uiz) © Go(War) o I + (Uny + Uiz) © Way © G, (1) +
3 praremn (G(Un) +G(Unz)) 0 G(War) 0 G (1),
0§p7q7"1§n71
By comparing the above two equations, we deduce that T'¢ Wy, ¢ I = 0, which gives

W3, T — T*Way = 0. (10)
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Following the same procedure as above and replacing W, by ¢{Ws;, we obtain

From and and using the primeness of &, we get Ty, = Toy = 0.
For any Wiy € €5, applying Lemma (1| and utilizing the condition Uiy ¢ Wis ¢ Py = 0, we
obtain

Gu(Ur + Ura) o Wig o Py) = (u(Ury © Wi o Py) + G (U 0 Wig o Py) = G, (Ury) © Wig © P+
+U11 0 G(Wi2) 0 P+ Uit o Win 0 Gu(PO) + Y pigiren G(Unn) 0 G(Wiz) 0 G (P)+

0<p,q,r<n—1
+C(Ur2) © Wig 0 Py 4 Uig © (o (Wha) © Pr 4 Ujg © Wig 0 Go(Pr)+
+ Z prgrr=n  Cp(U12) © G(Wi2) © G (P1) = (Cu(Un1) + Gu(Ui2)) © Wiz © P+

0<p,q,r<n—1

+(Uy1 4 Up2) © G,(Wha) © P+ (U + Ura) © Wia 0 G (Py)+
3 pearrn (G(U0) + G (U1) 0 G, (Wiz) 0 G- (Py).

0<p,q,r<n—1

On the other hand, by induction hypothesis, we have
G (U + Usg) o Wiz 0 Pr) = G (Ury + Ur2) © Wiz o Py + (Unq + Usa) © G (W) © P+
+(Ur1 + Urz) o Wig 0 G (Pr) + Z pgtr=n (Ui 4 Urz) © (¢(Wha) 0 G (Pr) =

0<p,q,r<n—1

= (U1 + Ur2) o Wig 0 P + (Upy + Ura) © (u(Wha) © P+
+(Un1 + Ua) 0 Wiz 0 G (P1) + Z prgtr=n (Gp(Ui1) + Gp(U2)) © ((Wi2) © ¢ (P1).

0<p,q,r<n—1
By analyzing both equations, we conclude that T'oWi50 P, = 0, which leads to the conclusion
that T7; = 0. We now show that 775 = 0. Note that Uy ¢ P o P, = 0. We have
Cu((Unn +Uiz) 0 Pro Py) = (Ui © Pro Py) + Gu(Uipo Pro Py) =
= Cu(Un1) o PLo Py +Up1 0 Gu(Pr) © Py + U1 © PL o G (Pa)+

+ Z prgtr=n Gp(U11) © ((P1) © G (P2) + Cu(Ur2) © PLo Py 4 U1 © Gu(Py) © Pot

0<p,q,r<n—1

U110 PLoG(P) + D prgiren G(Ur2) 0 Go(P1) 0 G(Py)

0<p,q,r<n—1

= (Gu(Un1) + Gu(Unr2)) © Py o Py + (Uin 4+ Urz) © Gu(Pr) © Po
+(Un1 + Urz) © P10 Gu(P2) + Z prgrr=n (Cp(Un1) + p(Ur2)) © (u(P1) © G (F2).

ng,q,rgnfl

On the other hand, by the induction hypothesis, we have
Co((Un1 + Urz) 0 Py o Po) = Gu(Uni + Ura) © Py o Py + (Ui + Urz) © Gu(Pr) © Pat
+(Un1 + Uiz) © Py o Gu(Pe) + Z pratren (Ui +Uiz) 0 ((P1) ¢ G (P2) =

0<p,q,r<n—1
= (U1 + Ur2) © PLo Py 4 (Ury + Uiz) © Gu(Pr) © Py + (Ui 4+ Urz) © Pr o Guo(Po)+
3 rarren (G(Un) + G(Ur2)) 0 G(Pr) © G(Py).

0<p,q,r<n—1

Comparing the above two relations, we get T'¢ P, © P, = 0. This implies that T}, = 0. Hence
T=0. Slmllarly, we can show that gn(Ugl + U22) = CTL(UZI) + Cn(UQQ) ]
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Lemma 5. For any U11 € @11, U12 < @12, U21 € @21 and U22 € @22, we have:
(1) Co(Unn + Ui + Ua) = Gu(Un1) + Cu(Un2) + Go(U21);
(1) Cu(Ura + Uay + Usa) = Gu(Ur2) + Cu(Uar) 4 Cn(Usa).

Proof. (i) By Claim 6 in [I1], the result holds true for n = 1. Assume that the result holds
for k < n,ie., (Ui + Uz + Ua1) = G(Un1) + Cu(Ui2) + G(Uar).

Let T = Cn(Ull + U12 + UQ]_) - Cn(Ull) — Cn(U12) — Cn(UQl) We now show that 7" = 0. For
any Wy, € €y, using the fact Uy o Woy o I = Ujg 0 W o I = 0 and Lemma , we have

Cn((Ull + U12 + UQI) <>W21 0]) = Cn(Ull O W21 0]) -+ Cn(Um O W21 0])+
+Cn(U21 <>W21 OI) = Cn(Ull) < W21 i + U11 OCn(W21> ol + Ull O W21 <><n<[)+

+3 7 prarren G(Un) 0 G(War) © G(1) 4 Gu(Ura) 0 Way © I + Uy 0 Gu(War) o I+

ng»q/rgn*l

+U2 0 Woy © Cn([) + Z pt+q+r=n Cp(U12> © Cq<W21) © CT(IH‘

OSpvq’TSnfl

+Cn(Ua1) © War 0 I 4 Usy © ((War) o I + Uay © Woy 0 G (1) +
+Z prgir=n Gp(Ua1) © (q(War) © (1) = (Cu(Ur1) + Cu(U2)+

0<p,g,r<n—1

+((Un)) o War o I + (Uiy + Ura + Uar) © Go(War) o I + (Ury + Urz + Ua) © Way 0 G, (1)+
+ ) prarren (G(Un) + G(Us2) + G(Uar)) © G(War) © G:(1).

0<p,q,r<n—1
On the other hand, by induction hypothesis, we have
Co((Urn + Urg + Uar) o Wor 0 I) = G (Ury + Urg + Usp) © Wy o I+
+(Un1 4+ Urg + Uar) © Gu(War) o I + (Ury + Uy + Usy) © Woy 0 (o (1) +
+ Z prgtr=n (Ui + Ura 4+ Us1) © (((War) © G (1) = (u(Unn + Uiz + Uay) © Way o I+

ngvqﬂ'gn*l

+(Ur1 4+ Uiz 4+ Usy) 0 G (War) o I + (Ury + Uiz + Usy) © Woy 0 G (1) +
+ Z pratr=n (Cp(Un1) + G(Ur2) + ((Uar)) © ((War) © (D).

0<p,q,r<n—1

The above two relations give that T'¢ W5, ¢ I = 0, which implies that

Wi T —T*Wy = 0. (12)
Following the same procedure as above and replacing Wy, by ¢Ws, we obtain

W T +T*Ws = 0. (13)

From and and using the primeness of &, we get Ty, = Thy = 0.
In view of Uy ¢ Py o I = 0. It follow the Lemmas (1| and (z), we obtain

Ca((Unn + U+ Usp) 0o Prol) = Gu((Unn + Ur2) o Wig o I) + (u(Uar o Py o I) =
= (Ui +Urz) o Pro T + (Uny + Usz) © Guo(P1) o I + (Ury + Ura) © Pyo (1) +

+Z pratr=n (Ui +Ui2) 0 ((P1) © G (1) + Gu(Uar) © Py o I + Uy 0 Gu(P1) © I+

OSP,%TS”—l

U 0 PLoGul)+ Y prgrrmn Go(Un) 0 G(P1) 0 (1) =

Oﬁp:fIﬂ"S”— 1
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= (Go(Un1) + Gu(Ur2) + G (Ua1)) 0 Pro L + (Uyy + Urg + Uzp) © Go(Pr) o I+
+(Ur1 + Ua + Usp) © Pro (u(1)+

3 prarren (G(U) + GU12) + G (Un)) © G(P1) 0 G (D).

0<p,q,r<n—1
Alternatively, based on the induction hypothesis, we can conclude that

G((Unn +Uia + Usp) o Prol) = G(Unp + Ui + Usy) 0 Pro I + (U +
+Uia + Usp) o Cu(Pr) o I + (U + Ura + Usy) © Py o G (1) +

+Z ptgtr=n (Ui +Urp +Uai) 0 G(P1) © G (1) = Gu(Unn + Urg + Ug) © Py o I+

0<p,q,r<n—1

+(Un1 + Uia + Usp) 0 Guo(Pr) o I + (Unn + Ura + Un) 0 Pro G (1) +
+ Z phqtr=n (Gp(Un1) + Gp(Ur2) + (p(Uar)) © G (Pr) © G (1).

Comparing the aboveofgégrfeqa%ions, we get T'o Py o I = 0. This implies that T = 0 and
Ty —T7, = 0. (14)

By applying the same procedure for i P, instead of P; in above two relations, we obtain
T+ 17, =0. (15)

Adding and , we get 71y = 0. Thus 7' = 0.

Similarly, one can easily obtain (, (U + Us1 + Usz) = (u(Ur2) + Cu(Ua1) + Cu(Usz). O

Lemma 6. For any U11 € Qfll, U12 S @12, Ugl € 621 and U22 € @22, we have
Co(Un1 + Urg + Uat + Usz) = Gu(Unh) + Gu(Ur2) + Gu(Uar) + Gu(Usa).

Proof. By Claim 7 in [I1], the result holds true for n = 1. Assume that the result holds for

k<n, e, Ce(Un1 + Urg + Usy + Usz) = G(Un1) + Ce(Ur2) + Gu(Ua1) + Ce(Uaa).
Let T' = (, (Ui + Uiz + Uay + Usz) — Gu(Un1) = CGu(Ur2) = Gu(Us1) — Gu(Usa).
We now show that T" = 0. For any Wi; € €5, using Lemmas |1| and (z) and the fact
U21<>W12<>]: U220W12<>I:0, we have
Co((Un1 + Ui + Usy + Usz) o Wiz 0 1) = ((Unn + Urz) © Wiz 0 I) + (o (Uzt © Wig 0 1)+
+G (U 0 Wia 0 1) = (Ui + Urz) o Wig o I + (Ury + Usz) © Go(Wha) © I+

+(Ur1 + Urz) o Wiz 0 G (1) + Z prgtr=n (Ui + Ura) © (Wha) © G (I)+

0<p,q,r<n—1

+Cn(Ua1) o Wig o I + Upy © Gu(Wia) 0 I + Usy © Wiz 0 G (1) +
D pragrren (U21) 0 G(Wiz) 0 G(I) + Gu(Uz2) © Wiz o T + Upy © Gu(Wha) o I+

0<p,q,r<n—1

+Uz 0 Wiz 0 (u(I) + Z pratr=n  Cp(Uz2) © G(Wh2) 0 (- (I) =

0<p,q,;r<n—1

= (Cu(Un1) + Ca(Ui2) + Ca(Ua1) + G (Usz)) © Wig o I+
+(U11 + Uiz + Uzp + Usz) © G, (Wha) © I 4+ (Uyy + Uz + Uay + Usz) © Wig o (o (1)+

£ piatren (G(U0) + G(Un) + G(Un) + G (Una)) © G (W) 0 G, (1).

0<p,q,r<n—1
Alternatively, based on the induction hypothesis, we can conclude that

Cu((Unn + Urg + Ugy + Usg) o Wig 0 1) = (o (Upy + Upg + Ugy + Usg) o Wig o I+
+(U1r + Ura + Uay + Usz) © G(Wha) © I 4 (Uyy + Uz + Uy + Usz) © Wig o (1) +
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+ Z PHgtr=n Cp(Ur1 + Uiz + Uar + Usz) © ((Wi2) 0 (.(1) =

0<p,q,r<n—1
= (U1 + Ura 4+ Uay + Usg) 0 Wig o I + (Uyy + Uia + Uzy + Usa) © (G (Wha) © I+
+(Ur1 + Urz + Uzy + Usz) © Wig o (o (1) +

£ piatrmn (G(U0) + G(Un) + G(Un) + G (Una)) © G (Wha) 0 G, (1).

0<p,g;r<n—1
Comparing the above two equations, we arrive at T o Wi, o I = 0, which gives

WHLT — T*Wie = 0. (16)
Following the same procedure as above and replacing Wi, by iWi5, we obtain
WET +TWie = 0. (17)

From and and using the primeness of &, we get T7; = T15 = 0.
By substituting Wy, for W15 in the latest calculation, we arrive at the result 151 = Thy = 0.
Thus T'= 0. O

Lemma 7. For each U;;,V;; € €, such that i # j, we have
Cn(Uij + VZJ) Cn( ZJ) + Cn( 1] )

Proof. 1t easy to show that (P, +Uy;) o (P +V;;) o § = =Usi; — Vi + Uf; + V5. Tt follows from
Lemmas [2] and [6] that

I
Ga(=Usy = Vig) + GulUf5 + Vi5) = Gu((P U)o (P + Vig) o ) =

=GB+ U)o (P +Vij) o 5 + (B + Uj) o GulB + Vi) ©

2
HE AU 0 (B4 V) 06a(5) + 2 peers GURHUG) 0GP+ V)06 (5) =

0<p,q,r<n-—1

= (G(P) + U)o (P 4 Vig) o 5 + (P4 U5) 0 (GulP3) + GalVig)) 0 5+
F praten QB +GUR) 0 (GB) + (Vi) 0 6. (3) =

0<p,q,r<n—1
= (o (Po P <>I)+(n(P <>Vzg<>[)+Cn(U*<>P <>I)+Cn<U;;~<>V;j<>g) —
= Gu(=Vig) + Gu(Vi)) + Gu(=Uy) + Gu(U3)).
This implies that

gn( (/A %J)‘I'Cn(U;;_"Vz*) Cn( U)"‘Cn( Z])—I—Cn( )‘I'Cn( )
By applying Lemma [3] the above equation yields

(Ui + Vig) + Uy + V5) = =Gu(Uiy) = Ga(Vig) + GulU35) + (Vi) (18)
A straightforward initial calculation shows that

—1I
(P +Uj5) 0 (1P + Vi) o - = iUy +1Vi; + iU, + V]
Therefore, we obtain 7
Ca(iUs + Vi) + GuiUS5 +iV55) = Gu((Pr 4+ Uy) © (iPy + Vi) © 7) =

.y —1I
=GP+ Ug) 0 (P, + Vi) 0 =+ (R + Uf) 0 GuliPy + iVig) 0 -+

HE AU 0 (7 + V)0 G 5) 4+ X oo GP+U2) 0GB +iV3) 0 6(5)

0<p,q,r<n—1
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= (G(P) + GuUL) 0 (P, + Vi) o =+ (P Up) o (GuliBy) + GaliVig)) o o+

2
£ e G+ G0 GGP) + V) 06 (5) =

0<p,q,r<n—1
— Cn(Pioz'PjOT) +<n(Pi<>7;‘/ij<>7) +Cn(U;;<>in<>7) +Cn(U;;<>iV;j<>7) _

Therefore, we establish the following equality
Cu(iUs5 + iVig) + Cu(iU; +iVi3) = Cu(iUi5) + Cu(iVig) + G (iU;) + Gu(iVy]).
Using Lemma [3] in above equation yields

Cn(Uij‘l'V;j)"{'Cn(Ui?‘l'Vi ) Cn( Z])+Cn( ZJ)+C7L( )+Cn( ) (19)
By collecting and (19), we obtain (,(U; 4+ Vi) = Gu(Usj) + Gu(Viy)- O

Lemma 8. For each U;;,V;; € €, such that 1 <1 < 2, we have
Cn(Uu + ‘/zz) Cn( zz) + Cn( zz)

Proof. According to Claim 9 in [I1], the statement is valid for n = 1. Suppose that for all
k < n, the statement holds, that is,

Let T' = ¢, (U + Viy) — Go(Uy) — Cn(‘/;i). We now demonstrate that T = 0.

Note that for i # j, Uy o P oI =V;; 0 Pjol =0. It follows from Lemma [T} that

G(Ui+Vi)oPjol)=C(UioPjol)+ G(ViioPiol) =G (Uy) o Pjol+
+Un<>Cn( )<>[+Ull<>P <>Cn +Z pt+q+r=n CP( “)OCCI( )OCT( )

0<p,q,r<n—1

+Cn( zz)OP 0[““/“0671( )OI_I_‘/ZZOP OCn +Z pt+qt+r=n Cp( u)ogq( )Ogr( )

0<p,q,r<n—1

= (Gu(Uii) + (Vi) 0 Py o T + (Usi + Vig) 0 Gu(Py) o T + (Ui + Vi) o Py o Gu(I)+
+3 pratrmn (G(Ui) + G(Via)) 0 G(P) 0 G:(1).

0<p,q,r<n—1

On the other hand, by the induction hypothesis, we have
Ca((Usi + Vi) o Py o 1) = (Ui + Vig) 0 Py o I + (Uy + Vi) ©

) o Gu(Py) o I+
+(Usi + Vi) P o Ga(1 +§;£ﬂﬂ¢1@@@+w»o@<»og<>

= Co(Uis + Vi) o Py o I + (Ui + Vi) 0 Cu(P)T + (Usi + Vig) © Py o Gu(I)+
37 s (GUi) + G (Vi) 0 C(Py) 0 G (1)

0<p,q,r<n—1
Comparing the above two equations, we get T'¢ P; ¢ I = 0. This implies that 7j; = 0 and
T~ Tj =0, (20)
By applying the same procedure for iP; instead of P; in above two relations, we obtain
Ty +T;; = 0. (21)

Adding and , we get T;; = 0.

For any Wj; € €;; and using Lemmas [f] and [7], we obtain
GUi + Vi) o Wij o D) = G(Uys o Wi o I) + (Vi o Wi 0 ) = (o (Uis) 0 Wij o I+

+Uii © Gu(Wig) o I + Uy o Wij 0 (o (1 +Z ptqtr=n Gp(Uii) © Go(Wij) © ¢(I)+

0<p,q,r<n—1
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G (Vi) o Wig o I + Vg 0 Gu(Wig) o I + Vig o Wiz 0 G (1) +Z prgtr=n Gp(Vii) © (Wig) o ¢.(I) =

0<p,q,r<n—1

= (Cu(Ust) + (Vi) o Wij o I + (Uss + Vig) 0 Co(Wig) o I + (Usi + Vig) 0 Wij 0 Go(1)+
+Z pratr=n (Gp(Uii) + (Vi) © C(Wiz) © G- ().

0<p,q,r<n—1
On the other hand, by the induction hypothesis, we obtain

(Ui 4+ Vi) o Wij 0 1) =
= Cn(Uzz + ‘/n) <o Wz] ol + (Un + %z) ¢ Cn( zg) ol + (Uzz + ‘/m) <o Wzg <o Cn( )
+ Z p+q+r=n Cp(Uii + Vn) © Cq( ij) < gr( ) Cn(Uu + V;Z) < VVZ] oI+ (Uu + V;z) © Cn( Z]) oI+

0<p,q,r<n—1
+(Uii + Vi) 0 Wij o Ga(I) + Zog+q+2 n 1(Cp( Usi) + Gp(Vii)) © G(Wiz) © G- (1).
<p,gr<n—
Comparing the above two relations, we get T o W;; o I = 0. This yields that
Following the same procedure as above and replacing W;; by i1W;;, we obtain
WiT +T"W;; = 0. (23)

From and and using the primeness of &, we get Tj; = T;; = 0. Hence 7" = 0. ]
In view of Lemmas [6H], we can easily prove the following lemma.
Lemma 9. (, is additive on €.

Lemma 10. For all U € €, we have (,(U*) = (,(U)*.

Proof. By applying Lemma , we have (, (U o é o %) = (U)o é o é This implies that
(U —=U*) = ((U) — G (U)*. Hence (,(U*) = ¢, (U)*. O
Lemma 11. (, is an additive x- higher derivation on €.

Proof. Based on the fact that U*<>V<>§ = UV +V*U* for any U,V € € and using Lemmas
and [10] we have

GOV +VU) = (U oVol)=CU)oVol+Uro(,(V)olt
+ X prarrn GUT) 0 GV ><><r(§).

This implies that O=parsn—i
+§%ﬁmn§x “o (v @) ViU +@<Hﬁ—@ww—U@WH
<p,q,r<n I

432 iz GO 2G(V) o Q—V*@x )+ (V) U = GO = UG (V)+
PP e GG = GU)G (V) (24)

0<p,g<n—1
Replacing U by iU in above equation, and using the Lemmas [3] and [L0, we obtain
iC(=UV = V*U*) = —=iV*(¢,(U)* — i(n( VU —iG(U)V —iUG(V)+
"'_ZZ ptg=n (V) GU) = G(U) (V).

0<p,g<n— 1

This yields that
Ga(=UV =V*U*) = =V*G(U)" = G(V)'U* = GU)V = UG(V)+
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37 e (CGV) GO = GO (V). (25)

0<p,g<n—1

Adding and , we have

10.

11.

12.

13.

14.

15.

GUV) =GOV +UGV)+ Y pigmn GOGV) =D e GUIGV).

0<p,q<n—1 0<p,q<n
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