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The paper devoted to investigation strong solutions of the initial-boundary-value problem
for some equations of the Kirchhoff type with avariable exponent of nonlinearity. As we know the
equations of the Kirchhoff type of the second order with variable exponents of the nonlinearity
are not studied yet. Problems for nonlinear partial differential equations with variable exponents
of the nonlinearity are investigated in the generalized Lebesgue and Sobolev spaces.

In present paper we investigate strong solutions of the initial-boundary value problem for
these equations. This article continues the research which starts in the paper Adv. Math. Sci.
App., 23 (2013), 509-528, where we investigated the equation with strong damping. We found
the sufficient conditions of the existence and uniqueness of the strong solution to given problem.
The proof is based on the Faedo-Galerkin method, the derivation of a priori energy estimates,
and the use the embedding results for Lebesgue spaces with variable exponent of nonlineari-
ty. The obtained results can be applied to further studies of global solvability and long-time
behavior of solutions for our problem.

1. Introduction. A typical example of the equations being studied here is

L
Uy — <OZ + 5/ |U':c(ya t)|2 dy>fyux:c + g|u|p(x)—2u = Oa (l‘,t) € (Oag) X (OaT)v (1)
0

where «, 8,T,0,v,¢g are positive numbers, p is some function such that p(z) > 1 for all
x € (0,¢). The function p is called variable exponent of the nonlinearity for equation (1))

The study of problems for Kirchhoff-type equations with variable exponents of nonlinea-
rity is significantly complicated by the combination of a nonlocal operator and nonlinearity
with a variable degree. For a correct investigation of such problems, it is natural to employ
Lebesgue and Sobolev spaces with variable exponents, which provide an appropriate func-
tional framework for formulating and describing the obtained results. Therefore, problems
for nonlinear partial differential equations with variable exponents of the nonlinearity are
investigated in some special classes of the functions namely in the generalized Lebesgue and
Sobolev spaces (see [6], [20]).
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In the case v = 0, type equations are considered in [14], |18] etc. For v > 0 and
g = 0, equation (1)) was considered by G. Kirchhoff in |11] as the mathematical model which
describes the process of the small transverse vibration of the string better then the linear
equation uy — u, = 0 (it takes into account the change of the string length). Problems for
the equations of the Kirchhoff type with constant exponents of nonlinearity were investigated
in [3], [9], [17], [22], |23] etc.

In present paper we consider the equation of type (1)) with variable exponent of the
nonlinearity. We investigate strong solutions of the initial-boundary value problem for these
equations. This article continues the research which starts in [8], where we investigate the
equation with strong damping, which corresponds to equation . As we know the equations
of the Kirchhoff type of the second order with variable exponents of the nonlinearity are not
studied yet. We found sufficient conditions of the existence and uniqueness of the strong
solution to given problem. The paper is organized as follows. In Section 2, we formulate
the considered problem and main results. The auxiliary statements are given in Section 3.
Finally, in Section 4 we prove the main statements.

2. Statement of problem and formulation of main results. Let n € N and T" > 0 be

some numbers, {2 C R™ be a bounded domain with the smooth enough boundary 0f). Put
Qr =Qx(0,7), X, : =00 x (0,7) and Q. := {(z,7) | z € Q} for 7 > 0.

We investigate the initial-boundary value problem for nonlinear equations of the Kirchhoff
type with variable exponents of the nonlinearity:

Uy — M(/ (Vu(y,t)? dy> Au + g(x, t)|u|p(w)_2u = f(z,t), (z,t) € Qr, (2)
Q

U|ET = 07 (3>

Uli=o = uo(T), Wli=o = wi(z), x €, (4)

where M, p, g, f, ug, u; are given functions, u is an unknown function.

Here we consider strong solutions to problem f, and for their definitions and investi-
gation we need the following functional spaces and notations.

For every r € L>(f2), we denote r_ := ess gnf r(x), ry := ess sup r(x). By definition, put
Te [¢)

L, () :={r € L*(Q) |r— > w}, L(Q) := {r € L=(Q)|r_ >ew}. If r € LZ(92), then we
take r'(z) := T(Zﬂ()le for a.e. x € Q.

Let L9(Q), W"(2), W™1(Q), where m € N, ¢ € [1, 00|, be the standard Lebesgue and
Sobolev spaces respectively (see [1, p. 22, 45]). Put H}(Q) := W2 (Q), H2(Q) := W2>2(Q).
Suppose that r € LZ(€2). The linear space of all classes of equivalent measurable functions
v: Q = R such that pr(v,Q) < 0o, where p,(v,Q) := [, [v(z)["®) dz, is called a generalized
Lebesgue space and is denoted by L™)(Q). The space LT( )(Q) is a Banach space with respect
to the norm ||U||Lr<>(9) := inf {\ > 0] p,(v/X, Q) < 1}. Similarly we define the generalized
Lebesgue space L™)(Q,) for any 7 > 0. The properties of these spaces were widely studied
in [6].

Throughout the paper we assume that the date-in of problem f satisfies the follo-
wing conditions:

(A1): M € CY([0+ 00)), M(s) = mgy = const > 0 for every s > 0;
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(Ag): p € L>®(Q), ess }anp(x) > 2; g € L®(Qr), essinf g(x,t) > 0;
Te

(z,t)eQT

(A3): f e L*(Qr); up € Hy(R2); uy € L*(Q).
A strong (local) solution to problem (@) (l) is called a function u: Q7 — R, where
T € (0,T] is some number, if

u e C([0,T]; Hy () N L=(0,T; H(Q)) 1 17Y(Qs), ()
up € C([0,T]; LA(Q)) N L2(0,T; HY(Q)),  uw € L*(Q7), (6)

u satisfies equation and conditions almost everywhere.
According to our notation, p_ = ess }an p(x), py = ess sup p(z). For every n € N, n > 3,

z€ e
we put

~ 2+ .5, i 3<n<5;
= n— 7
pln) {2+ﬁ, if n>6. ")

Theorem 1 (uniqueness of the strong solution). Suppose that

(B): p_ > 2, and, if n > 3, then p, < p(n).

Then if u: Qr, = R and @: Qr, — R are strong (local) solutions to problem (2)—(4), then
u =1 a.e. on Quin{r, 1}

Theorem 2 (existence of the strong solution). Suppose that 92 € C? and the following
hold:

(C1): p€ CY(Q), p- > 2, and, if n > 3, then p; < 2+ min{3, -%};

(Cy): g € Wh(Qr) and either g(z,t) > g_ = const > 0 for a. e. (z,t) € Qr, or g(x,t) >0
and gi(z,t) <0 for a. e. (z,t) € Qr;

(Cs): ug € H*(Q) N Hy(Q), wy € Hy(Q), f € L*0,T; Hy(2)).
Then for some T € (0,T) problem @f@ has a solution defined on Qf.

3. Auxiliary statements. By definition, put (v, w)r2@q) = [, v( x)dx, (vl =
V/ (0,0)12(0). We consider the space H{(£2) with respect to the norm ||wH = |Vw|zq) =
(fo, [Vw|? dx)l/z. For the sake of simplicity, let [, vdz be [,v(z,t)dx for arbitrary ¢ > 0

and v € C(Qr). Let for every Banach spaces X and Y the notation X 9 Y means that X
is continuous embedded in Y. Let X’ is a dual to X.
The following statements are needed for the sequel.

Proposition 1 ( [1], p. 97). The following hold:
(i) if 1 < n < 2, then H}(Q) O LY(Q) for each q € [1;00), and,
if n > 3, then Hj(Q) O L(Q) for each q € [1; 2%];
(ii) if 1 < n < 4, then H*(2) © LY(Q) for each q € [1;00), and,
if n > 5, then H*(Q) © L9(Q) for each q € [1; 2]

Remark 1. A similar proposition as the Proposition [1| is correct with the replacement of
H}(Q2) by H'(Q) in the case of 9 € C.
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Proposition 2 ([12], p. 599-600). The following hold:
(i) if r € LE(Q), then L™)(Q) is a reflexive space, and (L™ (Q)) = L"0)(Q).
(ii) if r,q € LX(Q) and r(z) > q(z) for a.e. z€Q, then L") (Q)O L1 (Q).

Remark 2. Suppose that the function p satisfies condition (C;) of Theorem . First let
us consider the case n > 3. Then condition (C;) yields that the inequality 2(p, — 2) <
min{1, -5} holds. Take » € (2(ps — 2), min{1, -5 }). Since s < -1, we have 2+ 3 < 2%
and item (i) of Proposition [l| implies that

Hy (Q) O L*(Q). (8)
Similarly, it is proved (see Remark |1)) that in the case of 9Q € C? the correct embedding is
HY(Q) O L*T(9Q). 9)

Since 3 > 2(p; — 2), we get that 1 > 2(p; —2) 2, 2+ 3¢ > 2(py — 2) 2%, and so, using
and item (ii) of Proposition [2| we obtain

HY(Q) © L1Y(Q), where ¢(z) := max {1, 2(p(z) — 2)”—%} , x €L (10)

v

Further, if either n = 1 or n = 2, then take arbitrary > € (0, 1). Then item (i) of Proposition[l]
implies that and also hold.

Proposition 3 (|12|, [15]). Let r € LZ(£2),
Sp(2) :=max{z"", 2"}, Si/(2) :=max{z"/" 2/} 2 >0,

Then for arbitrary measurable function v: 2 — R the following hold:

Sl/r(pr(v7 Q))a
ST(HUHLM(Q))-

(i) if pr(v, Q) < +oo, then ||v]| o

NN

(ii) if [[v][ Lro) (@) < +00, then p.(v, )

Proposition 4 ([8]). Let ¢ € L>(2), r € LZ(2), and 0 < g(z) < r(x). Then there exist
positive constants C1, Cy such that for every v € L")(Q) we have

T max{1,
[ b@p do < €1+ ol (1)

Proposition 5 ([16], part IV, §2, Lemma 3). If 9Q € C?, then
(i) ifv € H} () and Av € L*(Q), then v € H*(Q) and
||U||H2(Q) < 03 (|U|L2(Q) + |AU|L2(Q)) s (12)

where C3 is a some positive constant;

(ii) there exist a sequence {\;};jen of the positive numbers and a sequence

{w’}jen C C*(Q) of the linearly independent functions whose finite linear combinations
are dense in the space H*(Q) N H}(Q), and we have

—Aw’ =\w’ in Q, jeN. (13)
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Remark 3. Suppose that O C RY (N € N) is a open set, z € C1(0), r € C1(0) N L (0).
Then, for each j € {1,..., N}, we have

(I2["22)y, = (r = DIl 22, + 2212y, on {y € Ollz(y)] >0} (14)
Indeed, let’s put h(u,v) := |u|*~%u, u # 0,0 > 1. Then we have 2“2 — (4 — 1)[y|*~2
% = |u|""2uIn |u|. Therefore, by the rule of differentiation of the composition of functions

of many variables, for function |z|""2z := h(z,7) we obtain (14).
For the sake of convenience we shall write u(t) instead of u(-,t) etc.

4. Proofs of main results.
Proof of Theorem [1 We use the method of proof by contradiction. Assume that u: Qr, — R
and u: Qp, — R be strong solutions to problem 7, u # u on positive measure subset
of Qmin{r,, 1) Without loss of generality, it can be assumed that Ty = 15 = T'. Denote by R
the positive number such that

max{ |[ullzoorm2@)s |lleorm29) (Wl rmi@):  Uellzeormi@) F < R (15)

Throughout the proof of Theorem (1, C, £ = 1,2, 3, ..., denote the constants which may
depend on R, but they do not depend on u, u directly. We also shall write p instead of p(-).

Note (see Propositions 1, 2 [8]) that
[H*(9) N Hg ()] © Hy(Q) O LP+(Q) O LP(Q) O L () © L*(Q). (16)

Embeddings imply that for every n € N we have L>(0,T; H}(Q)) O LP+(Qr) O LP(Qr),
and hence uy, u; € LP(Qr).

Set w = u —u, p(t) = M(u®)|]*), a(t) = M([u(®)[*), t € [0,T]. Take 7 € (0,T].
Then, it is easy to obtain the equality

/ [wttwt —quwt} dxdt :/ [(u i) At w; + g(JaP~2a — [uP~*u)w t] dxdt.  (17)
Qr Q-

Clearly, that
1
/ wypwy drdt = = lwy|? da.
. 2 Ja,

Similarly as in the proof of Theorem 1 (|8, §3]) we get

—/ p B ddt > "2 oo () - /|| 2 dt,

/ (1 — 1) Auw, dzdt < 05/ <Hw(t)||2 + \wt(t)‘%Z(Q)) at,
0

-

|t jup P uyudsds < Co [ (w)I + b)) de.
0

T

Then, from equality we have

() oy + o) < Cr [ (@) + o) dt, 7€ 0,71

The Gronwall Lemma yields |w,(7)[Zsq) + [[w(7)[|* < 0, hence w, = Vw = 0 a.e. on Qr, i.e.
w = const a.e. on Q7. From condition (3) we get w = 0 a.e. on Qr, i.e., u = u a.e. on Q.
This contradiction proves Theorem [I] O
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Proof of Theorem[Z The solution will be constructed via Faedo-Galerkin’s method. Next,
to reduce the entries, we will write p instead of p(-) correspondingly.

Step 1 (construction of the Faedo-Galerkin approximations). Let the set {w’};ey is taken
from Proposition[5] Then {w’} ey is complete system in H*(Q)NHg(Q)NLP(R) (see Proposi-
tion [p| and embeddings (L6))). For each m € N we take ¢, ..., ¢ such that the function

u™(x,t) = i@?(t)wk(w), (z,1) € Qr, (18)
k=1
satisfies the following equalities
/Q [ =21 (Jum (0]17) A 4 glu™ -2 i = [ fwde, 1€ 1), j=Tom. (19
u™0) =ug',  u(0) = uy", (20)
Here

m
= Z afwt(z), wu Z aywt(z), x€Q,

where the numbers o, &7 (k = 1, m) satisfy the following conditions:
uy” — up in HQ(Q) NHy(Q), ul — u; in Hy(Q).

According to the theorems of the existence and extension of the solution to the Cauchy
problem for the systems of the ordinary differential equations we obtain the existence the
mentioned functions 7", ..., ¢

Let us show that the sequence {u™},,en converges to the solution of problem f.
Throughout the proof of Theorem [2, Cy, k = 1,2,3,..., denotes the constants which is
independent of m.

Step 2 (first estimates). By definition, put

() = M(J™ (O], t€[0,7T], meN. (21)

Take 7 € (0,7]. Multiplying the j-th equation of system by the function (7'(t))’,
summing by j from 1 to m, and integrating in ¢t € [0, 7], we get

/ [ugu;" — A"yt + glu™ P 2umu?”‘} dedt = [ fu* dzdt. (22)
. Q-
Clearly, that
1
/ upyug® dedt = / ™ (7)|* do — —/ lu|? de,
. Q 2 Ja
m 1 2 1 m|2
fut dxdt < = | f|° dzdt + = |uy | dxdt. (23)
Q- 2 Jq. 2 Jq.

Similarly as in the proof of Theorem 2 (|8, §3]) we get the estimates

1 —
—/ L Au™uy drdt > %/ |Vu™|? dz — §M<||Ugl||2>a (24)
Q.

T
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where M (&) := fog M(s)ds, £€>0.
Assume that the case g(x,t) > g > 0 of condition (Cy) is satisfied. Then

/g|um\p_2umut dxdt > — lu™ |pdx— /| Olpd:r— |u |Pdxdt,  (25)
- P+ Ja. -

where g; := ess sup g(z,t), g¢. := ess sup|g(xz,t)|. Usmg by we obtain

(x,t)eQr (z.H)EQr
/|um2dx+ /yu |pdx+7/ Va2 de < /|u1 dx+§M<||u6”||>

1
/| umP dz + - / |f|2dxdt+§/Q w2 dx dt+i+ WP dedt.  (26)

-

The Gronwall Lemma and ( m 26]) yield that
/ [[u*]* + [u™P] dz < Cg, T € [0,T]. (27)
Q,
Combining , and Proposition 3, we get

maX{HumHLoo(o,T;Hg(Q)an(Q)), HUTHLOO(QT;B(Q))} < Cy. (28)

Now consider the case g(z,t) > 0 and g,(z,t) < 0 for a.e (z,t) € Qr (see condition
(Cy)). Similarly as in the proof of Theorem 2 |8, §3] we obtain the estimates

maX{HumHLOO(O,T;HS(Q))v |\U;§nHLoo(o,T;L2(Q))} < Chy, (29)

0 <mo < pm(t) < Oy |pi, (D] < Croflu" (D), £ € 10,77, (30)
where my is taken from condition (A;).

Step 3 (second estimates). Multiplying the j-th equation of system by Aj(¢7'(t))’, using
(13), (18), and summing by j from 1 to m, we deduce

/ [ug‘ — i (t)Au™ +g|um|p_2um} (—Au?)d:t :/ f (—Au?) de, te€]0,T]. (31)
Q4 Q¢

It is obvious that

1d
u? (—Au) de = = — ||u (2|, 32
v () de = 5 o) (32)
DAU (=Dl de = = () = |Awm @) 2 33
= | 80 (=) o = 3 (1) g 180 (O (33)
/f(—Au;")dx: V-Vl da. (34)
Qt Qt

By definition, put D" := {z € Q | u™(z,t) =0}, m € N, ¢ € [0,T]. Then, using (14)),

we get
/ glu™P2u™ (—Au;”) dx = / V(g|um\p’2um> -V dr =
Qt Qt
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= [ |[u"P*u™ Vg - Vu* dr + / \ glp — Du™ P72 Vu™ - Vu]" do+
Q:\DJ

Q
+/ g |[u™P2u™ In [u™| Vp - Vui* doe =: Jy(t) + Jo(t) + J5(t). (35)
Q\D}*
Clearly, that
()] < Cus | P VY| da, (36)
Q
(O] < gi(ps = 1) [ [ P72 VU] V"] da. (37)
Q

By definition, put B = {z € Q\ D" | |[u™(z,t)| < 1}, B = (Q\ D)\ B", m € N,
t €10,7]. Since 2%1n z —+>00 if a > 0, then we have the estimate
zZ—r

|Ju™ P 2™ In |[u™|| < Oy a.e. on B™. (38)
It is easy to see that for all @ > 0 and y € R, |y| > 1, we have
Iny| <~ [yl° (39)
nly| < — |yl
Y o Y

Indeed, inequality Inz < z Vz > 1 yields if z = |y|~.
Let’s take any o € (0,22 — p,). In order to estimate the Js(t) let us use for the

n—2

integral over B]", and with a = o for the integral over BJ". Since p € C}(0), we get

a0 < Cuage [ Vpl IVt 5 [t (9] V| do <
B B

C
</ [015 + £|um|p+"_1} |Vui| de. (40)
Q g

Thus, from , , , , we have

/ glu™P 2™ (—Aui”) dx <
Q

1
< Ciy / T P | Ve da (41)
Q o
Therefore, from , , it follows that
1d, . 1 d . . "
5 31 O 5 i) 1A Oy < [ AT (42)

where
Fu(e, ) 1= Ous (14 1V £ )]+ o™, P57 (0P 4 o, )72 (9, 1))
(x,t) € Qr. Using the Young inequality, we get

Fi(z,t) < Fox,t), (x,t) € Qr, (43)
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where
Fola,t) == 019(1 V() + ™, P 4 [ (1) |Vum(x,t)|>. (44)

Setting
V() = [l @17, B(t) = |Au™ ()72 € (0,T), (45)

from — we obtain

V() + pm()8 () <2 | F|Vu]'|de, te(0,T). (46)
Q
Dividing by pm(t) > 0 (see (30])), we get
1 2
A(t) + p (t)V/(t) < i@ Jo Fo|Vuy*| du. (47)
Since 5 5
#m(t) 0 }_2|VUT| dr < um—(t) |J_"2(t>|L2(Q) |Vu?(t)|L2(Q) =
= 2 R0V < |Flt) gy +
Mm(t) 2 L2(Q) X V2 L2(2) M72n<t>7
from (47)) we get
1 1
B(t) + "(t) < | Fa(t) 320y + ——7(1). 48
Setting
1
n(t) == B(¢) + u—(t)%t)’ te(0,7), (49)

we have 7/(t) = 5'(t) + #(t) ¥ (t) — Z/;"Eg v(t). In view of we obtain for t € (0,7

L, Lm0y 209

, ) 1 _ ()
n'(t) < [Fo(®) |12 + — (t) pm(t) o (€) 7 ()

20 T

Since n(t) > 29 ¢ € (0,T), we have

A1) < 1 FaOfage + (

1 ()]
fn (@) fim(®)

Taking into account and inequalities
V() < () < Cun(t), [, (t)] < Crav/7(t) < Cray/Cuan(t),
from we get

7 (1) < 1Ft)aey + ( Jutt), te 7). (50)

70) < B0y + (o + 2L )

and so
1

n(t) = ) [F2(t)[Z2) + Coon™?(t), ¢ € (0,T). (51)
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From (44 we get

| Fo(t)[72() < Czl(lfg(t)|i2(m + Y(t)), t € (0,7), (52)

where

Fa(x,t):=1+ [V f(z, )|+ [u" (2, )7, (2,t)€Qr,
= /Q lu™(z, t)[PP=2) | Vu™ (x,t) > dz, t € (0,T).
First let us prove the estimate
| Fa(t)|720q) < Caa, £ €(0,7). (53)

Note that 2(p+o0 —1) < 2(py +0—1) < . Then H}(Q) © Lmadl2+to—1}(Q) (see
item (i) of Proposition |I| and Condition (C; )) Hence using Proposition {4| and estimates

7 we get

WO o < Gy 4+ Collu™ (520275

N

Q
< Cos + Cos|[u™ (¢ )||mx{1 2ertemDl L O (54)
Using and the estimate
Fa(@, ) < Cor (1+ [VF (@, )P + [u" (@, )PP 7) - (2,1) € Qr,

we obtain .

Take » > 0 from Remark [2] Let us prove the estimate
Y(t) < Cos(L+0°2(1)), te(0,7). (55)

Since w1z + =% = 1, the Young inequality implies that
P 2

2
Y t N t Y t b)) t 7T Y
(1)< 52 Yilt) + 5 Valt), 1€ (0.T) (56)
where
Yi(t) = [ umPe0F dr, Ya(t) = | |VamP*de, te (0,T).
Qt Qt
Using Proposition |4, ((10)), and (29)), we obtain
g
Y( ) C29 4 C30Hum’|max{1 2(p4— 2) =3 029 i C131||u||max{1 2(p+— 2) 032. (57>

max{l 2(p—2) 2+%}(

From @D, , , and Proposition o[ we have
t) < Cs3 (Z |Uz
i=1

< Oy (1 n ﬁ”T”(t)) < Cyr (1 + n”T”(t)) . (58)

2+

2+z> <C34||umH2+n <035</ (|um|2+’AU,m|2) da:)T <
Q4
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Since » € (0,1), we get 57— > 1, 22 > 1, and —— + —— = 1. Then the Young inequality
yields that

2+% 1—3c

24

N2 (1) < Css(L+0*2(1), te(0,7). (59)

Thus, — imply . Taking into account , , and , from we get
1

7 (1) = () < Cso + Clo n*2(t), te0,T]. (60)

_t .
Multiplying the inequality by the function e~ ™m0 we obtain
t / t
<67m7077(t)> se Mo <C39 + Cuo 773/2(75))’ t €[0,7].

Integrating last inequality in ¢ € (0,7) C (0,T), we get e man(r) — n(0) < N 67%0(039 +
Cyon*/?(t)) dt. Hence

T
mo

n(r) < e (n(0) + CaoT) + Cip e / 2 (1) (61)

0

Clearly, n(0) < (0) + miﬂv( ) = |Aug T2 ) + 5 ||u’1”||2 < Cy;. Thus, from 1) we get the
inequality

n(1T) < Cpp + 043/ 7]3/2(75) dt, T€l0,T]. (62)
0

Applying to the Bihari Lemma (see [19]), for some T € (0, 7] we get 0 < n(7) < Cu,
€ [0,T], where T',Cyy depends only on Cys, Cys. Then (see (30)) we have 0 < B(r) +

A () < B(r) + () = n(r) < Cas, andl 50
0<B(7) < Cis, 0<(7)<Cus, TE[0,T]. (63)
Note that, since 92 € C?, the space H?({2) has the equivalent norm |[v||g2) = ||v]lr20) +

|Av||r2(q) (see e.g. [5], [13]) Thus, in view of (29), (45), and (63)), we have
maX{HumHLoo(o,T;m(Q))a [Jug” HLoo(OTHl(Q) } < Cr, (64)

Step 4 (third estimates). Multiplying the j-th equation of system (19 . by (¢7*(t))”, summing
by j € {1,...,m}, and integrating in ¢ € (0,7) C (0,7, we get

/ [ug} - /LmAum} uyy drdt = / [f - g\um|p’2um} uyy dzdt.
Qr Q-
Take ¢ > 0 is arbitrary. Similarly as in [8], we obtain the inequality
(1 —2e —h'% — gog)/ luf?)? dzdt <
Qr
< Cyge™! +C’115‘1/ \Aum|2d:cdt+a—1/ \fI? dzdt, 7€[0,T). (65)
. Q-

Taking ¢ > 0 sufficiently small, from (65)) we have

g [ 22 @r) S Cuo. (66)
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Step 5 (passing to the Iimit). Taking into account (16), (29), (64), (66), Lemma 1.28 [7,
Section 2, §1|, Lemma 1.18 |7, Section 2, §5|, and the Aubin compact imbedding Theorem

(see, for example, either Lemma |2, p. 5042|, Theorems 1, 2 |2} p. 5042|, or Lemma IV.1 |4, p.
393]), we obtain that there exist a function u and a subsequence {u™*};cny C {u™ }nen such

that u satisfies , @, and

(T Tou —weakly in  L>(0,T; H*(Q) N H (), (67)
— 00
(T o weakly in  H*(Q7) N LP(Q7), (68)
—00
uy U % —weakly in  L>(0,T; H3 () (69)
—00
uy " o weakly in  L2(0,T; HL(Q)), (70)
—00
(T 7 U weakly in  L*(Qz), (71)
—0o0
W — o, U — uy, U™ —>uy, in C(0,T); L), i =1, n, (72)
k—oco k—oo * k—oo
u™t —u,  wt — oy, ult —u,, ae.on Qs i=1n, (73)
k—oco k—s00 * k—oo
0™ P2y = lulP~2u weakly in 1P (Qz). (74)
—00

From ([72)) it follows that u satisfies conditions , .
Now let ¢ € C([0,T]). Multiplying the j-th equation of system by the function
and integrating in ¢t € (0,T) we get the equality

/ [UZ”“ = D™ - gl PR — f} w'yp dadt = 0.

T

Letting £ — oo and taking into account —, we see that the function u satisfies
equation almost everywhere (notice that we use arbitrariness of the function ¢ and that

set of linear combinations of the system {w?};cy is dense in the space H?*(Q2) N H(Q) N
(). 0
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