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The paper devoted to investigation strong solutions of the initial-boundary-value problem
for some equations of the Kirchhoff type with avariable exponent of nonlinearity. As we know the
equations of the Kirchhoff type of the second order with variable exponents of the nonlinearity
are not studied yet. Problems for nonlinear partial differential equations with variable exponents
of the nonlinearity are investigated in the generalized Lebesgue and Sobolev spaces.

In present paper we investigate strong solutions of the initial-boundary value problem for
these equations. This article continues the research which starts in the paper Adv. Math. Sci.
App., 23 (2013), 509–528, where we investigated the equation with strong damping. We found
the sufficient conditions of the existence and uniqueness of the strong solution to given problem.
The proof is based on the Faedo-Galerkin method, the derivation of a priori energy estimates,
and the use the embedding results for Lebesgue spaces with variable exponent of nonlineari-
ty. The obtained results can be applied to further studies of global solvability and long-time
behavior of solutions for our problem.

1. Introduction. A typical example of the equations being studied here is

utt −
(
α + β

∫ ℓ

0

|ux(y, t)|2 dy
)γ

uxx + g|u|p(x)−2u = 0, (x, t) ∈ (0, ℓ)× (0, T ), (1)

where α, β, T, ℓ, γ, g are positive numbers, p is some function such that p(x) > 1 for all
x ∈ (0, ℓ). The function p is called variable exponent of the nonlinearity for equation (1).

The study of problems for Kirchhoff-type equations with variable exponents of nonlinea-
rity is significantly complicated by the combination of a nonlocal operator and nonlinearity
with a variable degree. For a correct investigation of such problems, it is natural to employ
Lebesgue and Sobolev spaces with variable exponents, which provide an appropriate func-
tional framework for formulating and describing the obtained results. Therefore, problems
for nonlinear partial differential equations with variable exponents of the nonlinearity are
investigated in some special classes of the functions namely in the generalized Lebesgue and
Sobolev spaces (see [6], [20]).
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In the case γ = 0, type (1) equations are considered in [14], [18] etc. For γ > 0 and
g = 0, equation (1) was considered by G. Kirchhoff in [11] as the mathematical model which
describes the process of the small transverse vibration of the string better then the linear
equation utt − uxx = 0 (it takes into account the change of the string length). Problems for
the equations of the Kirchhoff type with constant exponents of nonlinearity were investigated
in [3], [9], [17], [22], [23] etc.

In present paper we consider the equation of type (1) with variable exponent of the
nonlinearity. We investigate strong solutions of the initial-boundary value problem for these
equations. This article continues the research which starts in [8], where we investigate the
equation with strong damping, which corresponds to equation (1). As we know the equations
of the Kirchhoff type of the second order with variable exponents of the nonlinearity are not
studied yet. We found sufficient conditions of the existence and uniqueness of the strong
solution to given problem. The paper is organized as follows. In Section 2, we formulate
the considered problem and main results. The auxiliary statements are given in Section 3.
Finally, in Section 4 we prove the main statements.

2. Statement of problem and formulation of main results. Let n ∈ N and T > 0 be
some numbers, Ω ⊂ Rn be a bounded domain with the smooth enough boundary ∂Ω. Put
Qτ := Ω× (0, τ), Στ := ∂Ω× (0, τ) and Ωτ := {(x, τ) | x ∈ Ω} for τ > 0.

We investigate the initial-boundary value problem for nonlinear equations of the Kirchhoff
type with variable exponents of the nonlinearity:

utt −M
(∫

Ω

|∇u(y, t)|2 dy
)
∆u+ g(x, t)|u|p(x)−2u = f(x, t), (x, t) ∈ QT , (2)

u|ΣT
= 0, (3)

u|t=0 = u0(x), ut|t=0 = u1(x), x ∈ Ω, (4)

where M, p, g, f, u0, u1 are given functions, u is an unknown function.

Here we consider strong solutions to problem (2)–(4), and for their definitions and investi-
gation we need the following functional spaces and notations.

For every r ∈ L∞(Ω), we denote r− := ess inf
x∈Ω

r(x), r+ := ess sup
x∈Ω

r(x). By definition, put

L∞
>ω(Ω) := {r ∈ L∞(Ω) | r− > ω}, L∞

⩾ω(Ω) := {r ∈ L∞(Ω) | r− ⩾ ω}. If r ∈ L∞
>1(Ω), then we

take r′(x) := r(x)
r(x)−1

for a.e. x ∈ Ω.
Let Lq(Ω), Wm,q

0 (Ω), Wm,q(Ω), where m ∈ N, q ∈ [1,∞], be the standard Lebesgue and
Sobolev spaces respectively (see [1, p. 22, 45]). Put H1

0 (Ω) := W 1,2
0 (Ω), H2(Ω) := W 2,2(Ω).

Suppose that r ∈ L∞
⩾1(Ω). The linear space of all classes of equivalent measurable functions

v : Ω → R such that ρr(v,Ω) < ∞, where ρr(v,Ω) :=
∫
Ω
|v(x)|r(x) dx, is called a generalized

Lebesgue space and is denoted by Lr(·)(Ω). The space Lr(·)(Ω) is a Banach space with respect
to the norm ∥v∥Lr(·)(Ω) := inf

{
λ > 0 | ρr(v/λ,Ω) ⩽ 1

}
. Similarly we define the generalized

Lebesgue space Lr(·)(Qτ ) for any τ > 0. The properties of these spaces were widely studied
in [6].

Throughout the paper we assume that the date-in of problem (2)–(4) satisfies the follo-
wing conditions:

(A1): M ∈ C1([0 +∞)), M(s) ⩾ m0 = const > 0 for every s ⩾ 0;
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(A2): p ∈ L∞(Ω), ess inf
x∈Ω

p(x) ⩾ 2; g ∈ L∞(QT ), ess inf
(x,t)∈QT

g(x, t) ⩾ 0;

(A3): f ∈ L2(QT ); u0 ∈ H1
0 (Ω); u1 ∈ L2(Ω).

A strong (local) solution to problem (2)–(4) is called a function u : QT̂ → R, where
T̂ ∈ (0, T ] is some number, if

u ∈ C([0, T̂ ];H1
0 (Ω)) ∩ L∞(0, T̂ ;H2(Ω)) ∩ Lp(·)(QT̂ ), (5)

ut ∈ C([0, T̂ ];L2(Ω)) ∩ L∞(0, T̂ ;H1
0 (Ω)), utt ∈ L2(QT̂ ), (6)

u satisfies equation (2) and conditions (4) almost everywhere.

According to our notation, p− = ess inf
x∈Ω

p(x), p+ = ess sup
x∈Ω

p(x). For every n ∈ N, n ⩾ 3,

we put

p̂(n) :=

{
2 + 4

n−2
, if 3 ⩽ n ⩽ 5;

2 + 2
n−4

, if n ⩾ 6.
(7)

Theorem 1 (uniqueness of the strong solution). Suppose that

(B): p− ⩾ 2, and, if n ⩾ 3, then p+ ⩽ p̂(n).

Then if u : QT1 → R and ũ : QT2 → R are strong (local) solutions to problem (2)–(4), then
u = ũ a.e. on Qmin{T1,T2}.

Theorem 2 (existence of the strong solution). Suppose that ∂Ω ∈ C2 and the following
hold:

(C1): p ∈ C1(Ω), p− ⩾ 2, and, if n ⩾ 3, then p+ < 2 + min{1
2
, 2
n−2

};

(C2): g ∈ W 1,∞(QT ) and either g(x, t) ⩾ g− = const > 0 for a. e. (x, t) ∈ QT , or g(x, t) ⩾ 0
and gt(x, t) ⩽ 0 for a. e. (x, t) ∈ QT ;

(C3): u0 ∈ H2(Ω) ∩H1
0 (Ω), u1 ∈ H1

0 (Ω), f ∈ L2(0, T ;H1
0 (Ω)).

Then for some T̂ ∈ (0, T ] problem (2)–(4) has a solution defined on QT̂ .

3. Auxiliary statements. By definition, put (v, w)L2(Ω) :=
∫
Ω
v(x)w(x) dx, |v|L2(Ω) :=√

(v, v)L2(Ω). We consider the space H1
0 (Ω) with respect to the norm ∥w∥ := |∇w|L2(Ω) ≡(∫

Ω
|∇w|2 dx

)1/2
. For the sake of simplicity, let

∫
Ωt
v dx be

∫
Ω
v(x, t) dx for arbitrary t ⩾ 0

and v ∈ C(QT ). Let for every Banach spaces X and Y the notation X ⟲ Y means that X
is continuous embedded in Y . Let X ′ is a dual to X.

The following statements are needed for the sequel.

Proposition 1 ( [1], p. 97). The following hold:

(i) if 1 ⩽ n ⩽ 2, then H1
0 (Ω) ⟲ Lq(Ω) for each q ∈ [1;∞), and,

if n ⩾ 3, then H1
0 (Ω) ⟲ Lq(Ω) for each q ∈ [1; 2n

n−2
];

(ii) if 1 ⩽ n ⩽ 4, then H2(Ω) ⟲ Lq(Ω) for each q ∈ [1;∞), and,
if n ⩾ 5, then H2(Ω) ⟲ Lq(Ω) for each q ∈ [1; 2n

n−4
].

Remark 1. A similar proposition as the Proposition 1 is correct with the replacement of
H1

0 (Ω) by H1(Ω) in the case of ∂Ω ∈ C2.
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Proposition 2 ([12], p. 599–600). The following hold:
(i) if r ∈ L∞

>1(Ω), then Lr(·)(Ω) is a reflexive space, and (Lr(·)(Ω))′ ∼= Lr′(·)(Ω).
(ii) if r, q∈L∞

⩾1(Ω) and r(x)⩾q(x) for a.e. x∈Ω, then Lr(·)(Ω)⟲Lq(·)(Ω).

Remark 2. Suppose that the function p satisfies condition (C1) of Theorem 2. First let
us consider the case n ⩾ 3. Then condition (C1) yields that the inequality 2(p+ − 2) <
min{1, 4

n−2
} holds. Take κ ∈

(
2(p+ − 2), min{1, 4

n−2
}
)
. Since κ < 4

n−2
, we have 2+κ < 2n

n−2

and item (i) of Proposition 1 implies that

H1
0 (Ω) ⟲ L2+κ(Ω). (8)

Similarly, it is proved (see Remark 1) that in the case of ∂Ω ∈ C2 the correct embedding is

H1(Ω) ⟲ L2+κ(Ω). (9)

Since κ > 2(p+ − 2), we get that 1 > 2(p+ − 2) 1
κ , 2 + κ > 2(p+ − 2) 2+κ

κ , and so, using (8)
and item (ii) of Proposition 2, we obtain

H1
0 (Ω) ⟲ Lq(·)(Ω), where q(x) := max

{
1, 2(p(x)− 2)

2 + κ
κ

}
, x ∈ Ω. (10)

Further, if either n = 1 or n = 2, then take arbitrary κ ∈ (0, 1). Then item (i) of Proposition 1
implies that (8) and (10) also hold.

Proposition 3 ([12], [15]). Let r ∈ L∞
⩾1(Ω),

Sr(z) := max{zr− , zr+}, S1/r(z) := max{z1/r− , z1/r+}, z ⩾ 0.

Then for arbitrary measurable function v : Ω → R the following hold:

(i) if ρr(v,Ω) < +∞, then ∥v∥Lr(·)(Ω) ⩽ S1/r(ρr(v,Ω));

(ii) if ∥v∥Lr(·)(Ω) < +∞, then ρr(v,Ω) ⩽ Sr(∥v∥Lr(·)(Ω)).

Proposition 4 ([8]). Let q ∈ L∞(Ω), r ∈ L∞
⩾1(Ω), and 0 ⩽ q(x) ⩽ r(x). Then there exist

positive constants C1, C2 such that for every v ∈ Lr(·)(Ω) we have∫
Ω

|v(x)|q(x) dx ⩽ C1 + C2∥v∥max{1,q+}
Lr(·)(Ω)

. (11)

Proposition 5 ([16], part IV, §2, Lemma 3). If ∂Ω ∈ C2, then

(i) if v ∈ H1
0 (Ω) and ∆v ∈ L2(Ω), then v ∈ H2(Ω) and

∥v∥H2(Ω) ⩽ C3

(
|v|L2(Ω) + |∆v|L2(Ω)

)
, (12)

where C3 is a some positive constant;

(ii) there exist a sequence {λj}j∈N of the positive numbers and a sequence
{wj}j∈N ⊂ C2(Ω) of the linearly independent functions whose finite linear combinations
are dense in the space H2(Ω) ∩H1

0 (Ω), and we have

−∆wj = λj w
j in Ω, j ∈ N. (13)
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Remark 3. Suppose that O ⊂ RN (N ∈ N) is a open set, z ∈ C1(O), r ∈ C1(O)∩L∞
>1(O).

Then, for each j ∈ {1, . . . , N}, we have

(|z|r−2z)yj = (r − 1)|z|r−2zyj + |z|r−2z ln |z| ryj on {y ∈ O | |z(y)| > 0}. (14)

Indeed, let’s put h(u, v) := |u|v−2u, u ̸= 0, v > 1. Then we have ∂h(u,v)
∂u

= (v − 1)|u|v−2,
∂h(u,v)

∂v
= |u|v−2u ln |u|. Therefore, by the rule of differentiation of the composition of functions

of many variables, for function |z|r−2z := h(z, r) we obtain (14).

For the sake of convenience we shall write u(t) instead of u(·, t) etc.

4. Proofs of main results.

Proof of Theorem 1. We use the method of proof by contradiction. Assume that u : QT1 → R
and ũ : QT2 → R be strong solutions to problem (2)–(4), u ̸= ũ on positive measure subset
of Qmin{T1,T2}. Without loss of generality, it can be assumed that T1 = T2 = T . Denote by R
the positive number such that

max{ ∥u∥L∞(0,T ;H2(Ω)), ∥ũ∥L∞(0,T ;H2(Ω)), ∥ut∥L∞(0,T ;H1
0 (Ω)), ∥ũt∥L∞(0,T ;H1

0 (Ω)) } ⩽ R. (15)

Throughout the proof of Theorem 1, Ck, k = 1, 2, 3, . . ., denote the constants which may
depend on R, but they do not depend on u, ũ directly. We also shall write p instead of p(·).

Note (see Propositions 1, 2 [8]) that

[H2(Ω) ∩H1
0 (Ω)] ⟲ H1

0 (Ω) ⟲ Lp+(Ω) ⟲ Lp(Ω) ⟲ Lp−(Ω) ⟲ L2(Ω). (16)

Embeddings (16) imply that for every n ∈ N we have L∞(0, T ;H1
0 (Ω)) ⟲ Lp+(QT ) ⟲ Lp(QT ),

and hence ut, ũt ∈ Lp(QT ).
Set w := u − ũ, µ(t) := M(∥u(t)∥2), µ̃(t) := M(∥ũ(t)∥2), t ∈ [0, T ]. Take τ ∈ (0, T ].

Then, it is easy to obtain the equality∫
Qτ

[
wttwt − µ∆wwt

]
dxdt =

∫
Qτ

[
(µ− µ̃)∆ũ wt + g(|ũ|p−2ũ− |u|p−2u)wt

]
dxdt. (17)

Clearly, that ∫
Qτ

wttwt dxdt =
1

2

∫
Ωτ

|wt|2 dx.

Similarly as in the proof of Theorem 1 ([8, §3]) we get

−
∫
Qτ

µ∆wwt dxdt ⩾
m0

2
∥w(τ)∥2 − C4

2

∫ τ

0

∥w(t)∥2 dt,∫
Qτ

(µ− µ̃)∆ũ wt dxdt ⩽ C5

∫ τ

0

(
∥w(t)∥2 + |wt(t)|2L2(Ω)

)
dt,∫

Qτ

g(|ũ|p−2ũ− |u|p−2u)wt dxdt ⩽ C6

∫ τ

0

(
∥w(t)∥2 + |wt(t)|2L2(Ω)

)
dt.

Then, from equality (17) we have

|wt(τ)|2L2(Ω) + ∥w(τ)∥2 ⩽ C7

∫ τ

0

(
|wt(t)|2L2(Ω) + ∥w(t)∥2

)
dt, τ ∈ [0, T ].

The Gronwall Lemma yields |wt(τ)|2L2(Ω) + ∥w(τ)∥2 ⩽ 0, hence wt = ∇w = 0 a.e. on QT , i.e.
w = const a.e. on QT . From condition (3) we get w = 0 a.e. on QT , i.e., u = ũ a.e. on QT .
This contradiction proves Theorem 1.
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Proof of Theorem 2. The solution will be constructed via Faedo-Galerkin’s method. Next,
to reduce the entries, we will write p instead of p(·) correspondingly.

Step 1 (construction of the Faedo-Galerkin approximations). Let the set {wj}j∈N is taken
from Proposition 5. Then {wj}j∈N is complete system in H2(Ω)∩H1

0 (Ω)∩Lp(Ω) (see Proposi-
tion 5 and embeddings (16)). For each m ∈ N we take φm

1 , . . . , φ
m
m such that the function

um(x, t) =
m∑
k=1

φm
k (t)w

k(x), (x, t) ∈ QT , (18)

satisfies the following equalities∫
Ωt

[
umtt −M

(
∥um(t)∥2

)
∆um+g|um|p−2um

]
wj dx =

∫
Ωt

fwj dx, t ∈ (0, T ), j = 1,m, (19)

um(0) = um0 , umt (0) = um1 . (20)

Here

um0 (x) :=
m∑
k=1

αm
k w

k(x), um1 (x) :=
m∑
k=1

α̃m
k w

k(x), x ∈ Ω,

where the numbers αm
k , α̃m

k (k = 1,m) satisfy the following conditions:

um0 −→
m→∞

u0 in H2(Ω) ∩H1
0 (Ω), um1 −→

m→∞
u1 in H1

0 (Ω).

According to the theorems of the existence and extension of the solution to the Cauchy
problem for the systems of the ordinary differential equations we obtain the existence the
mentioned functions φm

1 , . . . , φ
m
m.

Let us show that the sequence {um}m∈N converges to the solution of problem (2)–(4).
Throughout the proof of Theorem 2, Ck, k = 1, 2, 3, . . ., denotes the constants which is
independent of m.

Step 2 (first estimates). By definition, put

µm(t) :=M(∥um(t)∥2), t ∈ [0, T ], m ∈ N. (21)

Take τ ∈ (0, T ]. Multiplying the j-th equation of system (19) by the function (φm
j (t))

′,
summing by j from 1 to m, and integrating in t ∈ [0, τ ], we get∫

Qτ

[
umttu

m
t − µm∆u

mumt + g|um|p−2umumt

]
dxdt =

∫
Qτ

fumt dxdt. (22)

Clearly, that ∫
Qτ

umttu
m
t dxdt =

1

2

∫
Ω

|umt (τ)|2 dx−
1

2

∫
Ω

|um1 |2 dx,∫
Qτ

fumt dxdt ⩽
1

2

∫
Qτ

|f |2 dxdt+ 1

2

∫
Qτ

|umt |2 dxdt. (23)

Similarly as in the proof of Theorem 2 ([8, §3]) we get the estimates

−
∫
Qτ

µm∆u
mumt dxdt ⩾

m0

2

∫
Ωτ

|∇um|2 dx− 1

2
M̃

(
∥um0 ∥2

)
, (24)
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where M̃(ξ) :=
∫ ξ

0
M(s) ds, ξ ⩾ 0.

Assume that the case g(x, t) ⩾ g− > 0 of condition (C2) is satisfied. Then∫
Qτ

g|um|p−2umumt dxdt ⩾
g−
p+

∫
Ωτ

|um|p dx− g+
p−

∫
Ω

|um0 |p dx−
g1+
p−

∫
Qτ

|um|p dxdt, (25)

where g+ := ess sup
(x,t)∈QT

g(x, t), g1+ := ess sup
(x,t)∈QT

|gt(x, t)|. Using (23)–(25), by (22) we obtain

1

2

∫
Ωτ

|umt |2 dx+
g−
p+

∫
Ωτ

|um|p dx+ m0

2

∫
Ωτ

|∇um|2 dx ⩽
1

2

∫
Ω

|um1 |2 dx+
1

2
M̃

(
∥um0 ∥2

)
+

+
g+
p−

∫
Ω

|um0 |p dx+
1

2

∫
Qτ

|f |2 dxdt+ 1

2

∫
Qτ

|umt |2 dxdt+
g1+
p−

∫
Qτ

|um|p dxdt. (26)

The Gronwall Lemma and (26) yield that∫
Ωτ

[|umt |2 + |um|p] dx ⩽ C8, τ ∈ [0, T ]. (27)

Combining (26), (27) and Proposition 3, we get

max
{
∥um∥L∞(0,T ;H1

0 (Ω)∩Lp(Ω)), ∥umt ∥L∞(0,T ;L2(Ω))

}
⩽ C9. (28)

Now consider the case g(x, t) ⩾ 0 and gt(x, t) ⩽ 0 for a.e (x, t) ∈ QT (see condition
(C2)). Similarly as in the proof of Theorem 2 [8, §3] we obtain the estimates

max
{
∥um∥L∞(0,T ;H1

0 (Ω)), ∥umt ∥L∞(0,T ;L2(Ω))

}
⩽ C10, (29)

0 < m0 ⩽ µm(t) ⩽ C11, |µ′
m(t)| ⩽ C12∥umt (t)∥, t ∈ [0, T ], (30)

where m0 is taken from condition (A1).

Step 3 (second estimates). Multiplying the j-th equation of system (19) by λj(φm
j (t))

′, using
(13), (18), and summing by j from 1 to m, we deduce∫

Ωt

[
umtt − µm(t)∆u

m + g|um|p−2um
] (

−∆umt

)
dx =

∫
Ωt

f
(
−∆umt

)
dx, t ∈ [0, T ]. (31)

It is obvious that ∫
Ωt

umtt

(
−∆umt

)
dx =

1

2

d

dt
∥umt (t)∥2, (32)

−
∫
Ωt

µm(t)∆u
m
(
−∆umt

)
dx =

1

2
µm(t)

d

dt
|∆um(t)|2L2(Ω), (33)∫

Ωt

f
(
−∆umt

)
dx =

∫
Ωt

∇f · ∇umt dx. (34)

By definition, put Dm
t := {x ∈ Ω | um(x, t) = 0}, m ∈ N, t ∈ [0, T ]. Then, using (14),

we get ∫
Ωt

g|um|p−2um
(
−∆umt

)
dx =

∫
Ωt

∇
(
g|um|p−2um

)
· ∇umt dx =
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=

∫
Ωt

|um|p−2um ∇g · ∇umt dx+

∫
Ωt\Dm

t

g(p− 1)|um|p−2 ∇um · ∇umt dx+

+

∫
Ωt\Dm

t

g |um|p−2um ln |um| ∇p · ∇umt dx =: J1(t) + J2(t) + J3(t). (35)

Clearly, that

|J1(t)| ⩽ C13

∫
Ωt

|um|p−1 |∇umt | dx, (36)

|J2(t)| ⩽ g+(p+ − 1)

∫
Ωt

|um|p−2 |∇um| |∇umt | dx. (37)

By definition, put Bm
t = {x ∈ Ω \Dm

t | |um(x, t)| ⩽ 1}, B̃m
t = (Ω \Dm

t ) \ Bm
t , m ∈ N,

t ∈ [0, T ]. Since zα ln z −→
z→+0

0 if α > 0, then we have the estimate

| |um|p−2um ln |um| | ⩽ C14 a.e. on Bm
t . (38)

It is easy to see that for all α > 0 and y ∈ R, |y| ⩾ 1, we have

ln |y| ⩽ 1

α
|y|α. (39)

Indeed, inequality ln z ⩽ z ∀ z ⩾ 1 yields (39) if z = |y|α.
Let’s take any σ ∈ (0, 2n−2

n−2
− p+). In order to estimate the J3(t) let us use (38) for the

integral over Bm
t , and (39) with α = σ for the integral over B̃m

t . Since p ∈ C1(Ω), we get

|J3(t)| ⩽ C14g+

∫
Bm

t

|∇p| |∇umt | dx+
g+
σ

∫
B̃m

t

|um|p−1 |um|σ |∇p| |∇umt | dx ⩽

⩽
∫
Ωt

[
C15 +

C16

σ
|um|p+σ−1

]
|∇umt | dx. (40)

Thus, from (35), (36), (37), (40), we have∫
Ωt

g|um|p−2um
(
−∆umt

)
dx ⩽

⩽ C17

∫
Ωt

[
1 +

1

σ
|um|p+σ−1 + |um|p−1 + |um|p−2|∇um|

]
|∇umt | dx. (41)

Therefore, from (31), (34), (41) it follows that

1

2

d

dt
∥umt (t)∥2 +

1

2
µm(t)

d

dt
|∆um(t)|2L2(Ω) ⩽

∫
Ωt

F1|∇umt | dx, (42)

where

F1(x, t) := C18

(
1 + |∇f(x, t)|+ |um(x, t)|p+σ−1 + |um(x, t)|p−1 + |um(x, t)|p−2 |∇um(x, t)|

)
,

(x, t) ∈ QT . Using the Young inequality, we get

F1(x, t) ⩽ F2(x, t), (x, t) ∈ QT , (43)
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where

F2(x, t) := C19

(
1 + |∇f(x, t) + |um(x, t)|p+σ−1 + |um(x, t)|p−2 |∇um(x, t)|

)
. (44)

Setting
γ(t) := ∥umt (t)∥2, β(t) := |∆um(t)|2L2(Ω), t ∈ (0, T ), (45)

from (42)–(44) we obtain

γ′(t) + µm(t)β
′(t) ⩽ 2

∫
Ωt

F2|∇umt | dx, t ∈ (0, T ). (46)

Dividing (46) by µm(t) > 0 (see (30)), we get

β′(t) +
1

µm(t)
γ′(t) ⩽

2

µm(t)

∫
Ωt

F2|∇umt | dx. (47)

Since
2

µm(t)

∫
Ωt

F2|∇umt | dx ⩽
2

µm(t)
|F2(t)|L2(Ω) |∇umt (t)|L2(Ω) =

=
2

µm(t)
|F2(t)|L2(Ω)

√
γ(t) ⩽ |F2(t)|2L2(Ω) +

γ(t)

µ2
m(t)

,

from (47) we get

β′(t) +
1

µm(t)
γ′(t) ⩽ |F2(t)|2L2(Ω) +

1

µ2
m(t)

γ(t). (48)

Setting

η(t) := β(t) +
1

µm(t)
γ(t), t ∈ (0, T ), (49)

we have η′(t) = β′(t) + 1
µm(t)

γ′(t)− µ′
m(t)

µ2
m(t)

γ(t). In view of (48) we obtain for t ∈ (0, T )

η′(t) ⩽ |F2(t)|2L2(Ω) +
1

µ2
m(t)

γ(t)− µ′
m(t)

µ2
m(t)

γ(t) ⩽ |F2(t)|2L2(Ω) +
( 1

µm(t)
+

|µ′
m(t)|
µm(t)

) γ(t)

µm(t)
.

Since η(t) ⩾ γ(t)
µm(t)

, t ∈ (0, T ), we have

η′(t) ⩽ |F2(t)|2L2(Ω) +
( 1

µm(t)
+

|µ′
m(t)|
µm(t)

)
η(t), t ∈ (0, T ). (50)

Taking into account (30) and inequalities

γ(t) ⩽ µm(t)η(t) ⩽ C11η(t), |µ′
m(t)| ⩽ C12

√
γ(t) ⩽ C12

√
C11η(t),

from (50) we get

η′(t) ⩽ |F2(t)|2L2(Ω) +
( 1

m0

+
C12

√
C11η(t)

m0

)
η(t),

and so
η′(t)− 1

m0

η(t) ⩽ |F2(t)|2L2(Ω) + C20 η
3/2(t), t ∈ (0, T ). (51)
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From (44) we get

|F2(t)|2L2(Ω) ⩽ C21

(
|F3(t)|2L2(Ω) + Y (t)

)
, t ∈ (0, T ), (52)

where
F3(x, t) :=1+ |∇f(x, t)|+ |um(x, t)|p+σ−1, (x, t)∈QT ,

Y (t) :=

∫
Ω

|um(x, t)|2(p−2) |∇um(x, t)|2 dx, t ∈ (0, T ).

First let us prove the estimate

|F3(t)|2L2(Ω) ⩽ C22, t ∈ (0, T ). (53)

Note that 2(p + σ − 1) ⩽ 2(p+ + σ − 1) < 2n
n−2

. Then H1
0 (Ω) ⟲ Lmax{1,2(p+σ−1)}(Ω) (see

item (i) of Proposition 1 and Condition (C1)). Hence, using Proposition 4 and estimates
(29), we get ∫

Ωt

|um|2(p+σ−1) dx ⩽ C23 + C24∥um(t)∥max{1, 2(p++σ−1)}
Lmax{1, 2(p+σ−1)}(Ω)

⩽

⩽ C23 + C25∥um(t)∥max{1,2(p++σ−1)}
H1

0 (Ω)
⩽ C26. (54)

Using (54) and the estimate

|F3(x, t)|2 ⩽ C27

(
1 + |∇f(x, t)|2 + |um(x, t)|2(p−1+σ)

)
, (x, t) ∈ QT ,

we obtain (53).
Take κ > 0 from Remark 2. Let us prove the estimate

Y (t) ⩽ C28(1 + η3/2(t)), t ∈ (0, T ). (55)

Since 1
2+κ
κ

+ 1
2+κ
2

= 1, the Young inequality implies that

Y (t) ⩽
κ

2 + κ
Y1(t) +

2

2 + κ
Y2(t), t ∈ (0, T ), (56)

where
Y1(t) :=

∫
Ωt

|um|2(p−2)2+κ
κ dx, Y2(t) :=

∫
Ωt

|∇um|2+κ dx, t ∈ (0, T ).

Using Proposition 4, (10), and (29), we obtain

Y1(t) ⩽ C29 + C30∥um∥
max{1, 2(p+−2) 2+κ

κ }

Lmax{1, 2(p−2) 2+κ
κ }(Ω)

⩽ C29 + C31∥u∥
max{1,2(p+−2) 2+κ

κ }
H1

0 (Ω)
⩽ C32. (57)

From (9), (45), (49), and Proposition 5 we have

Y2(t) ⩽ C33

( n∑
i=1

∫
Ωt

|uxi
|2+κ

)
⩽ C34∥um∥2+κ

H2(Ωt)
⩽ C35

(∫
Ωt

(
|um|2 + |∆um|2

)
dx

)2+κ
2

⩽

⩽ C36

(
1 + β

2+κ
2 (t)

)
⩽ C37

(
1 + η

2+κ
2 (t)

)
. (58)
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Since κ ∈ (0, 1), we get 3
2+κ > 1, 3

1−κ > 1, and 1
3

2+κ
+ 1

3
1−κ

= 1. Then the Young inequality
yields that

η
2+κ
2 (t) ⩽ C38(1 + η3/2(t)), t ∈ (0, T ). (59)

Thus, (56)–(59) imply (55). Taking into account (52), (53), and (55), from (51) we get

η′(t)− 1

m0

η(t) ⩽ C39 + C40 η
3/2(t), t ∈ [0, T ]. (60)

Multiplying the inequality (60) by the function e−
t

m0 , we obtain(
e−

t
m0 η(t)

)′
⩽ e−

t
m0

(
C39 + C40 η

3/2(t)
)
, t ∈ [0, T ].

Integrating last inequality in t ∈ (0, τ) ⊂ (0, T ), we get e−
τ
m0 η(τ) − η(0) ⩽

∫ τ

0
e−

t
m0 (C39 +

C40 η
3/2(t)) dt. Hence

η(τ) ⩽ e
T
m0 (η(0) + C39T ) + C40 e

T
m0

∫ τ

0

η3/2(t) dt. (61)

Clearly, η(0) ⩽ β(0) + 1
m0
γ(0) = |∆um0 |2L2(Ω) +

1
m0

∥um1 ∥2 ⩽ C41. Thus, from (61) we get the
inequality

η(τ) ⩽ C42 + C43

∫ τ

0

η3/2(t) dt, τ ∈ [0, T ]. (62)

Applying to (62) the Bihari Lemma (see [19]), for some T̂ ∈ (0, T ] we get 0 ⩽ η(τ) ⩽ C44,

τ ∈ [0, T̂ ], where T̂ , C44 depends only on C42, C43. Then (see (30)) we have 0 ⩽ β(τ) +
1

C11
γ(τ) ⩽ β(τ) + 1

µm(τ)
γ(τ) = η(τ) ⩽ C44, and so

0 ⩽ β(τ) ⩽ C45, 0 ⩽ γ(τ) ⩽ C46, τ ∈ [0, T̂ ]. (63)

Note that, since ∂Ω ∈ C2, the space H2(Ω) has the equivalent norm ∥v∥H2(Ω) = ∥v∥L2(Ω) +
∥∆v∥L2(Ω) (see e.g. [5], [13]). Thus, in view of (29), (45), and (63), we have

max
{
∥um∥L∞(0,T̂ ;H2(Ω)), ∥umt ∥L∞(0,T̂ ;H1

0 (Ω))

}
⩽ C47. (64)

Step 4 (third estimates). Multiplying the j-th equation of system (19) by (φm
j (t))

′′, summing
by j ∈ {1, . . . ,m}, and integrating in t ∈ (0, τ) ⊂ (0, T̂ ), we get∫

Qτ

[
umtt − µm∆u

m
]
umtt dxdt =

∫
Qτ

[
f − g|um|p−2um

]
umtt dxdt.

Take ε > 0 is arbitrary. Similarly as in [8], we obtain the inequality

(1− 2ε− h0ε− g0ε)

∫
Qτ

|umtt |2 dxdt ⩽

⩽ C48ε
−1 + C11ε

−1

∫
Qτ

|∆um|2 dxdt+ ε−1

∫
Qτ

|f |2 dxdt, τ ∈ [0, T̂ ]. (65)

Taking ε > 0 sufficiently small, from (65) we have

∥umtt ∥L2(Q
T̂
) ⩽ C49. (66)
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Step 5 (passing to the limit). Taking into account (16), (29), (64), (66), Lemma 1.28 [7,
Section 2, §1], Lemma 1.18 [7, Section 2, §5], and the Aubin compact imbedding Theorem
(see, for example, either Lemma [2, p. 5042], Theorems 1, 2 [2, p. 5042], or Lemma IV.1 [4, p.
393]), we obtain that there exist a function u and a subsequence {umk}k∈N ⊂ {um}m∈N such
that u satisfies (5), (6), and

umk −→
k→∞

u ∗ −weakly in L∞(0, T̂ ;H2(Ω) ∩H1
0 (Ω)), (67)

umk −→
k→∞

u weakly in H2(QT̂ ) ∩ L
p(QT̂ ), (68)

umk
t −→

k→∞
ut ∗ −weakly in L∞(0, T̂ ;H1

0 (Ω)) (69)

umk
t −→

k→∞
ut weakly in L2(0, T̂ ;H1

0 (Ω)), (70)

umk
tt −→

k→∞
utt weakly in L2(QT̂ ), (71)

umk −→
k→∞

u, umk
t −→

k→∞
ut, u

mk
xi

−→
k→∞

uxi
in C([0, T̂ ];L2(Ω)), i = 1, n, (72)

umk −→
k→∞

u, umk
t −→

k→∞
ut, umk

xi
−→
k→∞

uxi
a.e. on QT̂ , i = 1, n, (73)

|umk |p−2umk −→
k→∞

|u|p−2u weakly in Lp′(x)(QT̂ ). (74)

From (72) it follows that u satisfies conditions (3), (4).
Now let ψ ∈ C([0, T̂ ]). Multiplying the j-th equation of system (19) by the function ψ

and integrating in t ∈ (0, T̂ ) we get the equality∫
Q

T̂

[
umk
tt − µmk

∆umk + g|umk |p−2umk−f
]
wjψ dxdt = 0.

Letting k → ∞ and taking into account (67)–(74), we see that the function u satisfies
equation (2) almost everywhere (notice that we use arbitrariness of the function ψ and that
set of linear combinations of the system {wj}j∈N is dense in the space H2(Ω) ∩ H1

0 (Ω) ∩
Lp(Ω)).
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