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We give a negative answer to a question in group theory proposed by Vitalyi Sushchanskyy
which is an analogue of Koethe conjecture in ring theory.

Dedicated to Vitalyi Sushchanskyy (1946-2016)

A famous Koethe Conjecture in ring theory states that the sum of two left nilideals is
left nilideal ([4]). This conjecture is still open (see [1], [3], [5-6] for surveys and interesting
results on conjecture). So it is quite interesting to consider similar problems in group theory.
For nonempties subsets A, B of the group G we denote by A - B its complex product A-B =
{a-b] a€ Abe B}

We would like to thank professor Orest Artemovych who informed us about following
similar open question in group theory proposed by Vitaliy Sushchanskyy:

Let G be an infinite group and let A, B are its p—subgroups such that
A- B # B - A. Is it true that all elements of A - B have finite order?

In this paper we provide a negative answer to this question by Theorem [} We will prove
the following.

Theorem 1. There exists an infinite group G with finite subgroups A, B of order p > 2,
where p is prime, with property A - B # B - A such that there exists an element x € A- B
of infinite order.

Proof. Let a,b € UT (00, Zy), Z, = Z/pZ, p > 2, such that
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Of course, a and b are infinite block-diagonal matrices with repeated infinitely times block
11

0 1
Let A = (a) and B = (b) are cyclic subgroups generated by a and b. It is clear that A
and B are finite p—groups of order p, because a” = b’ = e,,. Here e,, denotes the infinite
identity matrix.
Simple calculations show that

on the main diagonal ([3]).

1 11 11
11 1 11
1 11 11
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ab = 1 11 , ba = 11
11 1 11
1 11 11
11 1
We have abe A- B\ B-A,ba € B-A\A-Bandso A-B# B-A.
We compute now (ab)*
1 * . 1 1
1 % ... 1 1
1 % * 1 1
(ab)* = 1 % * 1 1
1 x 1 1
1 = * 1 1
If ¢ = (ab)¥, then
Clok = Cloks+1 = 1, Clops2 = Clokyz = ... =0
Copk = Cookt1 = L, Coopqa = Coky3 = ... =
C32k+2 = C32k43 = 1, C32k44 = C32k45 = ... =
Cagkt2 = Ca2k43 = 1, Caopya = Caopys = ... =0
and so on.
It follows that ab has infinite order which completes the proof. O

Unfortunately our example cannot be used to solve the Koethe Conjecture. Indeed, let
a=a—-es, b= b— e, Where e is an infinite identity matrix. We can see that a? = b = Oso
where O is a zero matrix. Moreover a-b has infinite order and @, b are nil-elements. However
left ideals generated by a and b are not left nilideals. We note that author in [5] suggest
that counterexample to Koethe Conjecture can be found in the ring of infinite triangular
nmatrices.
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