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For fixed natural numbers r and s, where 2 < s < r, we consider a representation of
numbers from the interval [0; ;%3] obtained by encoding numbers by means of the alphabet
A=1{0,1,...,r} via the expansion

e

— -n _ r
r = Z S Op = Aa51a2...an...'
=1

n=
The algorithm for expanding a number into such a series is justified in the paper. The geometry
of this representation is studied, including the geometric meaning of digits, properties of cylinder
sets — particularly the specificity of their overlaps — and metric relations, as well as the
connection between the representation and partial sums of the corresponding series.
The paper also presents results on the study of a function f defined by
oo
f(l‘ = Z (7«3{_7711)W> = Agglaz...an.“aan € A

n=1
It is proved that the function f is continuous at every point that has a unique representation
in the classical numeration system with base r 4+ 1, and discontinuous at points having two
representations. The function has unbounded variation and a self-affine graph. For r» < 2s — 1,
the function possesses singleton, finite, countable, and continuum level sets, including fractal
ones; for r > 2s — 2, every level set is a continuum, and moreover it is fractal or anomalously
fractal.

1. Introduction. Numeral system, or systems for encoding real numbers, provide a form of
existence and use of a number itself (|IH3]). There exist many essentially different systems for
encoding numbers (|2H4]), each occupying its own niche of effective application, in particular
for the description of locally complicated (in the topological and metric sense) objects such
as sets, functions, and probability measures (|5-8]), dynamical systems (|9,[10]), and others.

The present paper is devoted to numeral systems with a natural base s and an alphabet
A, ={0,1,...,r}, whose cardinality exceeds s (|8, 11-14]).

For the analytic description and investigation of locally complicated metric objects (sets,
fractals [1,[8,/15,|16], functions, random variables [5], dynamical systems [17], etc.), various
tools are used today, among them systems for encoding real numbers (|18-21]). The arsenal
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of such tools is constantly expanding ([22]|). This toolkit includes, in particular, numeral
systems with a natural base and a redundant or nonstandard digit set (|23]).

By locally complicated objects we primarily mean continuous nowhere monotone and
nowhere differentiable functions (|25,27,34,39,41]). Such functions often possess fractal level
sets, self-similar graphs, and other manifestations of fractality, both metric and structural.
The general theory of such functions is still poorly developed and is enriched mainly through
individual theories of prominent representatives. Hundreds of works are devoted to further
investigations of classical examples of such functions (the Weierstrass function [27|, the
Takagi function [24],27,38|, the Sierpiriski-type functions [34,37], etc.), their generalizations
and analogues.

Among nowhere monotone functions there are functions of bounded and unbounded
variation ([35]), functions that are nowhere differentiable, as well as functions that possess
a derivative almost everywhere in the sense of Lebesgue measure, in particular singular
functions whose derivative is equal to zero almost everywhere ([33,35]).

Analytic constructions of nowhere monotone functions are restricted to a relatively small
collection of techniques and methods: the method of condensation of singularities, the IFS
method (]|26,29,30]), defining a function by a series (|31]), by systems of functional equations
(|32]), by finite-memory automata ([36]), by projecting various number representations, and
others.

A separate, still insufficiently studied and interesting class of functions is formed by
functions defined on an interval that have a countable everywhere dense set of discontinuity
points while being continuous at all remaining points. The present paper is devoted to one
class of such functions. It continues the investigations initiated in [13}/14,40].

2. Representation of numbers in system with redundant alphabet. Let s and r be
fixed natural numbers such that 1 < s < r, let A, = {0,1,...,r} be an alphabet (set of
numbers), and let L, = A, x A, X ... be the space (set) of sequences of elements from the
alphabet, namely L, = {(a,,): a,, € A, VYn € N}. We consider expressions of the form

[e.9]
Q1 Qg o - — ATs
? + 8_2 + ...+ 8_: +...= Z S nan - Aglag...an...v (an) € Lr- (1)
n=1
Definition 1. If the number z is the sum of the series , then this series is called its
rs-expansion, and symbolic notation A7, . is called the r -representation.

Parentheses in the rg-representation of a numbers indicate a periodic. Clearly, a numbers

0 and -~ are minimum and maximum values of expression ([I). More over its have single
T

re-representation: 0 = Ajg: 5 = A =T+ 5+ ..+ 5+
Recall that the achievement set (set of subsums) of a convergent series

U+ U+t U, o =U F U Uy T, =S, T, =T
is defined as

E(u,) = {x: T = ienun, (en) € Lg},

where the sequence (g,) of zeros and ones ranges over the set Ly = Ay X Ag x ... of all
sequences of elements of a two-symbol alphabet A, = {0, 1}.
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It is obvious that the set E of values of expressions coincides with the set of subsums
of the series

1 1 1 1
E Up=~+...+—+.. .+ +...+—+..., (2)
S S S S
where Upp_(r—1) = Upp—(r—2) = ... = Upp = Sin Since u, < 7, = Upy1 + Upao + ... for any

n € N it follows from the famous Kakeya theorem ([28]), which concerns the topological
and metric properties of achievement set of a absolutely convergent series, that the set £ of
subsums of the series is a closed interval [0, o).

Let us give an independent constructive proof of this statement, which highlights the
“geometry” of the rs-representation and, at the same time, provides an algorithm for the

r

decomposition of number x € [0; 7] into the series [@.

Theorem 1. For any x € [0; "] there exist a sequence (o) € L, such that
o0
= Z s n = Agslaz No o

Proof. Since z € [0; 5] and

s ] =[S Ju[hi ) G2 D s

s—1 s s(s—1) s’ s(s—1) s’ s(s—1) s’ s(s—1)1
there exists (in general, not uniquely) a; € A, such that
ze Pg%} — Yy ladr
s (s—1) s s(s—1)
Hence 0 S — % = < gy o =0, thenw = 2+ 5+ ..+ S+ = AF (L If

r1 # 0, then » = 2 4z, where 2, € [0; 5(571)] and the procedure is repeated for x;.

Since 1 € [0; ;77], and

[O; r }:[2; r }U[l;s—l—l—'r]U.“U[L;fr(s—l)—l—r}
s(s—1) s27 s%(s —1) s2" s%(s —1) s’ 2 (s—1)
then it follows that such a thing exists ay € A,, that

. [%' 2a2+r] ar _ 200 + 1
Pl s2(s — 1) ~ s2(s—1)

ThusOle—%Ex2<ﬁ,andx:%%—xl:%jL%joQ, where z4 € [0;;}

= 2 s2(s—1)1"
Proceeding inductively, after k steps we obtain

__1-1
82

ap A T
r=—+—+...+ — +x); here z; € [O;—].
s 82 sk R g sk(s —1)
If 2z, = 0, then x = AO;OQ ax(0)"
after a finite number of steps we obtain digits a1, ..., @, and a remainder z,, € [0; ﬁ]
If xz, =0, then x = Agslaz an(0) otherwise the decomposition process continues indefinitely.

The convergence of the procedure is guaranteed by the fact that m —0asn —o0. [

If z;, # 0, the decomposition is continued with xy. Thus,

Remark 1. The above proof of Theorem [I] is largely geometric. It clarifies the geometric
meaning of the digits of the r,-representation obtained by the described algorithm.

3. The number of r,-representations of a number and r,-rational numbers. The
redundancy of the alphabet (i.e., the use of more digits than in the classical s-ary numeral
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system) leads to the non-uniqueness of rg-representations of numbers. Hence, the problem
of counting r,-representations is natural and relevant in many respects. This topic has been
addressed in [11}/12,/14]. In this paper, we refine several results.

It is evident that the equalities

A = Al® and Y sF(ap —cx) =0

a1...0.. C1...Ck..

are equivalent.

If &+ sk% = 5+ sk%’ which is equivalent to as + b = ¢s + d, then the pairs (a,b)
and (c, d) of consecutive digits in the rs-representation of a number are interchangeable. We
symbolically denote this by (a,b) <> (¢, d).

Remark 2. The pairs (¢,d) <> (c+ 1,d — s) and (¢,d) <> (¢ — 1,d + s) are interchangeable
provided that {c,d,c+ 1,d — s} C A, and {¢,d,c — 1,d + s} C A,, respectively.

Lemma 1. If s < r < 2s — 1, then the number of interchangeable pairs of digits in r-
representations is given by the formula | = r(r — s+ 1).

Proof. 1. If s = 2 = r, then there are two interchangeable pairs: 02 <> 10, 12 < 20.

2. If s = 3 = r, then there are three interchangeable pairs: 13 < 20, 23 « 30.

3. If s =3 =r — 1, then there are 8 interchangeable pairs: 03 « 10, 13 < 20, 23 < 30,
33 <+ 40, 04 +» 11, 14 <> 21, 24 <+ 31, 34 <+ 41. This can be verified by direct checking.

In the general case, the interchangeable pairs have the form

(J,s+i) < (j+1,i), where 0 < j<r—1,0<i<r—s

Here j and i independently take r and » — s+ 1 possible values, respectively. Hence, the total
number of interchangeable pairs equals [ = r(r — s 4+ 1). The lemma is proved. O

Corollary 1. If s = r, then the number of permutations equals r.

Note that when r = 2s, the following chains occur: (7,2s) <> (j+1,s5) < (j +2,0),
0<j<2s—2.

Definition 2. A number that has an rs-representation with period (0) is called r¢-rational.
Clearly, every rg-rational number is rational.

The number z = A’* is ry-rational, since x = A’®

c1...cp-1(s—1) c1...cx—15(0)
Not every rational number is rg-rational. This is 1llustrated by the following example.
The number z = Arj sHLr—s42) = % is rational, but not r-rational, since this

number has a unique r,-representation ([14]).

Lemma 2. If some r,-representation of a number x is periodic, then x is rational.

Proof. Indeed,

1< 1 < .
r=A" —E %y Zy S E a+§: § =
T Taj..am(ar..ap) st sm st sm+p st sJ SmJﬂp N
i=1 i=1 =1 Jj=1 i=1
p—m
N Y S 4
— 5] s — 14—~ I
J=1 =
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Lemma 3. If a natural number p satisfies p < s and 0 < ps — 1 < r, then the equality

s—1 s—1 s—p ps—1
ok + Gkl Gk Ght1 (3)

holds and (s —1,s — 1) > (s — p,ps — 1), in particular (s — 1,s — 1) <> (s — 2,25 — 1).

Indeed, for any k € N, the equality holds. It can be shown that for r > 2s — 1,
every rs-rational number admits a continuum of distinct representations. A more general
statement, proved below, is also valid.

4. The geometry of representations: cylinder sets.

Definition 3. An cylinder (or rg-cylinder) of rank m with a base cics...¢,, is the set AZ;CQ o
of all number z € [0; that admit rs-representation A’

such that a; = ¢;, 7 =1, m.

7 s— 1] a102...0..

It follows immediately from the definition that A7: . = Al  (UAZ . JU.LUAZ .
The cyhnder Als . is called primary (or parent) cylinder with respect to the cylinders

AL enir 1= L
Two cylinders Az . ;and AP ) are called adjacent. Clearly,
min AZi eppi < min ACl Ck_l[i“],maxAc1 epyi < min Aq e [i+1]"
L. It is easy to prove that the cylinder Als _ is an interval [a,a + d], where a = Y7, &,
d= m
Therefore, the length of an r,-cylinder is given by [Al: | | = i and and depends

only on the rank m and not on the base. Consequently, cylinders of different ranks cannot
coincide.

2. Two cylinders A7z . and A} a,, of the same rank coincide if and only if their left
endpoints coincide, that is, > " s7%(¢; — d;) = 0, and this is possible only when the block
(dy,...,d,,) can be obtained from the block (cy, ..., ¢,,) by a chain of substitutions of a pair

of consecutive digits by an alternative pair.

3. Since m — 0 as m — oo, it follows that for any sequence (c,,) € L, the equality

ey AL = Al . holds. Therefore, each point of the interval [0, Z5] can be regarded

as an rg-cylinder of infinite rank.

4. Adjacent cylinders overlap, and Ajy - NAZF i) = [AZ?N%A[HI](O); AZ?NC]%N.(T)].
The length of the overlap of adjacent cylinders is § = 255 §+11

5. The ratio of the lengths of the overlap and the length of the parent cylinder is

) r—s+1
|A£;...Ck_1| ST '
Lemma 4. The intersection of two adjacent cylinders of rank k is a cylinder of rank k + p,
AZ; Ck—11 A AZ;...Ckfl[i-Fl] = AZ;...ck,ﬂ r.r, = AZ;ck_l['L—Fl]OO’
~~ -

P P

if and only if r = sP(s —1)/(s? — 1).

Proof. A cylinder of rank k+ p has length 57— ﬂ, , whereas the intersection of two adjacent
cylinders Ags , MAL 1) has length S S“ . Hence the intersection is a cylinder of rank
k + p if only if 5= S+1 = ————, which is equ1valent tor = SSS_‘I”. O

(s—1) — sktp(s—1)
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5. Main object. Let A”T} be the (r +1)-ary representation of the number z € [0; 5]

a1Q2...0n 1
in the classical positional numeral system with base r + 1, that is,
[o.¢]

(07
— AT—H — § :—Tl
T = a1a...0m.. 7” + 1)n

Numbers that admit two (r + 1)- representatrons A;*Clm o 1on(0) = A;ﬁ%anil[%_u(r),
called (r 4+ 1)-binary, , while the remaining numbers, which have a unique representation,
are called (r + 1)-unary. By agreement, for each (r + 1)-binary number we use only the
representation with the period (0). This convention ensures uniqueness of representation

and guarantees the well-definedness of the function f given by

are

f(x = A;Tcltz QOn.. ) Agiaz Q... f(Ar+1) = ]‘ (4>
Theorem 2. The function f is continuous at every (r + 1)-unary point and discontinuous
at every (r + 1)-binary point. Moreover, the jump of f at a (r 4+ 1)-binary point of rank m
equals 0, = (r —s+1)/(s"(s — 1)).
Proof. Consider an arbitrary (r 4+ 1)-unary point zo = ALY, and f(zg) = Ao, o
If x # ¢, then there exists an index k such that ag(z) # ak(xo) while a;(x) = a;(zo) for
all 7 < k. The condition k& — oo is equivalent to x — x(. To establish continuity of f at x,
we show that lim |f(z) — f(zo)| = 0. By the definition of f

Tr—xT0

lin () = f@o)l = 1 (AT, 0y ager ) — f(A;zQQ N

T—TQ
— T's . _ Ts —
]}L}% ’AOHOCQ o7 - 1O‘kak+1 Aa1o¢2...ak,1akak+1...| < kll}lfgo Sk 1 ’Aakak-H AakakJrlm’ 0

Hence, f is continuous at every (r + 1)-unary point.
Continuity at a (r 4+ 1)-binary point would require equality of the values determined by
for both representations, that is,

r+1 o r—+1
f(Aa’la’Q...Oék_IOék(O)) - f(Aoclocz...ak_l[ock—l](’r‘))
for any k& € N. This is equivalent to
k—1 k—1
Qo Q; N ap — 1 n r
— gt gk L g sk sk(s —1)’
=1 =1
O{k—l

which yields % = 5= + 57— (s - This equality is possible only if s = r 4 1. Therefore, f is

discontinuous at every (r + 1)-binary point unless s = r + 1.

The jump of f at the (r + 1)-binary point AZi}cm_lcm(O) = ATH Jem_1)( Of rank m
equals
r+1 r—+1 _
5 kh_glo f(Acl Cm—1[cm—1] T...T’(O)) - f(Aci..cm_wm(O)) -
k
T 1 T 1 r—s—+1
kl_)Ilélo Sm-‘rl +o Tt m+k sm Sm(S _ 1) sm Sm(S _ ]_)

Theorem 3. The function f is nowhere monotone and has unbounded variation.

Proof. To prove non-monotonicity it suffices to show it on an arbitrary cylinder of rank m.

Consider AZjlc [AZi,l,cm A;“C (] and the points z; = A; () T AZ;F‘.l.cmOr(r—l)’
x5 = AT belonging to it. Clearly, 1 < x9 < x3. Then

cy...cm1(0)?
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-1
f(.l’g) - f(xl) = ST’;_Q + 8m+2(5 — 1) >0,
1 r r—1 s(s—1)—r(s—1)—r+1
flws) = flaa) = sl gmt2 smt2(s — 1) B smt2(s — 1) -
:s(s—r—l)—i-l <0

smt2(s — 1)
Hence (f(z2) — f(x1))(f(x3) — f(z2)) < 0, and f is non-monotone on any cylinder, and
therefore nowhere monotone on its entire domain.
The total variation of f on [0,1] is not less than the sum of magnitudes of all jump

discontinuities at (r 4+ 1)-binary points. For rank 1 there are r such (r + 1)-binary points,
r(r—s4+1) r?(r—s+1)
s(s—1) $2(s—1)

on. Thus, the total jump is the sum of an increasing geometric series with first term
and ratio ¢ = %, which diverges. Hence, f has unbounded variation.

and so

r(r—s+1)
s(s—1)
O

giving total jump . For rank 2 there are r? points with total jump

6. Functional relations and self-affinity of the function graph.

Lemma 5. The function f defined by is a solution of the system of functional equations

. -
f(zﬂ:) =£+gf(x), i€ {0,1,...,7}.

r+1
Proof. Let x = ATl Then f(z ) = AGas. ... We have
it 1 n 1 _ A+
P+l o+l rel Az Qn..?
and therefore, f((z —i— x)/(r+ )) AL ...~ On the other hand,

—+ f( )=-+ AZ‘M Al";m an. = [+ 2)/(r+ 1)).
O

The operator of the right shift of digits in the g-representation of numbers is defined by
the mapping §;
5 (LE = quaz Q.. ) Agalag QAn..
This definition applies to both (r 4 1)-representations and to rs—representations; in the first
case the operator will be denoted by p;.

The mapping ¢; is well defined for r,-representations. Indeed, for two different r,-representations

Al s, and Ag 5 of the same number, we obtain
, , 1 1 1 .
6 (Aaslag Qpy .. ) = Aidlaz.l.an... =~ + S:C - g + _Aalozg Qe + Aﬁlﬁg 5 (Aﬁlﬂg )
Hence, 6;(x = A% oy0,.) = gx + ¢ is an increasing afﬁne map

Theorem 4. The graph I'y of f is a self-affine set Ff =U_ 0 ©i(L¢), where ¢, is defined by

— r+1 —
; v =pi(®) = Al ) ane).. = 7"+1 + e, icA.
y/ - 52( ) A:;q (x) an(x)... s . T sf( )7

Proof. Clearly I'y = ToUT U...UT,, where I'; = {M(z;9): z € AI*' y = f(x)}, i =0,7.
We show that ¢;(I'y) =T;.
Let M(xz;y) € Ty, where x = Al and y = f(z) = ALy, .. Consider the image

point M'(2;y') = ¢(M(w;y)). Then 2’ = pi(x) = AL, € AT and y = 6,(y) = f(a').
Hence, M'(2';y') € I';, and therefore ¢;(I'y) C I'y.
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Now we show the converse inclusion. Let M’(2/;y) € I;, that is, 2’ = ALl and

y = f(a/). Then there exists z = A’*l  such that M(x, f(z)) € Ty and M'(2',y) =

a1oo..
wi(M(x, f(x))). Consequently, T'; C cpZ(Ff)
Combining both inclusions, we obtain I'; = ¢;(I'f). O
Corollary 2. The self-affine dimension of the graph of f is equal to ﬁnrf{)ls)

Indeed, the self-affine dimension is the solution of the equation

1
r+1

z
2

(r+1) = 1.

Corollary 3. The following equality holds fo x)dr = 2(5 -

Indeed, using the self—afﬁnity of the graph of f we obtain

/f dm—Z/ fdx—Z/ +f (
- ((rz—u s(r+1 /f :21 é/ fayde.

1=0
! T S r
/0 e =g T T a1y

7. Sets of function levels and their fractal properties. Recall that the level set of the
function f at the value yq is defined by

f~ o) = {z € [0.1]: f(2) = yo}-

Theorem 5. If r < 2s — 1, then the function f has level sets of different cardinalities:
1) singleton and finite; 2) countable and continuum. Moreover, there exist level sets of
positive Hausdorff-Besicovitch dimension. The set of all values whose level sets are finite or

countable has Hausdorff-Besicovitch dimension equal to %

>:

Hence

Proof. Tt is clear that the cardinality of the level set f~'(yo), where yo = f(zo) coincides
with the cardinality of the set of distinct rs -representations of the number y, € [0, 5]

As noted above, the numbers 0 and -5 have unique rg-representations: f~'(0) = A
and f~ ( ) = A“ = 1. Hence, the correspondmg level sets of the function f are singletons.

1. It is proved in [14] that the number z = Af), where ¢ € {0,r—s+2,r—s+3,...,s—2,1},
has a unique rs-representation, whereas the number z = AE“Z), where ¢ € {1,2,....,7 —s,8,5+
1,...,7— 1}, has a continuum of distinct rs-representations. Consequently, the corresponding
level sets have the same cardinalities.

2. We prove that the number x = A, where ¢ € {r —s+1,s — 1}, has a countable set of
distinct r¢-representations.
Let ¢ = s— 1. Then
L=z = AZ: Ar; 15(0)
and, under the condition r = 2s — 2

L =10 = A0 1) = Ao = Dlajls—1)fs—1)is—2)r)° ©)

Thus, the number x4 has inﬁmtely many distinct rs-representations. We show that no other
representations exist.
First consider the case r < 2s — 2.

= Al fy[s—1]...[s—1]5(0) (5)
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The first digit of an r-representation of xg cannot be equal to s — 2, since
, s?—3s+2+r s2—35+2+25—2
A s 2] ) — < — ]..
[s— s(s—1) s(s—1)
It also cannot be equal to s + 1, because Ai?, ;) = (s+1)/s > 1. Hence, the first digit
aq(xp) is either s — 1 or s. If ay(zg) = s, then 29 = Agzo)'

Assume oy (z9) = s — 1. Then zy = % + 21, where z; = % and oy (z) = as(xg). If
ag(xo) = s, then :cg Ap Let as(zg) # s. The equality as(xg) = s — 2 is impossible,

[s—1]s(0)"
since A o)) < = 1, and OZQ(Z‘()) = 5+ 1 is also impossible because
e s+1 1
A[s+1](0) 2 5 L

Therefore, ag(zg) = s — 1.

Proceeding analogously, we obtain that under the condition a;(x¢) = as(z9) = s — 1 the
next digit as(zg) equals either s or s — 1. If az(xg) = s, then xy = A[S 1s—1]5(0)" Otherwise,
the argument continues inductively. Hence, all possible r,-representations of zy are exhausted
by .

Now consider the case r = 2s — 2. If s — 1 # ay(zg) # s, then aj(xg) = s — 2 and

= AR g I ar(@o) = s — 1 and s — 1 # as(wo) # s, then mg = AR 5. I
041(350) = ag(xg) = s —1and s — 1 # az(xg) # s, then xg = Af;ﬁlnsfl“sfz](r Continuing in
this way, we obtain precisely the representations in @ Hence, the set of all r,-representations
of A7(q§71) is countable as a union of two countable sets.

Since the numbers 2 and 2" = -5 —x have the same cardinality of sets of r,-representations,
because

, T _Oo r ooozk(x)_oor—ozk(x)_ .
T = s—1 —r= Z S_k o Z sk o Z gk - A[r—al][r—az]...[r—ak]...’
k=1 k=1

the numbers A? B and A(r s+1) also have equally powerful families of representations.

If the pair (a,b) admits an alternative replacement, then the level set f‘l(AZZb)) is
nowhere dense, has Lebesgue measure zero, and its Hausdorff-Besicovitch dimension is not
less than 3 log,(r + 1).

Indeed, if (¢, d) is alternative to (a,b), i.e. as +b = c¢s + d, then the set C' = {x: z =

Y orey T € {as +b,cs + d}} is contained in the level set of Af;,), and the dimension

of the Cantor-type self-similar set C'is determined by 2-s572* = 1, hence equals © = % log, 2.

Finally, it is proved in [14] that the set of numbers with a unique rg-representation has
Hausdorff-Besicovitch dimension % Each such number generates a countable family
of numbers having finitely many representations. By countable stability of dimension, the set
of numbers with finitely many representations has the same dimension. The set of numbers
with countably many representations is itself countable, and therefore its dimension is zero.

]

Theorem 6. If r > 2s — 2, then all level sets of the function f, except for the levels 0 and
o 1, are continuums.

Proof. As noted above, the cardinality of the set of distinct ry-representations of a number
coincides with the cardinality of the corresponding level set of the function.

1. Let 0 < a < r. Then the pair (a, a) admits an alternative replacement. Indeed, if a < r—s,

then ¢ 4 & = =2 4 42, Ifa>r—5,then§+;i2:a§1+a;s.
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Hence, if some r,-representation of a number contains infinitely many pairs of identical
consecutive digits different from 0 and r, then this number has a continuum of distinct
rs-representations, since each such pair admits an alternative replacement.

2. Consider the number zg = A7), where ¢ # r. Then
Aln = Biair—so) = Arni—str—s)() = Dlett]ir—s+ 1) fr—st1]ir—s)(r) = Dles1)(r—s+1)
The pair (r—s+1,r—s+1) admits the alternative replacement (r—s, r). Therefore, infinitely
many alternatives arise, which implies that the set of distinct r¢-representations of xy is a

continuum.

3. Consider xg = AZEO) = A[TCS_I](S_I), ¢ # 0. It has a continuum set of distinct rs-representations,

since the pair (s — 1, s — 1) admits the alternative replacement (s — 2,2s — 1).

4. Let some rs-representation of the number xy have no period (¢) and no infinite number
of pairs of identical consecutive digits. Then, due to the finiteness of the alphabet, this
representation of the number contains some ordered triple of digits (a,b,c), where a # b,
b # ¢ occurring infinitely many times as consecutive digits. We consider the possible cases..

4.1. If b = 0, then for the pair (a,b) the alternative is (a — 1, s), since a # 0.

4.2. 1f a = 0, then b # 0, and for the pair (b, c) the alternative is (b — 1,c+ s) when ¢ < s,
while for ¢ > s — 1, the alternative is (b+ 1,¢ — s).

In each case, alternative replacements generate infinitely many branches of representati-
ons, which yields a continuum of distinct r,-representations. Consequently, all nontrivial level
sets of f are continuums. O]

Theorem 7. Almost all (in the sense of Lebesgue measure) level sets of the function f
are fractal (that is, have fractional Hausdorff-Besicovitch dimension) or anomalously fractal
(that is, are uncountable and have Hausdorff dimension zero).

Proof. As shown in [13||14], under the condition r» < 2s — 1, almost all numbers in the
interval [0,7/(s — 1)] admit a continuum set of distinct rs-representations. Hence, almost all
level sets of the function f are uncountable.

Every uncountable set has either positive Hausdorff-Besicovitch dimension or dimension
zero. In the latter case, the set is called anomalously fractal, since its topological dimension is
zero and does not coincide with its fractal dimension. Moreover, it is proved in the same works
that, under the condition r < 2s — 2, the set of numbers having a unique r,-representation
has Hausdorff-Besicovitch dimension In(2s —r —1)/In s. O
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