Maremaruani Crymii. T.65, Ne2 Matematychni Studii. V.65, No.2
ISSN 1027-4634 (print) ISSN 2411-0620 (online)

M. SHEREMETA®, Y. TRUKHAN*

ON ANALYTIC SOLUTIONS OF A DIFFERENTIAL EQUATION OF SHAH
TYPE IN THE UNIT DISK. BOUNDEDNESS OF [-INDEX

M. Sheremeta, Y. Trukhan. On analytic solutions of a differential equation of Shah type in the
unit disk. Boundedness of l-index, Mat. Stud. 65 (2026), 157-168.

For an analytic in the unit disk D solution of the form f(z) = F(1/(1 — 2)), where F is an
entire transcendental function, of the differential equation (1 — 2)"w” + a(1 — 2)™w’' +bw =0
(with n > m > 0, a € R, b € R) the boundedness of I-index of f in D and /-index of F' in C
are investigated.

1. Introduction. An analytic univalent in D = {z: |z| < 1} function
f()=) fa?" (1)
n=0

is said to be convex if f(D) is a convex domain. It is well known (|1, p.203]) that the
condition Re{1 4+ zf”(2)/f'(2)} > 0 (z € D) is necessary and sufficient for the convexity
of f. By W. Kaplan (|2]) the function f is said to be close-to-convex in D (see also |1, p.583])
if there exists a convex in D function ® such that Re (f'(2)/®’(z)) > 0(z € D). Function (1))
is close-to-convex in D if and only if the function

g(z) :Z+Zgnzn7 gn:fn/fb (2>

is close-to-convex in D. We remark also, that the function is said to be starlike in D), if
g(D) is starlike domain regarding the origin.
S.M. Shah (|3]) indicated conditions on real parameters 3y, 81, Yo, 71, 72 of the differential

equation 50 ) , )
z2w" + (Poz” + fr2)w + (Y02” + M1z + y2)w =0, (3)

under which there exists an entire transcendental solution such that f and all its deri-
vatives are close-to-convex in ID. In particular he obtained the following result.

Theorem 1. If -1 < 5y < 0, 81 > 0 and B1 + 72 = 7 = 71 = 0, then equation has
an entire solution such that all derivatives g(”) (n > 0) are close-to-convex in D and
In M,(r) = (1 +o(1))|Bo|r as r — +oo, where M,(r) = max{|g(z)|: |z| =r}.

The convexity and starlikeness of solutions of equation were studied in [4-7].
Let 0 < R < +o0 and [ be a positive continuous function on [0, R), which satisfies

I(r)>pB/(R—r7)(re€(0,R)), = const > 1.
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An analytic in Dg function f is said (|8]) to be of bounded I-index if there exists N € Z

such that
£ (2)] [f®(2)]
sy < {0 <k < - w
for all n € Z; and z € Dy := {z: |z|] < R}. The least such integers is called the [-index of
f and is denoted by N (I, f;Dg). If there exists N € Z, such that holds for all n € Z,
and z € G C Dy then the function f is said to be of bounded Il-index on (or in) G, and the
l-index is denoted by N(I, f; G).

The [-index boundedness of entire solutions of equation (3 was studied in [9-12].

In [13], three analogues of the Shah equation are considered, which have analytical solu-
tions in the disk . Among them there is the equation

(1—2)%w" +a(l - 2)w' + bw = 0. (5)

The following theorem has been proven (|13]).

Theorem 2. Ifa < 0, b < 0 and a+b > —3 then equation has an analytic in D solution
f(z) = F(1/(1 — z)) such that In M¢(r) = (14 o(1))|a|/(1 —r) as r T 1 and the function
F(t) = t+ Y 2, F,t" is entire and close-to-convex in . Moreover, the function f has a

bounded l-index N(I, f;D) < 1 with I(|z]) = 4/(1 — |2|)*

A more general equation
(1—2)"w"4+a(l—2)"w'+bw=0, (n>m>0,a€R,beR), (6)
than (5) was considered in [14]. As in [13], the solutions of this equation were constructed

in the form ) | ) - F,
f(z)_F<1—z)_Z(1—z)k ()

k=0
where F'is an entire transcendental function. Remark that there was formulated a conjecture

([15]) that for an entire function f the function H(z) = f(1/(1 — 2)"), n € N, is of bounded
l-index in D with [(|z]) = 8/(1 — |z|)"™!, 8 > 1, if and only if f is of bounded index. Later it
was completely proved in [16]. The class of such functions we denote by &. It is proved
(]14]) that equation (€] can have solutions belonging to the class & only in cases if either
n=2and m=0orn=3and m=0orn=23and m =2, and in these cases the following
theorem is correct.

Theorem 3. In the cases if either n = 2 and m = 0 orn = 3 and m = 0 or n = 3 and
m = 2, differential equation @ has solutions f of the form that belong to the class &
and have the following properties.

Forn=2 m=0and b= -2, if =3 < a <0 then

F(t)y=t+> Fitf, t=ge" (8)
k=2
with h
Foo kD)
k(k+1)—2
is a close-to-convex function in D and In Mp(p) = (14 o(1))|ale as 0 — +o0. If |a| < 30/19
then function F is starlike in D and if |a| < 29/20 then it is convex in D.
Forn=3, m=0anda=0, if =3 <b <0 then

2 > .
F(t) = — +t F .tk t = pe' 10

Fro, k>2, 9)
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with
—b

Fooy = F
Tk D(k+2) "

is a close-to-convex function in D and In Mp(0) = 2(1 + o(1))\/[ble as 0 — +oo. If
|b| < 24/11 then the function F(t) — 2/|b| is starlike in D and if |b| < 48/41 then the
function F' is convex in D.

Forn=3,m=2and2+a>0,if —(34+a) <b<0 then

> 2. (11)

24a
F(t) = 0

Htb Yy Pt t=ge”, (12)
k=2
with
—b
(k+1)(k+2+a)
is a close-to-convex function in D and In Mp(p) = 2(1 + o(1))/|blo as 0 — +oo. If

1b|/(a + 3) + |b|/(2a + 8) < 1 then the function F(t) — (2 + a)/|b| is starlike in D and if
2|b|/(a+3) + 3|b|/(4a + 16) < 1 then function F' is convex in D.

F,, k>2 (13)

Frp =

If n=3, m=0, but a < 0 then Theorem (3| is supplemented by the following statement.

Theorem 4. Let n = 3, m = 0, a < 0 and b < 0. Then differential equation @ has
solution f of the form that belong to the class &, where the function F' is given by

equality with F, = |b|/6,

0] lal(k — 1)

Bt nmry e

b = et k22 (14)

and In Mr(9) = (1 + o(1))|ale*/2 as ¢ — +oo. If 11|b|/24 + 9|a|/20 < 1 then the function
F(t) —2/|b| is starlike in D, if 41]b|/48 + 23|a|/20 < 1 then the function F' is convex in D.

Here we examine the boundedness of the l-index in all cases considered in Theorems [

and [

2. [-Index boundedness of function . To study the boundedness of the [-index of a
function f one can use the fact that this function is a solution of one or another differential
equation. In this case, we will take into account the fact that if I;(|z]) < l2(|z|) then |8, p.23]
the inequality N (I, f; G) < N implies the inequality N(ls, f;G) < N.

At first, let n = 2, m = 0, b = =2 and —3 < a < 0, i.e. f satisfies the equation
(1 — 2)*w” + aw' — 2w = 0 and, therefore,

(1—2)2f"(2) +af'(z) —2f(2) =0, —-3<a<0. (15)
We put I(|z]) = A/(1 — |2])%, A =1+ /2. Then for all z € D

/" (2)] lal /(=) 0]
AP (=) = AN~ =2 L=+ 2PN (1 = [2)?

< (5 + 5 ) moc{ e e b < max{ T 11 | (16)

3 el 1
2ae)) A=

[F(2)] <
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For 7 > 1 from we have
(1= 22 fU*(2) + (a = 2j(1 = 2)) f9(2) + (§( — 1) = 2)fV () =0,

whence as above ,
fU2 ()|
(7 +2)W2(|z]) —

- 3+2j fUI ()| G —1) =2 [f9(2)]

U +2)A = [z G+ D) G+ DG+ 2)A = (=222 5P (2]) T
2 [fUth(z)] 1 |f9(2)] U 1f9R)
St o < G e ) 00
In view of and the following statement is true.

IN

Proposition 1. If the function f satisfies @ withn =2, m=0,b=—-2and -3 <a <0
then it is of bounded l-index N(I, f; D) < 1 with I(|z]) = (1 +v/2)/(1 — |2])%.

Now let n =3, m =0,a=0and =3 < b < 0. Then (1 — 2)3f"(z) + bf(z) = 0 and for
I(|z]) = A/(1 — |2|)3/? with A > 1/3/2 we have

|f"(2)] 3
22 (2|) = 242

f () < ()] (18)

As above (1 — 2)3f"(2) — 3(1 — 2)2f"(2) + bf'(z) = 0, whence for A > (1 ++/3)/2 we get

PO L, e (PG 1)
35(2]) = A2E(2) T2 i) = {2!z2<|z|)’ 1!1(|z|)}'

(19)
For j > 2 now we have (1 —2)3fU*2)(2) —35(1 —2)2fU)(2) 4+ (35( — 1)(1 — 2) +b) fU) (2) —
—j(j —1)(G —2)fU"Y(z) = 0, whence as above for A = 4 we get

fUPR) _ 3j fUHD ()] 3G =1 +3 |fV()
(G +2W2(z) = G+2AG+DWH(]) - (G +2)0+ 1A 51 (]2])

JG=DG=2) _1f5) < SE] )] 1) }
G+2)0+DjA G- D) = NG+ D) (=) G- D) S

(20)
In view of , and the following statement is true.

Proposition 2. If the function f satisfies @ withn =3, m=0,a=0and -3 <b<0
then it is of bounded Il-index N(I, f; D) < 1 with I(|z]) = 4/(1 — |z])%/2.

Finally, let n =3, m =2, —2<a<0and —(3+a) <b < 0. Then
(L=2)°f"(2) +a(l = 2)*f'(2) + bf(x) =0, (|al <2,[b] <3). (21)
We put I(]z]) = A/(1 — |2])*?. If A> (14 +/7)/2 then for all z € D as above we obtain

/" (2)] id /(=) 0]
2E(]) = 2N — =) WD) 2P0 — )P

[f(2)] <
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(il + %) max { 1|{;/((|Zz)||), |f(z)|} < max { 1'{;/((|Z)|’), |f(z)|} . (22)

From ([21)) it follows that

(1 =22 f"(2) + (a —3)(1 — 2)%f"(2) + (b—2a(1 — 2))f'(2) =0,
whence for A > (5 + \/ﬁ)/ﬁ we get

M a3 1)L bl+2la] ()
313(J=)) = 3l(|zN)(X = [z[) 2!2(|=]) — 3W2([=)(1 = [2])* 1(]=])

5 /") 7 (=) () 1 (2)]
+ < max ) .

IN

< =
— 3A20%(|z|)  6A21N(|z|) — 212(1z])” 11(|=
For j > 2 from ([21)) also we have

(1= 22 fU%(2) = (35 —a)(1 — 2)* fUD (2)+
H(Bi(— 1) = 2ja) (1 —2) + ) fD(2) — (GG - 1) —2) —aj(i — 1) 9 (2) =0,

whence as above we get

fUP) 3j + la| S92
(G +2W*2(lz]) = G +2) 1 = [2Di([2]) G + D)W (]=])
3j(j — 1) +2lalj + o] |f9(2)] 70 =1 =2+ al) S92
U+2)0+ DDA =202 W (=) G +2)0+D3B(DA = |2])? (G = DW= (l2]) —
3j+lal  [fUD(2)] 3j(7 — 1) + 2|alj + [b] |FV(2)]
T +2)AG+ D)) (G+20@+1DA2 l(]z])

JG-DG -2+ ) [f9 D)
(J+2)(J+1)jA> (j—DW=(|z]) —
3.3 1\ [ 9 9@ 1)
<<A m*AQ {o+wwwnvwwwu—UWNmﬁ§

UG [fOE)] [F9D()
Sm“{o+DWHWD'MMVU—nW1WD}

provided A = 4. In view of , and the following statement is true.

Proposition 3. If the function f satisfies @ withn = 3, m = 2, =2 < a < 0 and
—(3+a) < b <0 then it is of bounded I-index N(I, f; D) < 1 with I(|z]) = 4/(1 — |z])%/2.

Uniting Propositions [I], 2] and [3] we obtain the following theorem.

Theorem 5. Suppose that f is a solution of differential equation @
Ifn=2,m=0,b=—-2and -3 < a < 0 then f is of bounded l-index N (I, f;D) < 1
with I(]]) = (1 +v/2)/(1 — |2])?.
If eithern =3, m =0,a=0and -3 <b<0orn=3 m=2 —-2<a<0 and
—(3+a) < b <0 then f is of bounded I-index N(I, f;D) < 1 with I(|z]) = 4/(1 — |2|)3/%.
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As in [14] the case n = 3, m = 0, a < 0 and b < 0 (see Theorem {4)) we will consider
separately. In this case

(1= 2)°f"(2) +af'(2) + bf(2) =0, (25)
whence for [(|z]) = Ay /(1 —|z|)?, where A; is the positive root of the equation % + % =1,
we have

() d 1fG) b al £,
2([el) = AN~ o) W=D 2P0 e = 2, 1)) F2ap S
ol 1o 7 )
< (aa; + 2ap) ey Ve < mec{pEp ) o
From it follows that
(1= 2)*f"(2) + (a = 3(1 = 2)")f"(2) + bf'(2) = 0, (27)

Ia\+3 ol

whence for I(|z]) = (lffi‘)g, where A, is the positive root of the equation 53~ + ¢ 42 = 1, we

get similarly

() o +3 ) b £(2)]
3IB(12]) = BU(I — )P 22(2]) T 6E(2)( — [P Wi(fz])

o[ +3 1) ] 1) £ 1)
< ey s < | sy 1 | (28)

From ([27)) it follows that

(1—2)%f"(2) 4+ (a —6(1 —2)2) f"(2) + (b+6(1 — 2))f"(2) = 0,

whence for [(|z]) = (I_AW, where Aj is the positive root of the equation @Tt,(j + |1b2lzg -
=1, we get
" e[ 6 ()] [b] +6 /"G
At(lz]) = A=) = [2[)? 313(12]) — 1202(]2[)(1 = [2])® 212(]=]) —
lal +6 /") ol +6 [f"(2)] " 1172
< < . 2
= T4, 3B(e) T 1242 22(z]) < TN\ BB(12)) 22(]2)) (29)

Finally, for j > 3 from (25 we obtain
(1= 2 f9"(2) + (a = 35(1 — 2)*) FUV (2)+
+(0 431G — D1 =2))fV(2) = =D =2) V() =0

whence for I(|z]) = A4/(1 — |z|)?, where A, is the positive root of the equation —lagz‘r’ +

+|g|0t‘2 + A3 =1, we get

FE) ] +3 10 (z)]
G+ D02([0) = G+ iDL [P G+ DE(J2])
bl +3iG -1 /9] ) 50 ()]

(U +2)G + DB = [20)2 319 (2) 3G+ DG+ 2PN = [2)* (G = DW= (z]) —
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_ lal+35  [f9TV(2)] bl +35G = 1) [f9()]
T UH2AG+ D) G +2)0 + DA (=])
G-DG=2) [ _lad+15  |fUH() bl + 60 [fP)
|

G+DG+2)A45 G - DWH(l=) = 540 (F+DWH(l2]) 2047 jl7(]2])

1 [fU () < { YR @) YRR }
max ) (30)
(

_l__ R . s . - 9 . -
Aj (5 = D= 1(!ZI) g+ W) g (z]) " (G = DW=
Due to inequalities ([26 , , and the following theorem is correct.

Theorem 6. Suppose that f is a solution of differential equation @ with n = 3, m = 0,
a < 0 and b < 0. Then f is of bounded l-index N(I, f;D) < 1 with I(|z]) = A/(1 — |z|)3,
where A = max{A;, Ay, A3, As}.

3. I-Index boundedness of the function F. We will need the following lemma [13].
Lemma 1. If0 < R < 00, 0 < < 1, function (2)) is analytic in Dr = {z: |2| < R} and

imgkm’“ <a(R) <1 (31)

then N<l7f7 nR) < 1 Wlth l(’ZD E%_

First assume that n = 2, m =0, b = —2 and —3 < a < 0. Then for function with
coefficients satisfying @D we have

[e.e]

= 3k(k —1)
k—1 k—1 _ k—1 _
§ :k]F IR § :k ]Fk 1R \Fl\R § :—k 0 |Fr_1|R

=-R E k|\F.| R~ R E k:FR
gt : (k+2)(k+1)—2 [Pl + | Fl

whence for R < 5/12 we get

(1—%) ka |RF! < 3R

ie. holds with a(R) = 15R/(10 — 9R) < 1.

Therefore, by Lemma [1] we obtain the following statement.
Proposition 4. For function N(l,F; Dyr) < 1 with I(]z]) = %, where
0<n<land0< R<5/12.

Ifn=3 m=0,a=0and —3 < b < 0 then for function ((10) with coefficients satisfying
(11)) we have similarly

> > 3 3R
k+ D)|F.|RF < k|Fy|RF < R+ — k+ 1)|F,. | R
;(+)| 1] _;kﬁ(k+)|k| +8;(+)| k1| R

whence for R < 8/11 we get

- 8R
S (k + 1)|Ft|R* < a(R) = <1,
— 8 — 3R

and, thus, by Lemma 1 we obtain the following statement.
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Proposition 5. For function N(l, F(t) = Dyr) < 1 with(]2]) = %, where

0<n<land0< R <8/11.

Finally, if n =3, m =2, =2 < a < 0 and —(3 +a) < b < 0 then for function with
coefficients satisfying we have

> 3R
k k_ k
;1 (k+1)|Fpp|RF < E k|Fk|R 3R+ § —k+1)2(k+1)|Fk+1|R <

[e.9]

k
<BR+-— ;(1@ +1)|Fya | R”,

whence for R < 4/15 we get

. 12R
k —
E (k4 1)|Frsa|R” < a(R) = 1 3R

k=1

< 1.

Therefore, by Lemma 1 the following statement is true.

Proposition 6. For function N(,F(t)—(2+a)/b]; Dyr) <1 with [(|z]) = (4+9R)/
(1—n)R(4 —15R)), where 0 <n <1 and 0 < R <4/15.

Now we investigate the l-index boundedness of the function F in C\ D, . To do this, we
use the methodology used in the previous section.

As above we start with the case if n = 2, m =0, b = —2 and —3 < a < 0. Then if
function is a solution of differential equation @ then for all t € C

t2F"(t) + (at® + 2t)F'(t) + bF(t) = 0, (32)
whence for |t| > nR and A > 6/nR > 6
£ _ 1 2\ |[F'(t)] 1 3 1L [F' ()]
L S B i
oaz =94 \3tor) 1A Pt s\t ar) A

e PO S g+ gl POl < e L IF@ o)

where 0 < < 1and 0 < R < 5/12. From it follows that t2F"(t) + (at® + 4t)F"(t) +
+2atF'(t) = 0, whence

LT PR N R T

343 34 2042 " AZjR 11A

TIF"(t)| 1 |F'(1)] |[F"(t)] |F'(t))|
< — — K . 4
S8 242 T35 1A S WA o2 A (34)

For 7 > 2 from it follows also that
LEID () + (at® +2(5 + DO FID () + (5 ( — 1+2at +2) —2) F9(t) + j(j — 1)aF Y~V (t) = 0,

whence

(U@ _ Jat+2(G + D] [FUD@)] gl =14 20t + 2|+ 2 [FO ()]
G+ = G +2)A G+ DA T P +2)(5+ 1)A2 jlAT
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7 = 1lal [FUD@) 1 (M 2(j+1>> [FUTD ()]

[t2(7+2)(+1)jA3 (j — )AL — j+2 A AnR (7 + 1)1A+T

N 1 (2!an j(j+1>+2) [FU(#)]
G+DG+2) \AR "~ (ApR)2 ) A

j( = 1lal [FUTV@)] 1 JFUTY@) 1 [FO())
JG+ 1) +2)AARR)2 (j — 1)1 A= = 24 (j 4 1)! A3+ T 18 jlAI
1 |FU=D()] -~ max {(|F°“>(t)| [FO)] |[FUD(@) }

864 (j — 1)IAI—T G4+ DIAHD JIAT O (— 1)1AI-

From , and we get the following result.

Proposition 7. If n =2, m =0, b = —2 and —3 < a < 0 then function is of bounded
l-index N(I, F; C\ Dyr) < 1 with l(|z]) = 6/nR, where 0 <n <1 and 0 < R < 5/12.

(35)

Nowlet n=3 m=2 —2<a<0and —(3+a) <b<0.If function is a solution of
differential equation @ then for all z € C

tF"(t) + (24 a)F'(t) + bF(t) = 0, (36)
whence for 0 <np < 1land 0 < R <4/15, [t| >nR and A > 2/nR

%!f;’!(?lﬁm(t)y < max{|F,<t>| \F(t)\}. (37)

|F"(¢)] < 2+a |F'(t)] 3+a

F(t) <
2142 = 2AnR 1A 2A2nR‘ Wl =<

1A 7

0]

From for j > 1 it follows that tFUt2 () + (2+a+j)FUtY(¢) + bFU) (t) = 0, whence
as above we get

[FUA@0)] _ 2+atj [FO@) 3+a (PO (@)
(+ 214772 = (j+2)AnR (j+ DIAT 7 (j+2)(j+ DAPR  jIAI
L [FUD() L [FO@)] 1 [FU@)]  1[FO)

<

= AnR(j + DA T 2420R GIAT T 2(j 4+ )AL T8 jIAT

[FUHD@)]  [FY(1)]
< max - TR TV .
(j+ 1)IAI+1T jIAj

(38)

From and the following statement follows.

Proposition 8. If n =3, m =2, -2 < a < 0 and —(3+a) < b < 0 then function (12)
is of bounded l-index N(l,F; C\ D,g) < 1 with I(|z]) = 2/nR, where 0 < n < 1 and
0 <R <4/15.

Finally, let n = 3, m = 0,a = 0 and —3 < b < 0. If function (|7)) is a solution of differential
equation (6)) then with a = 0 holds for all z € C, whence for |t| > nR and A > 2/nR
we get (37)), (38) and the following statement.

Proposition 9. If n =3, m =0, a =0 and —3 < b < 0 then function is of bounded
l-index N(I, F; C\ Dy,r) < 1 with l(|2]) = 2/nR, where 0 <n <1 and 0 < R < 8/11.

Uniting Propositions ] and [7}, [5] and [}, [6] and [8] we obtain the following theorem.
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Theorem 7. The following statements are true:

(i) ifn =2, m=0,b= —2 and —3 < a < 0 then function is of bounded [-index
N(I,F;C) <1 with l(|z]) = 36

(ii) if n = 3, m = 0, a = 0 and —3 < b < 0 then for function
N(l,F —2/|b]; Dyje7) <1 and N(I, F'; C\ Dyjor) < 1 with I(|2]) = 27/2;

(iii) if n = 3, m = 2, =2 < a < 0 and —(3+ a) < b < 0 then for function (12
N, F—(2+a)/|b]; Dysg) <1 and N(I, F; C\ Dy39) < 1 with l(|z|) = 39.

Proof. From Propositions {4| and [7| it follows that function is of bounded [-index

N(l, F;C) < 1 with [(]z]) = max % nR}’ where 0 <n<land0< R < 5/12.

Choosing R = 1/3 and n = 1/2 we come to the statement (i).

If we choose R = 8/27 and n = 1/2 then nR = 4/27 and (8 +5R)/((1—n)R(8 —11R)) =
= 2/nR = 27/2. Therefore, Propositions [f| and [9] imply the statement (ii).

Finally, if we choose R = 4/39 and n = 1/2 then nR = 2/39 and 2/nR = 39 =
= (4+9R)/((1 — n)R(4 — 15R)) Therefore, Propositions [6] and [§] imply the statement (iii)
Theorem [7] is proved. O
3

It remains to study the boundedness of the /-index of function in the case if n =
m=0,a <0 and b <0. Since I, = |b|/6, from ({14]) we have

o]

k-1 r_ [BIR by
ZkszR —2F2R+Z k+1)F R" = +; k+2)FkR

o0

lal(k —1) . IbIR Ibl K lal k1
E _ E — —kF § —_EkF,R" <
2 1) 2 w1 RY = + K1) W+ 2753 S

|b|R |b|R k—1 |a|R . |‘1|R2 k—1
< oIt ey [ il alelN .
<= +Z2 o RERT+ = +kz = kPR

a 2 o —
If we put a(R) = 3(1400%';"'15?;3'8‘5?}%)2) then from hence we get > .-, kF,R*! < a(R). We note

that a(R) < 1 if 54|a|R? 4+ 55/b| R — 120 < 0, i.e.

R < Q(a,b) := (=55b| + 1/3025[b|2 + 25920|a|)/108.
Therefore, by Lemma [1| we obtain the following statement.

Proposition 10. If n = 3, m = 0, a < 0 and b < 0 then for function
. a 2

N(L,F = 2/]b; Dyr) < 1 with I([t]) = i s s, Where 0 < 1 < 1 and
0 < R<Q(a,b).

Note that R < Q(a,b) <1 if 120|a| < 54 + 5|b|. In what follows we will assume that this
condition is satisfied. Then 0 < nR < 1for0 <n < 1and 0 < R < Q(a,b).

For research boundedness of the l-index in the C\ D, r, we note that in the current case

tF"(t) + (at® + 2)F'(t) + bF(t) = 0, (39)

whence for 0 < 7] < land 0 < R < Q(a,b), |t| > nR and [(|t|) = Alt| with

_ Ial _ b :
A> A + (nR)g + smE > 1 we obtain

[E (O] _ it + 2 [F' ()] 0] _ lallt? +2 [F(0)] 0]
() = 206l 10el) 2 (0] = 2A1t2 11(]t]) 2|t|A2|t|2| W] <
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Tl 1 BN [P 1Pl
SA(2+omv+mww) {umm””m}g {umm””m}‘ (40)

From it follows that tF"(t) + (at* + 3)F"(t) + (2at + b)F'(t) = 0, whence as above

for A > A2 |a| + 3‘((1!;?2 + 6(%)3 > 1 we get

(@] _ Jallt? +3 [F"(@)] | 2lallt] + [0 [F"(0)] _
SB(E) = sA[ 22(Jf) T 6AZ[P  wu(ft]) =

1 (o] 1 a b FU()] [F()
SZ(E*me*ﬁmm2+amw>m“{mmmwumm}S

E)] (0
S““X{2u%wn vuun}' (4D

Finally, let j > 2. Then (39) implies

tFUTD() + (at* + 24+ j)FUD(t) + (2jat + b)FI(t) + 5(j — DaFY=Y(t) = 0,
whence as above for A > Az := %' + 3(+|°3|2 + 12(“)‘ 5+ 10(‘7‘;}2)4 > 1 we get

(FUR@)] _ lalltP+i+2 [FUTD(0)]
G+2W2(t) = G+2)ARP G+ D)W
2jlalt| + o] |FV()] (7 = Dlal [FUD ()]
G+2)0+ 1)142\1ﬁ|3 g G +2)G+ DA G = D) —

Ll sl B ol Y
<5 (5 50w * 0 * W

L O e O A O]
X max - T ) T ) 751 <
(4 DWW " gt (el) (G = DW= (1)
(G+1) () (=1
[ LEEOL PO P
(4 DWW " gt ((el) (G = DW= (1)
In view of , and the following proposition is proved.

Proposition 11. If n = 3, m = 0, a < 0 and b < 0 then for function (|10
N(l, F; C\D,g) <1 with [(|t|) = max{A;, As, A3}|t|, where 0 <n <1 and 0 < R < Q(a,b).

(42)

It’s easy to check that max{A;, Ay, A3} < |a| + 3‘(“4;?2 + (‘b| 7 T 10(|a‘ Ry Therefore, uniting

Propositions [10] and [I1], we obtain the followmg theorem.
Theorem 8. Letn =3, m=0,a<0,b <0 and 120|a| < 54+ 5|b|. Suppose that 0 < n < 1

and0 < R < Q(a,b) = LAY 3025|b|2+25920|a . Then for function (10) N (I, F—2/|b|; D,r) <1

with (t]) = n;é?;%'ﬁ;éﬁ'ﬁ'?;wm and N(I, F; C\ D) < 1 with I(]t]) = (4 + 222
||

vt o)l

4. Discussion of Open Problems. Differential equation ([{10]) is the second order equation.
Its generalization is the equation (1 — z)"w®) + Zf a;(1— z)mﬂw( 7 =0, where k > 3
and n > m; > ... > my > 0. The problem of finding analytical solutions of this equation,
which are convex, close-to-convex, starlike or of bounded [-index, is relevant. Remark that
the same problems for similar equations with slightly different coefficients were considered
in [17H19).
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