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The problem of extracting a monic factor with a prescribed determinant from a matrix
polynomial, i.e., the factorization problem, is studied. Based on Kazimirskii’s well-known cri-
terion, new factorization criteria using only the coefficients of the matrix polynomial and those
of the prescribed determinant are established. An algorithm for determining such a factor is
also proposed, and examples illustrating one of the criteria are presented.

New forms of a criterion for extracting a monic factor with a given determinant from a
matrix polynomial have been obtained. The algorithm for calculating the coefficients of the
desired factor, which consists in solving a (reduced) system of matrix equations, does not
involve finding the roots of the characteristic polynomial or the adjugate matrix. It uses only
the coefficients of the given matrix polynomial and the coefficients of the determinant of the
factor.

1. Introduction. The problem of extracting a factor from a matrix polynomial A(z), i.e.,
obtaining a factorization

A(z) = B(z)D(z),

where B(z) and D(z) are matrix polynomials of positive degree, arises in many areas of
mathematics and its applications. In particular, matrix polynomial factorization plays an
important role in the control theory of linear systems, the theory of systems of differenti-
al equations, and many other branches of mathematics, as well as in the study of wave
diffraction, dynamic elasticity, fracture mechanics, and geophysics.

The study of the solvability of elliptic problems led Ya. B. Lopatynsky to establish the
following divisibility criterion for matrix polynomials [1, 2].

Theorem 1 (Lopatynsky). Let A(z) = A0z
s + A1z

s−1 + · · ·+ As, where A0, A1, . . . , As are
complex p × p matrices, s ≥ 2, and detA0 ̸= 0. Assume that among the ps roots of the
equation detA(z) = 0 one can select pk roots, where k < s, that are distinct from the
remaining roots. Then there exists a matrix polynomial B(z) = B0z

k + B1z
k−1 + · · · + Bk,

with detB0 ̸= 0, whose determinant has precisely the selected pk roots and which is a left
divisor of A(z) if and only if the matrix

Res+

(
zα+β−2A−1(z)

)
α=1,...,s
β=1,...,k

,
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where Res+(S) denotes the sum of the residues of the matrix S at the selected pk roots, has
rank pk.

2. Basic notations and auxiliary results. For the polynomial

ξ = ξ(z) = (z − z1)
t1 · · · (z − zl)

tl ,

of degree t = t1+ · · ·+ tl ≥ 1, with distinct complex roots z1, . . . , zl, and for a matrix-valued
function G = G(z) analytic in a domain containing the points z1, . . . , zl, let MG(ξ) denote
the matrix of values of G on the root system of the polynomial ξ, i.e., the block column
matrix consisting of t square blocks,

MG(ξ) = (G1, . . . , Gl)
T Gj = col

(
1

(α−1)!
G(α−1)(zj)

)tj

α=1
.

In the particular case ξ = zt, we write MG(ξ) = col
(

G(α−1)(0)
(α−1)!

)t

α=1
simply as MG[t].

For a matrix-valued function H and g ∈ N, we define the accompanying matrix ⌊H, g⌉
to be the block row matrix consisting of g blocks,

⌊H, g⌉ = ⌊H, g⌉(z) =
(
H(z) zH(z) . . . zg−1H(z)

)
. (1)

If H is a matrix polynomial of degree p, then ⌊H, g⌉ is a matrix polynomial of degree
p+ g − 1.

For an arbitrary polynomial ξ, define the matrix Wg,n(ξ) by

W⊤
g,n(ξ) =M⌊In,g⌉(ξ), (2)

where ⊤ denotes matrix transposition and ⌊In, g⌉ is the accompanying matrix associated
with the identity matrix In. The matrix Wg,n(ξ) has size gn× tn and rank nmin(g, t). It is
a block matrix of block size g × t, where t is the degree of the polynomial ξ. If p < g, then
Wp,n(ξ) consists of the first p block rows of Wg,n(ξ).

We next consider several properties of the matrices MG(ξ), ⌊H, g⌉, and Wg,n(ξ).
Let G = G̃ Ĝ, where G̃ and Ĝ are matrix-valued functions analytic in a domain containing

the points z1, . . . , zl, and suppose that G̃ has a zero of multiplicity tj at the point zj for
j = 1, . . . , l, i.e., G̃ is divisible by ξ. Then MG(ξ) = 0.

Indeed,

1

(α− 1)!
G(α−1)(z) =

α∑
β=1

G̃(β−1)(z)

(β − 1)!

Ĝ(α−β)(z)

(α− β)!
, α = 1, . . . , tj,

and these matrices vanish at the point zj, since G̃(β−1)(zj) = 0 for β = 1, . . . , tj and j =
1, . . . , l.

In particular,
MξĜ(ξ) = 0. (3)

For the product of a matrix-valued functionH = H(z) and a matrix polynomialG = G(z)
of degree p− 1, the identity

H(z)G(z) = H(z)G(0) + zH(z)G′(0) + · · ·+ zp−1H(z)
G(p−1)(0)

(p− 1)!
= ⌊H, p⌉MG[p] (4)

holds. Consequently, G(z) = ⌊I, p⌉MG[p], where I is the identity matrix.
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From (4) and the obvious identity MHK(ξ) = MH(ξ)K, which holds for every constant
matrix K, we obtain

MHG(ξ) =M⌊H,p⌉(ξ)MG[p], MG(ξ) = W⊤
p,h(ξ)MG[p], ⌊FH, p⌉ = F⌊H, p⌉, (5)

where h is the number of rows of the matrix G, and F = F (z) is a matrix-valued function.
In the particular case,

MHG[t] =M⌊H,p⌉[t]MG[p].

The mappings
G 7→MG(ξ), G 7→ ⌊G, p⌉,

are linear.
If H = (H1 H2), then

MH(ξ) =
(
MH1(ξ)MH2(ξ)

)
,

and if G = col (G1, G2), then

⌊G, p⌉ = col
(
⌊G1, p⌉, ⌊G2, p⌉

)
.

Continuing Lopatynsky’s work, P. S. Kazimirskii established in [3] a factorization criterion
based on the two special matrices introduced above: the matrix of values on the root system
of a polynomial and the accompanying matrix.

Let A(z) be a square matrix polynomial over the field C of the form

A = A(z) = A0z
m + A1z

m−1 + · · ·+ Am, (6)

where A0, A1, . . . , Am are complex matrices of order n. Assume that detA = ∆ = ∆(z) has
the form

∆ = φψ = φ(z)ψ(z), (7)

where φ is a monic polynomial of degree rn, and a monic polynomial matrix B = B(z) is a
left divisor of A:

A = BD, (8)

where
B = B(z) = B0z

r +B1z
r−1 + · · ·+Br, B0 = In, detB = φ, (9)

B1, . . . , Br are matrices of order n, D = D(z) is a matrix polynomial with detD = ψ, and
In is the identity matrix of order n.

Let S = diag (ε1, . . . , εn) denote the Smith normal form of A, where

S = P−1AQ−1 = ΦΨ, (10)

with Φ = diag (φ1, . . . , φn) and Ψ = diag (ψ1, . . . , ψn) diagonal matrices with monic entries.
Moreover, εj | εj+1 for j = 1, . . . , n− 1.

Let Σ = {Φ1, . . . ,Φt} be the set of matrices Φ satisfying (10) and detΦ = φ.
For Φ = diag (φ1, . . . , φn), consider the lower triangular matrix W (Φ) with unit diagonal

and entries
W (Φ)ij =

φikij
(φi, εj)

,
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where (φi, εj) denotes the greatest common divisor of the polynomials φi and εj,

kij =

{
0, (φi, εj) = φj;

kij0 + kij1z + · · ·+ kijhz
h, (φi, εj) ̸= φj,

h = hij = deg
(φi, εj)

φj

− 1, i = 2, . . . , n, j = 1, . . . , i− 1,

where kijl are parameters introduced in [4, p. 181] over the field C.
The field obtained by adjoining the coefficients of all polynomials kij is denoted by C(k).

The following two theorems are considered over this field [5, p. 190, 222].

Theorem 2. Let condition (7) be satisfied. The matrix polynomial A admits a factorization
of the form (8) if and only if

max
Φ∈Σ

rankM⌊W (Φ)P,r+1⌉(φ) = rn. (11)

Theorem 3. Let condition (7) be satisfied. If

rankM⌊W (Φj)P,r+1⌉(φ) = rn, j = 1, . . . , s,

then
A = B1D1 = · · · = BsDs, detB1 = · · · = detBs = φ, (12)

where Bj(z) = Inz
r+Nj1z

r−1+ · · ·+Njr, and the coefficients Njl are determined as solutions
of the matrix equations

M⌊W (Φj)P,r+1⌉(φ)
(
Njr, . . . , Nj1, In

)T
= 0, j = 1, . . . , s. (13)

Remark 1. By assigning admissible values from C to the parameters kijl of the matrices
W (Φ1), . . . ,W (Φs), one obtains monic polynomial matrices over C[z] that are left divisors
of A and whose Smith forms coincide with one of the Smith forms Φ1, . . . ,Φs.

Using formulas (6)–(9), we formulate the following factorization criterion, which is a
weaker version of Theorem 3.6 in [5, p. 135]. For completeness, we include a brief proof.

Theorem 4. Let A = A(z) be a regular matrix polynomial (detA ̸= 0) of the form (6), and
let φ and ψ be relatively prime polynomials of degrees rn and (m− r)n, respectively.

A factorization of the form (8) exists if and only if the system of linear algebraic matrix
equations

M⌊A∗,r+1⌉(φ)X = 0, (14)

where MG(φ) denotes the matrix of values of G on the root system of φ, A∗ is the adjugate
matrix, and ⌊H, l⌉ is the accompanying matrix, admits a solution of the form

X = col (Xr, . . . , X1, X0), X0 = In.

Moreover, the mapping

X 7−→ B(z) = BX(z) = X0z
r +X1z

r−1 + · · ·+Xr

establishes a one-to-one correspondence between solutions of (14) and factorsB(z) in (8), (9).
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Proof. Necessity. Assume that a factorization A = BD exists, where B0 = In and detB = φ.
Taking adjugates, we obtain A∗ = D∗B∗. Multiplying this identity on the right by B and
using

B∗B = (detB)In = φIn,

we obtain A∗B = φD∗. The left-hand side can be written as

A∗B = ⌊A∗, r + 1⌉ col (Br, . . . , B1, B0).

Let λ be a root of φ(z) of multiplicity k ∈ N. Then

dj

dzj
[φ(z)D∗(z)]

∣∣∣
z=λ

= 0, j = 0, 1, . . . , k − 1.

The same relations hold for A∗B, hence MA∗B(φ) = 0. Therefore,

M⌊A∗,r+1⌉(φ) col (Br, . . . , B1, B0) = 0,

i.e., system (14) admits a solution X = col (Br, . . . , B1, B0).
Sufficiency. Assume that system (14) admits a solution

X = col (Xr, . . . , X1, X0), X0 = In.

Define B(z) = X0z
r +X1z

r−1 + · · ·+Xr. Then according to (5) equation (14) is equivalent
to MA∗B(φ) = 0. By the definition of MG(φ),

dj

dzj
[A∗(z)B(z)]

∣∣∣
z=λ

= 0, j = 0, 1, . . . , k − 1,

for every root λ of φ(z). Hence A∗(z)B(z) is divisible by φ(z), i.e.,

A∗(z)B(z) = φ(z)F (z)

for some matrix polynomial F (z).
Taking determinants gives

det(A∗B) = (detA)n−1 detB = φn−1ψ n−1 detB, det(φF ) = φn detF,

hence
ψ n−1 detB = φ detF.

Since φ and ψ are relatively prime, φ divides detB. Because detB is monic of degree nr,
we conclude that detB = φ, detF = ψ n−1. Thus A∗B = (detB)F, A∗ = FB∗.

Multiplying on the left by F∗ yields F∗A∗ = ψ n−1B∗, and multiplying on the right by A
gives φF∗ = ψ n−2B∗A. Hence F∗ = ψ n−2D, where D(z) is a matrix polynomial.

Multiplying by B we obtain BF∗ = ψ n−2A. Substituting F∗ = ψ n−2D, we get A = BD,
which is the required factorization.

Remark 2. Since (φ, ψ) = 1, the factorization A = BD is either unique or does not exist.
This follows from Theorem 5.1 (p. 151) and Theorem 4.1 (p. 123) of [4].
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The above divisibility criteria for matrix polynomials involve the roots of polynomials,
which in general can be computed only approximately, as well as inverse or adjugate matrices.
These features limit their applicability. Therefore, we develop alternative criteria that avoid
these drawbacks.

More generally, the factorization of matrix functions has been extensively studied and
continues to attract considerable attention. A comprehensive overview can be found in the
monographs [6, 5, 7, 8, 4].

A preliminary announcement of the results presented in this paper appeared in [9].

3. New criteria. To obtain new criteria for extracting a factor from a matrix polynomial,
we will transform formula (14). A similar approach was employed in [10, 11] to derive the
ellipticity condition (Lopatynsky condition) for boundary value problems of elliptic systems.
In this context, the theory of partial differential equations is closely related to algebraic
problems in matrix theory [12]. If the Lopatynsky condition is not satisfied, the problem of
small denominators (divisors) may arise, the solution of which requires methods of metric
Diophantine approximations from number theory [11, 13, 14].

Let us fix the positive integers n,m, r in formulas (6)–(9), where n > 1, m > 1, and
m > r. Henceforth, we assume I = In and introduce the following indices:

q = (n− 1)(m− r) + 1, q1 = q + rn = (n− 1)m+ r + 1. (15)

Obviously, q and q1 are positive integers such that q > 1 and q1 > 3.

Theorem 5 (The first criterion). If G1 = ⌊A∗, r + 1⌉, G2 = ⌊φI, q⌉, G = (G1 G2), the
polynomials φ and ψ in (6) are coprime, then the criterion of factorization (8) is the solvability
of the system of linear matrix equations

MG[q1]

(
X
Y

)
= 0, (16)

where the matrix Y = col (Yq−1, . . . , Y1, Y0) has square blocks Yj of order n.

Proof. The system (14) can be rewritten as MG1(φ)X = 0, and the matrix MG2(φ) can be
rewritten as M⌊φI,q⌉(φ) or Mφ⌊I,q⌉(φ). By the formula (3) we have MG2(φ) = 0, therefore

MG1(φ)X =
(
MG1(φ) MG2(φ)

)(X
Y

)
=MG(φ)

(
X
Y

)
.

Taking into account that the matrix polynomials G1, G2 and G have the same degree q1− 1,
using the factorization formula (5), we obtain MG(φ) = W⊤

q1,n
(φ)MG[q1].

We represent the matrix (0 Iqn)MG[q1] in the form (G3 G4), where

G3 = (0 Iqn)M⌊A∗,r+1⌉[q1], G4 = (0 Iqn)M⌊φI,q⌉[q1],

and
φ(z) = φ0z

rn + φ1z
rn−1 + · · ·+ φrn, φ0 = 1, φ−1 = . . . = φ1−q = 0,

then G4 =
(
φj−iI

)
i,j=1,...,q

is a square block-Toeplitz triangular matrix of order qn and
detG4 = 1.
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The product of the matrices
(
W⊤

q1,n
(φ)

0 Iqn

)
MG[q1] equals to

(
MG(φ) 0
G3 G4

)
, therefore, the

systems
(

MG(φ)X
G−1

4 G3X + Y

)
= 0 and

(
W⊤

q1,n
(φ)

0 Iqn

)
MG[q1]

(
X
Y

)
= 0, (17)

are equivalent.

The system
(

MG(φ)X
G−1

4 G3X + Y

)
= 0 is solvable if and only if the system (14) is solvable.

Since
det

(
W⊤

q1,n
(φ)

0 Iqn

)
= detWrn,n(φ) =

(
detWrn,1(φ)

)n ̸= 0,

then the systems (16) and (17) are equivalent.

The matrix MG[q1] in formula (16) is independent of the roots of the polynomial φ, unlike
the matrix M⌊A∗,r+1⌉(φ) in system (14). In the subsequent criterion, we shall also avoid using
the polynomial matrix A∗, which is the adjugate of A.

Theorem 6 (Second Criterion). If the block-row matrix Q1(z) with q + r + 1 blocks is of
the form Q1 =

(
⌊∆, r + 1⌉ ⌊φA, q⌉

)
, then system (16) and system

MQ1 [q1 +m]

(
X
Y

)
= 0 (18)

are equivalent; that is, the criterion of factorization is the solvability of system (18).

Proof. The matrix polynomial Q1 can be represented as the product:

Q1 =
(
⌊AA∗, r + 1⌉ ⌊φA, q⌉

)
= A

(
⌊A∗, r + 1⌉ ⌊φI, q⌉

)
= AG,

where q1 − 1 is the degree of G. According to formula (5), we obtain:

MQ1 [q1 +m] =M⌊A,q1⌉[q1 +m]MG[q1].

The block matrix ⌊A, q1⌉ of size n× q1n has degree q1+m− 1. Thus, the rank of the matrix
M⌊A,q1⌉[q1 +m] of size (q1 +m)n× q1n coincides with the rank of the square non-degenerate
matrix (0 Iq1n)M⌊A,q1⌉[q1 +m] (where 0 is of appropriate size), which has the determinant
(detA0)

q1 ̸= 0.
This implies the equivalence of the systems of matrix linear equations (16) and (18).

Theorem 7 (Third Criterion). If Q = (⌊ψI, r+1⌉ ⌊A, q⌉), the polynomials φ and ψ in (6)
are coprime, then the criterion of factorization (8) consists in the solvability of the system
of linear matrix equations:

MQ[q +m]

(
X
Y

)
= 0. (19)

If a solution of the form col(X, Y ) exists, then the factor is given by

B(z) = Izr +X1z
r−1 + · · ·+Xr.
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Proof. The matrix polynomial Q has degree q +m− 1. Therefore, from the equality

Q1 =
(
⌊φψ, r + 1⌉ ⌊φA, q⌉

)
= φQ,

the following matrix relation holds MQ1 [q1 +m] = M⌊φI,q+m⌉[q1 +m]MQ[q +m]. The rank
of the matrix M⌊φI,q+m⌉[q1 +m] of the size (q1 +m)n× (q +m)n coincides with the rank of
the square matrix

(0 I(q+m)n)M⌊φI,q+m⌉[q +m],

whose determinant is φ(q+m)n
0 = 1. Consequently, the systems of linear matrix equations (18)

and (19) are equivalent.

It is obvious that by applying the matrix transposition operation, all the above criteria
can be adapted to extract the right-hand factor.
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