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We offer some comments on series involving the Möbius function which approximate sums
over primes. To accomplish this, we utilize the derivative of the Gram series by applying
Riemann-Stieltjes integration. We offer a new formula connecting the derivative of the Gram
series to the Riesz function, which we then use to obtain general integral relationships.

1. Introduction. Let as usual π(x) denote the number of primes less than or equal to x.
Throughout we will use the notation f1(x) ∼ f2(x) to mean that limx→∞ f1(x)/f2(x) = 1.
The function π(x) has a rich history in the theory of numbers, with approximations (which
we denote by ≈) offered by Gauss and Legendre [8, p.41]. Namely, Gauss had offered

π(x) ≈
∫ x

2−

dy

log(y)
.

Another now well-known approximation is the Gram series ([8, p.51, eq.(2.27)])

π(x) ≈ 1 +
∑
n≥1

(log(x))n

n!nζ(n+ 1)
:= H(x),

where as usual, ζ(s) =
∑

n≥1 n
−s is the Riemann zeta function for Re(s) > 1 ([2, 10]). The

extent to which H(x) is a better approximation to π(x) than Gauss’s logarithmic integral
has been detailed in [2, p.35]. Namely from [2, p.36], we know that

π(x)−H(x) = O

( √
x

log(x)

)
, x → ∞.

According to a statement by Ramanujan ([1, p. 117, Entry 8]), as x → ∞, we have “formally”,

∂π

∂x
≈ 1

x log(x)

∑
n≥1

µ(n)

n
x1/n. (1)

Here µ(n) is the Möbius function ([10, p.3]). One proof noted therein mentions differenti-
ating Riemann’s series for π(x), which is essentially equivalent to H(x) written in terms of
the logarithmic integral. It is stated in [1, p.117] that (1) is taken as a formal statement.
It appears there is little discussion in the literature on applications of (1), or its effecti-
veness in approximating ∂π

∂x
. However, Ramanujan provided an example for the prime sum∑

p log(p)p
−s in [1, p.117, Entry 7]. Note the right side of (1) is monotonically decreasing,

and is therefore Riemann integrable. Hence, if we denote the right side as H ′(x), then∫
f(x)dH =

∫
f(x)H ′(x)dx.
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By Riemann-Stieltjes integration and (1),∫ X

1

f(x)dπ ≈
∫ X

1

f(x)dH =

∫ X

1

f(x)H ′(x)dx = −
∫ − log(X)

0

e−xf(e−x)H ′(e−x)dx =

=

∫ − log(X)

0

f(e−x)

x

(∑
n≥1

µ(n)

n
e−x/n

)
dx.

If we choose f(x) = x log(x), then∫ X

1

f(x)dπ =
∑
p≤X

p log(p),

where the sum on the right is over primes p. On the other hand∫ − log(X)

0

f(e−x)

x

(∑
n≥1

µ(n)

n
e−x/n

)
dx = −

∫ − log(X)

0

e−x

(∑
n≥1

µ(n)

n
e−x/n

)
dx.

Interchanging the sum and integral by absolute convergence gives∑
p≤X

p log(p) ≈
∑
n≥1

µ(n)

n+ 1
(X1+1/n − 1). (2)

The right side of (2) converges conditionally for X ≥ 0, by the alternating series test and
the facts that µ(n) is zero for many n and

∑
n≥1 µ(n)/n = 0.

For another interesting application of H(x), first recall [10, p.52, eq.(3.7.2)], for Re(s) > 1,

log(ζ(s))

s
− ω(s) =

∫ ∞

2

π(x)

xs+1
dx, (3)

where
ω(s) =

∫ ∞

2

π(x)

xs+1(xs − 1)
dx.

This formula was used by Titchmarsh to prove the prime number theorem ([10, p.51,
eq.(3.7.1)]). If we employ the approximation H(x) to the right side of (3), we get by absolute
convergence for Re(s) > 1,

log(ζ(s))

s
− ω(s) =

1

s2s
+
∑
n≥1

s−n−1Γ(n+ 1, s log(2))

nn!ζ(n+ 1)
+O

(
Ei
(
−
(
s− 1

2

)
log(2)

))
,

where we used well-known notation for the incomplete gamma function

Γ(n+ 1, x) = xn+1

∫ ∞

1

yne−xydy,

and the exponential integral is given by

Ei(−x) := −
∫ ∞

x

e−y

y
dy.

This estimate involving Ei(−x) is derived from the estimate of π(x) − H(x) given in the
introduction [2, p.36], and the elementary integral evaluation x > 1, Re(s) > 1

2
,∫ ∞

s

x−u− 1
2du =

x−s− 1
2

log(x)
.

Since Ei(−x) decays exponentially for large x, we can write

log(ζ(s))

s
− ω(s) ∼ 1

s2s
+
∑
n≥1

s−n−1Γ(n+ 1, s log(2))

nn!ζ(n+ 1)
, (4)
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as s → ∞. Using the known property (the proof involves a change of variables and applies
the binomial theorem) that Γ(n+1, x) = n!e−x

∑
0≤k≤n x

k/k!, we can write the series on the
right-hand side of (4) as∑

n≥1

s−n−1Γ(n+ 1, s log(2))

nn!ζ(n+ 1)
= 2−s

∑
n≥1

s−n−1

nζ(n+ 1)

∑
0≤k≤n

(s log(2))k

k!
. (5)

Since ζ(n+1) ≥ 1, the series on the right side of (5) will converge faster that the geometric
series for log(1−s−1 log(2)) when k = 0. When k = n, the series is equal to (H(2)−1)s−12−s.
Hence, we have established convergence, as well as a new connection between H(2) and
log(ζ(s)). To prove the following theorem, we will use the concept of the Mellin transform,
which is defined by ([6, p.83, eq.(3.1.11)])

M(g)(s) :=

∫ ∞

0

ys−1g(y)dy.

The Mellin inversion formula is the line integral ([6, p.89])

M−1(g)(y) :=
1

2πi

∫
(c)

y−sM(g)(s)ds.

Riemann’s function ([8, p.46, eq.(2.13)] and [8, p.47, eq.(2.18)], or [2, p.22]) J(x) is defined
for c > 1, x > 1,

J(x) :=
1

2πi

∫
(c)

log(ζ(s))

s
xsds =

1

2

(∑
pn<x

1

n
+
∑
pn≤x

1

n

)
.

Theorem 1. We have for x > 2, c > 1,

J(x)− 1

2πi

∫
(c)

ω(s)xsds = 1 +
∑
n≥1

1

nζ(n+ 1)

∑
0≤k≤n

(log(2))k(log(x/2))n−k

k!(n− k)!
+O

( √
x

log(x)

)
≈

≈ 1 +
∑
n≥1

1

nζ(n+ 1)

∑
0≤k≤n

(log(2))k(log(x/2))n−k

k!(n− k)!
.

Proof. It is known ([10, p.52]) that ω(s) is uniformly convergent for Re(s) ≥ 1
2
+δ, δ > 0, and

also regular and bounded in this region. We apply the Mellin inversion ([6, p.80, eq.(3.1.5)])
to (4) (including the error term) with c > 1, and x > 2. For Re(s) = c > 1, we then have for
x > 2,

J(x)− 1

2πi

∫
(c)

ω(s)xsds =
1

2πi

∫
(c)

( 1

s2s
+
∑
n≥1

s−n−1Γ(n+ 1, s log(2))

nn!ζ(n+ 1)

)
xsds+O (h(x)) ,

where
h(x) =

1

2πi

∫
(c)

Ei
(
−
(
s− 1

2

)
log(2)

)
xsds.

Using (5), the first integral on the right-hand side becomes,
1

2πi

∫
(c)

( 1

s2s
+ 2−s

∑
n≥1

s−n−1

nζ(n+ 1)

∑
0≤k≤n

(s log(2))k

k!

)
xsds.

Recall [6, p.95, eq.(3.3.27)] (or differentiating [2, p.27, eq.(2)]), for n ≥ 0, x > 1, c > 0,

1

2πi

∫
(c)

xs

sn+1
ds =

(log(x))n

n!
.
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Applying this formula with the absolute convergence of the series gives the right side as

1 +
∑
n≥1

1

nζ(n+ 1)

∑
0≤k≤n

(log(2))k(log(x/2))n−k

k!(n− k)!
.

Convergence of this series is similar to the function H(x) upon inspection of the finite sum
when k = 0, and k = n. The result now follows after observing that taking the Mellin
transform of the error term

√
x/ log(x) gives the original formula involving the error term

O(−Ei(−(s− 1
2
) log(2)).

We remark that the integral on the right hand side of (3) can be evaluated using Abel’s
summation formula to obtain for Re(s) > 1,

1

s

∑
p

1

ps
=

1

s2s
+
∑
n≥1

s−n−1Γ(n+ 1, s log(2))

nn!ζ(n+ 1)
+O

(
Ei

(
−
(
s− 1

2

)
log(2)

))
.

As a consequence we have that∑
p

1

ps
∼ 1

2s
+
∑
n≥1

s−nΓ(n+ 1, s log(2))

nn!ζ(n+ 1)
(s → ∞).

2. Connection to the Riesz function. The Riesz function ([9]) may take the form∑
n≥1

µ(n)

n2
e−x/n2

=
1

2πi

∫
(c)

Γ(s)

ζ(2− 2s)
x−sds, (6)

for 0 < c < 1
2
. Riesz had replaced s by 1− s and multiplied both sides by x in (6). It is also

noted therein ([9]) that ∑
n≥1

µ(n)

n2
e−x/n2

= O(x−3/4+ϵ),

for every ϵ > 0 is equivalent to the Riemann Hypothesis (that all the non-trivial zeros of ζ(s)
are on the line Re(s) = 1

2
). Recent work on Riesz-type criteria includes ([4, 5]). However, it

appears no practical use of the Riesz function has been made outside of stating variations of
Riesz’s original criteria. Furthermore, the lack of progress toward the Riemann Hypothesis
from these criteria was noted in [10, p.382]. The purpose of this section is to show its relevance
to H ′(x). In particular, we will provide some connections to the right-hand side of (2) as
well as other series involving the Möbius function.

Note that standard tables for integrals ([3, p. 14, eq.(1)]) together with absolute converge
show that ∫ ∞

0

∑
n≥1

µ(n)

n
e−ax/n cos(wx)dx =

∑
n≥1

µ(n)
a

a2 + (wn)2
, (7)

and
a

∫ ∞

0

∑
n≥1

µ(n)

n2
e−a2y/n2

e−w2ydy =
∑
n≥1

µ(n)
a

a2 + (wn)2
. (8)

Therefore, applying Fourier cosine inversion to (7) and (8) shows (by [3, p.15, eq.(11)], and
[3, p.7, eq.(1)]) the following formula.

Theorem 2. For x > 0, a > 0,

π

2

∑
n≥1

µ(n)

n
e−ax/n = a

∫ ∞

0

∑
n≥1

µ(n)

n2
e−a2y/n2

(√
π

2
y−1/2e−x2/(4y)

)
dy. (9)
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Proof. We can prove this using the Mellin inversion under the assumption of the RH.
Parseval’s identity is [6, p.83, eq. (3.1.11)]∫ ∞

0

k(y)g(y)dy =
1

2πi

∫
(c)

M(k)(s)M(g)(1− s)ds, (10)

provided M(k)(s)M(g)(1 − s) is holomorphic on the line Re(s) = c. It is easy to see from
changing variables that for Re(s) < 1

2
,∫ ∞

0

ys−1
(
y−1/2e−x2/(4y)

)
dy =

(
x2

22

)s− 1
2

Γ

(
1

2
− s

)
. (11)

First note ([9]) that the Riemann Hypothesis is equivalent to the convergence of 1/ζ(s) for
Re(s) > 1

2
. If we apply (6) under the Riemann Hypothesis and (11) to Parseval’s theorem

(10), we have the right side of (9) (excluding the constants) is equal to

1

2πi

∫
(c)

(
x2

22

) 1
2
−s

Γ

(
1

2
− s

)
Γ(s)

ζ(2− 2s)
a−2sds,

for 1
2
< c < 3

4
. The integral has exponential decay due to Stirling’s formula ([6, p.121,

eq.(4.1.14)]),
Γ(σ ± it) = O

(
tσ−

1
2 e−π|t|/2

)
,

and the reciprocal of the Riemann zeta function having finite order ([10, p.377]) for
Re(s) > 1

2
,

1

ζ(s)
= O

(
|s|

σ − 1
2

)
.

Hence the horizontal sides of a rectangular contour with vertices (c,±iT ), (−N,±iT ), N > 0,
tend to zero when T → ∞. We shift this integral with s → s + 1, and use Legrendre’s
duplication formula Γ(s+ 1)Γ(s+ 1

2
) = sΓ(s)Γ(s+ 1

2
) = sΓ(2s)21−2s

√
π, to get

2
√
π

2πi

∫
(c+1)

x−2s−1 sΓ(2s)

ζ(−2s)
a−2s−2ds.

Replacing s by s/2 this is for −1 < d < −1
2
,

√
π

2πi

∫
(d)

x−1−s sΓ(s)

ζ(−s)
a−s−2ds.

We move the line of integration to the left by applying Cauchy’s residue theorem and
computing the residues at the poles s = −n, n ≥ 1, which gives

−
√
π
∑
n≥2

xn−1an−2n(−1)n

n!ζ(n)
=

√
π
∑
n≥1

xnan−1 (−1)n

n!ζ(n+ 1)
=

=
√
π
∑
n≥1

xnan−1 (−1)n

n!

∑
k≥1

µ(k)

kn+1
= a−1

√
π
∑
n≥1

µ(n)

n
(e−ax/n − 1) = a−1

√
π
∑
n≥1

µ(n)

n
e−ax/n.

Here the interchange of series is justified by absolute convergence. This completes the second
proof of (9) after multiplying through by a.

Using (9) and computations from the introduction we may now state a general result.
Let the truncated Laplace transform be denoted by

L(X, a) :=

∫ log(X)

0

f(x)e−axdx.
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Corollary 1. Assuming the integrals converge, we have for X > 0,

1

2

∑
n≥1

µ(n)

n
L
(
X,

a

n

)
=

∫ log(X)

0

f(x)

∫ ∞

0

∑
n≥1

µ(n)

n2
e−y/n2

(√
π

2
y−1/2e−x2/(4y)

)
dydx.

Proof. This follows from integrating (9) over a suitable function f(x).

For our next result, we need a theorem from [7] which involves (1). Let ρ denote the
non-trivial zeros of ζ(s).

Theorem 3 ([7], Theorem 2.1). Let x > 1, and assume that the zeros of ζ(s) are simple. A
solution to the singular Fredholm integral equation of the second kind

∆(x) = f(x) +

∫ ∞

0

sin(xt)∆(2πt)dt, f(x) =
π

2

∑
ρ

x−ρ

cos(πρ/2)ζ ′(ρ)
,

is given by

∆(x) =
∑
n≥1

µ(n)

n
e−x/n.

From [3, p.73], we know that for Re(α) > 0,∫ ∞

0

e−αx2

sin(yx)dx =
y

2α
1F1

(
1; 3/2;− y2

4α

)
, (12)

where 1F1 is the confluent hypergeometric function ([6, p.107])

1F1(a; b;x) :=
∑
n≥0

(a)n
(b)n

xn

n!
,

and (a)n = a(a+1) · · · (a+n−1). Hence, if we put a = 2π in (9), and take the sine transform,
we find by [7, Theorem 2.1] and (12) the following using Fubini’s theorem.

Theorem 4. Let x > 1, and assume that the zeros of ζ(s) are simple. Then,∑
n≥1

µ(n)

n
e−x/n − π

2

∑
ρ

x−ρ

cos(πρ/2)ζ ′(ρ)
=

= 2π

∫ ∞

0

∑
n≥1

µ(n)

n2
e−2πy/n2 (√

πxy1/21F1(1; 3/2;−yx2)
)
dy.

We offer a formula for a more general sum than the one noted in the introduction. As
usual, erf(x) is the error function.

Theorem 5. For X > 1, r ≥ 1,
1

2

∑
n≥1

µ(n)

rn+ 1
(X−(r+1/n) − 1)) =

=

∫ ∞

0

∑
n≥1

µ(n)

n2
e−y/n2

(
eyr

2

(erf(2y(r + log(X)/(2y)))− erf(r2y))
)
dy.

Proof. Note that (by [3, p.146, eq.(21)] with [3, p.146, eq.(24), v = 1]),

∫ log(X)

0

e−rx−ax2

dx =

√
πer

2/(4a)
(
erf( r+2a log(X)

2
√
a

)− erf( r
2
√
a
)
)

2
√
a

. (13)
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In Corollary 1 we put f(x) = e−rx, r ≥ 1, using (13) to find that

1

2

∑
n≥1

µ(n)

rn+ 1
(X−(r+1/n) − 1) =

∫ log(X)

0

e−rx

∫ ∞

0

∑
n≥1

µ(n)

n2
e−y/n2

(√
π

2
y−1/2e−x2/(4y)

)
dydx =

=

∫ ∞

0

∑
n≥1

µ(n)

n2
e−y/n2

(π
2
eyr

2

(erf(2y(r + log(X)/(2y)))− erf(r2y))
)
dy.

The interchange of integrals is justified by Fubini’s theorem.
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