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This paper investigates the growth properties of analytic functions defined in the unit poly-
disc of Cn having bounded L-index in a direction. Special attention is devoted to the behavior of
such functions under composition and to the relationships between their growth characteristics
and the corresponding properties of their components. We establish new estimates for the
maximum modulus and propose sufficient conditions under which the composition preserves
given growth classes. The obtained results extend several known one-dimensional theorems to
the multidimensional setting and refine existing bounds in the theory of entire and analytic
functions. Furthermore, we analyze the interplay between the geometry of the polydisc and
the growth indicators, revealing specific features that arise in higher dimensions. At the end,
we consider one equation from the electromagnetism’s theory written by directional derivative
and study its analytic solutions.

1. Introduction. Let 0 = (0, . . . , 0), b = (b1, . . . , bn) ∈ Cn \ {0} be a given direction,
R+ = (0,+∞), Dn = {z = (z1, z2, . . . , zn) ∈ Cn : |zj| < 1, j ∈ {1, 2, . . . , n}} be the unit
polydisc, L : Dn → R+ be a continuous function such that for all z = (z1, z2, . . . , zn) ∈ Dn

L(z) > β max
1≤j≤n

|bj|
1− |zj|

, β = const > 1. (1)

In recent papers, there was introduced ([1,2]) a notion of boundedness of L-index in direction
for the class of analytic functions in the unit polydisc. These researches indicated necessary
and sufficient conditions of belonging function to this class. This class is characterized by
some directional logartihmic derivative estimates and some uniform distribution of zeros at
the slice in the direction, and some regular local behavior.

An analytic function F : Dn → C is called a function of bounded L-index in a direction b,
if there exists m0 ∈ Z+ such that for every m ∈ Z+ and every z ∈ Dn the following inequality
is valid

|∂m
b F (z)|

m!Lm(z)
≤ max

{
|∂k

bF (z)|
k!Lk(z)

: 0 ≤ k ≤ m0

}
, (2)

where

∂0
bF (z) = F (z), ∂bF (z) =

n∑
j=1

∂F (z)

∂zj
bj, ∂k

bF (z) = ∂b(∂
k−1
b F (z)), k ≥ 2.
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The definition was firstly introduced for entire functions of single variable in the classic paper
of B. Lepson ([3]) if L ≡ 1, b = 1, n = 1. The least integer m0 = m0(b) is called the L-index
in the direction b of an analytic function F and is denoted by Nb(F,L,Dn) = m0.

For a given z ∈ Dn we denote Dz = {t ∈ C : z + tb ∈ Dn}. In other words, Dz =
{
t ∈

C : |t| < min
1≤j≤n

1−|zj |
|bj |

}
. Here, if bj = 0 then we suppose 1−|zj |

|bj | = +∞. Denote

λb(η) = sup
z∈Dn

sup
t1,t2∈Dz

{
L(z + t1b)

L(z + t2b)
: |t1 − t2| ≤

η

min{L(z + t1b), L(z + t2b)}

}
.

The notation Qb(Dn) stands for a class of positive continuous functions L : Dn → R+,
satisfying (1) and (∀η ∈ [0, β]) one has λb(η) < +∞.

2. Growth of analytic functions in Dn of bounded L-index in the direction. We
denote a+ = max{a, 0}. Set u(r) = u(z0, θ, r) = L(z0 + reiθb). The growth estimates of
entire function of bounded l-index were obtained by A. Kuzyk and M. Sheremeta in [4]. They
applied main results of Wiman-Valiron’s theory to deduce these results for entire functions
of one variable. But we do not know direct simple analogs of Wiman-Valiron’s theory for
analytic function in the unit polydisc. The known analogs assume additional restrictions by
the analytic functions. Therefore, we used other condition by the functions L.

Theorem 1. Let L : Dn → R+ be a continuous function satisfying (1) and for every z0 ∈ Dn

and every θ ∈ [0, 2π] the function u(r, z0, θ) be a continuously differentiable function of real
variable r ∈ [0, R), where R = R(z0, θ) = min{R ∈ R+ : |z0j + Reiθbj| = 1, j ∈ {1, . . . , n}}.
If an analytic function F : Dn → C is of bounded L-index in the direction b ∈ Cn \ {0} then
∀z0 ∈ Dn, ∀θ ∈ [0, 2π], ∀r ∈ [0, R) ∀p ∈ Z+ one has

lnmax
|t|=r

(
|∂p

bF (z0+tb)|
p!Lp(z0+tb)

)
≤ lnmax

{
|∂k

bF (z0)|
k!Lk(z0)

: 0≤k≤N

}
+

+ max
θ∈[0,2π]

∫ r

0

{
(N + 1)L(z0 + teiθb) +N

(−u′
t(z

0, θ, t))+

L(z0 + teiθb)

}
dt (3)

If, in addition, for every z0 ∈ Dn, θ ∈ [0, 2π] one has (−u′
r(z

0, θ, r))
+
/(L2(z0 + reiθb)) → 0

as max
1≤j≤n

|z0j + reiθbj| → 1 then for every z0 ∈ Dn and θ ∈ [0, 2π] one has

lim
max

1≤j≤n
|z0j+reiθbj |→1

ln |F (z0 + reiθb)|∫ r

0
L(z0 + teiθb)dt

≤ Nb(F,L,Dn) + 1. (4)

Proof. Our proof is similar to proof of one-dimensional result ([4]) for entire functions.
Denote N = Nb(F,L,Dn). For fixed z0 ∈ Dn and θ ∈ [0, 2π] we consider the function

g(r) = max

{
|∂k

bF (z0 + reiθb)|
k!Lk(z0 + reiθb)

: 0 ≤ k ≤ N

}
. (5)

Since the function |∂k
bF (z0+reiθb)|

k!Lk(z0+reiθb)
is continuously differentiable by real r ∈ [0, R), the

function g is continuously differentiable on [0, R), apart from, possibly, a countable set and

g′(r)≤max

{
d

dr

(
|∂k

bF (z0+reiθb)|
k!Lk(z0+reiθb)

)
: 0≤k≤N

}
≤

≤ max
0≤k≤N

{
|∂k+1

b F (z0 + reiθb)|
k!Lk(z0 + reiθb)

− |∂k
bF (z0 + reiθb)|

k!Lk(z0 + reiθb)

ku′(r)

L(z0 + reiθb)

}
≤
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≤max
{ |∂k+1

b F (z0 + reiθb)|
(k + 1)!Lk+1(z0 + reiθb)

(k + 1)L(z0 + reiθb)+
|∂k

bF (z0 + reiθb)|
k!Lk(z0+reiθb)

k×

× (−u′(r))+

L(z0 + reiθb)
: 0 ≤ k ≤ N

}
≤ g(r)

(
(N + 1)L(z0 + reiθb) +N

(−u′(r))+

L(z0 + reiθb)

)
.

Thus, we have d
dr
ln g(r) ≤ (N + 1)L(z0 + reiθb) +N (−u′(r))+

L(z0+reiθb)
. Since F is a function of

bounded L-index in the direction b and N is the L-index in the direction b we have g(r) ̸= 0
and ln g(r) is continuous function. Thus,

g(r) ≤ g(0) exp

{∫ r

0

(
(N+1)L(z0+teiθb)+N

(−u′(t))+

L(z0+teiθb)

)
dt

}
.

Therefore, ln g(r) ≤ ln g(0) +
∫ r

0

(
(N+1)L(z0+teiθb) +N (−u′(t))+

L(z0+teiθb)

)
dt. Using (5), we

obtain (3). If, in addition, for every z0 ∈ Dn and θ ∈ [0, 2π] one has (−u′
r(z

0, θ, r))
+
/(L2(z0+

reiθb)) → 0 as max1≤j≤n |z0j + reiθbj| → 1, then

g(r) ≤ g(0) exp

{
(N + 1)

∫ r

0

(
L(z0 + teiθb) +

(−u′
t(z

0, θ, t))+

L(z0 + teiθb)

)
dt

}
=

= g(0) exp

{
(N + 1)(1 + o(1))

∫ r

0

L(z0 + teiθb)dt

}
.

Thus, |F (z0+reiθb)|≤g(r) ≤ g(0) exp
{
(N+1)(1+o(1))

∫ r

0
L(z0+teiθb)dt

}
as max

1≤j≤n
|z0j +

reiθbj| → 1 for every θ ∈ [0, 2π], z0 ∈ Dn, whence

ln |F (z0+reiθb)| ≤ g(0)+(N+1)(1+o(1))

∫ r

0

L(z0+teiθb)dt as max
1≤j≤n

|z0j +reiθbj| → 1. (6)

Moreover, for every z0 ∈ Dn and θ ∈ [0, 2π] we have

lim
max

1≤j≤n
|z0j+reiθbj |→1

ln |F (z0 + reiθb)|∫ r

0
L(z0 + teiθb)dt

≤ Nb(F,L,Dn) + 1.

Remark 1. If we put z0 = 0 then estimate (6) implies the following inequality

lim
r→1/ max

1≤j≤n
|bj |

lnmax{|F (tb)| : |t| = r}
max

θ∈[0,2π]

∫ r

0
L(teiθb)dt

≤ Nb(F,L,Dn) + 1.

Denote u(r, θ) = l(reiθ). For n = 1 we deduce corollaries.

Corollary 1. Let D = {z ∈ C : |z| < 1}, l : D → R+ be a continuous function such that
for all z ∈ D l(z) > β

1−|z| (β > 1 is a some constant)and for every θ ∈ [0, 2π] the function
l(reiθ) be a continuously differentiable function of real variable t ∈ [0, 1). If f(z) is an analytic
function of bounded l-index then for every integer p ≥ 0

lnmax
|t|=r

|f (p)(t)|
p!lp(t)

≤ ln max
0≤k≤N

|f (k)(0)|
k!lk(0)

+ max
θ∈[0,2π]

∫ r

0

{
(N + 1)l(teiθ) +N

(−u′
t(t, θ))

+

l(teiθ)

}
dt. (7)

If, in addition, (−u′
r(r, θ))

+/l2(reiθ) → 0 as r → 1 uniformly with respect to θ ∈ [0, 2π] then

lim
r→1

max
θ∈[0,2π]

ln |f(reiθ)|∫ r

0
l(teiθ)dt

≤ N(f, l) + 1, (8)

holds, where N(f, l) is the l-index of the function f.
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For n = 1 corresponding corollary is an improvement of similar result of Sheremeta and
Strochyk ([6]) because we do not assume that l = l(|z|) and it matches with one-dimensional
corrollary from growth estimates for analytic functions in the unit ball with bounded L-index
in direction ([5]).

Corollary 2. Let F : Dn → C be an analytic function of bounded L-index in the direction b,
N = Nb(F,L,Dn) and z0 be a fixed point in Dn such that F (z0) = 1. Then for every
r ∈ [0, min

1≤j≤n

1−|z0j |
|bj | ) the next inequality is valid∫ r

0

n(t, z0, 1/F )

t
dt ≤ lnmax{|F (z0 + tb)| : |t| = r} ≤ ln max

0≤k≤N

|∂k
bF (z0)|

k!Lk(z0)
+

+ max
θ∈[0,2π]

∫ r

0

{
(N + 1)L(z0 + teiθb) +N

(−u′
t(t, θ))

+

L(z0 + teiθb)

}
dt.

Proof. We consider the function F (z0 + tb) as a function of one variable t. Thus, the first
inequality follows from the classical Jensen’s Theorem. In addition, the second inequality
follows from (3) for p = 0.

There are known similar results to Theorem 1 for entire functions of one variable [4] and
for functions of one variable which are analytic in the unit disc [6].

3. L-index in direction in a domain compactly embedded in the unit polydisc.
Let D be an arbitrary bounded domain in Dn such that dist(D,Bn) > 0. If inequality (2)
holds for all z ∈ D instead Dn, then the analytic function F : Dn → C is called a function of
bounded L-index in the direction b in the domain D. The least such integer m0 is called the
L-index in the direction b ∈ Cn \ {0} in domain D and is denoted by Nb(F,L,D) = m0.
The notation D stands for a closure of the domain D.

Lemma 1. Let D be an arbitrary bounded domain in Dn such that d = dist(D,Dn) =
inf
z∈D

min
1≤j≤n

(1 − |zj|) > 0, β > 1, b ∈ Cn \ {0} be an arbitrary direction. If L : Dn → R+ is

continuous function such that L(z) ≥
β max

1≤j≤n
|bj |

d
, and F : Dn → C is analytic function such

that (∀z0 ∈ D) : F (z0 + tb) ̸≡ 0, then Nb(F,L,D) < ∞.

Proof. For every fixed z0 ∈ D we expand the analytic function F (z0 + tb) in a power series
by powers of t in the disc

{
t ∈ C : |t| ≤ 1

L(z0)

}
F (z0 + tb) =

∞∑
m=0

∂m
b F (z0)

m!
tm. (9)

The quantity |∂m
b F (z0)|
m!

is the modulus of a coefficient of the power series (9) at the point
t ∈ C such that |t| = 1

L(z0)
. Since F (z) is analytic function, for every z0 ∈ D

|∂m
b F (z0)|

m!Lm(z0)
→ 0

(m → ∞), i.e., there exists m0 = m(z0,b) such that inequality (2) holds at the point z = z0

for all m ∈ Z+.
We prove that sup{m0 : z

0 ∈ D} < +∞. On the contrary we assume that the set of all
values m0 is unbounded in z0, i.e., sup{m0 : z

0 ∈ D} = +∞. Hence, for every m ∈ Z+ there
exists z(m) ∈ D and pm > m∣∣∣∣ ∂pm

b F (z(m))

pm!Lpm(z(m))

∣∣∣∣ > max

{∣∣∣∣ ∂k
bF (z(m))

k!Lk(z(m))

∣∣∣∣ : 0 ≤ k ≤ m

}
. (10)
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Since {z(m)} ⊂ D, there exists subsequence z
′(m) → z′ ∈ G as m → +∞. By Cauchy’s

integral formula we have ∂p
bF (z)

p!
= 1

2πi

∫
|t|=r

F (z+tb)
tp+1 dt for any p ∈ N, z ∈ D. Rewrite (10) as

following

max
0≤k≤m

∣∣∣∣ ∂kF (z(m))

k!Lk(z(m))

∣∣∣∣ < 1

Lpm(z(m))

∫
|t|=r/L(z(m))

|F (z(m) + tb)|
|t|pm+1

|dt| ≤ max{|F (z)| : z ∈ Dr}
rpm

, (11)

where Dr =
⋃

z∗∈D{z ∈ Cn : |z − z∗| ≤ |b|r
L(z∗)

}. We can choose r ∈ (1, β), because F is a
function analytic in the unit polydisc . Evaluating the limit for every directional derivative
of fixed order in (11) as m → ∞ we obtain

(∀k ∈ Z+)]

∣∣∣∣ ∂k
bF (z′)

k!Lk(z′)

∣∣∣∣ ≤ lim
m→∞

1

rpm
max{|F (z)| : z ∈ Dr} ≤ 0.

Thus, all derivatives in the direction b of the function F at the point z′ equals 0 and
F (z′) = 0. In view of (9) F (z′ + tb) ≡ 0. It is a contradiction.

4. Growth and boundedness of L-index in direction of analytic solutions of di-
rectional equations. From Hayman’s Theorem for analytic functions in the unit polydisc
from [2] and Lemma 1, we yield the following corollary.

Corollary 3. Let L ∈ Qb(Dn), G be a domain compactly embedded in Dn such that d =

dist(D,Bn) = inf
z∈D

min
1≤j≤n

(1 − |zj|) > 0 and for all z ∈ G L(z) ≥ βmax1≤j≤n |bj |
d

. An analytic

function F : Dn → C has bounded L-index in the direction b if and only if there exist p ∈ Z+

and C > 0 such that for all z ∈ Dn \G the following relation holds

|∂p+1
b F (z)|
Lp+1(z)

≤ Cmax

{
|∂k

bF (z)|
Lk(z)

: 0 ≤ k ≤ p

}
. (12)

We denote a+ = max{a, 0}. Set u(r) = u(z0, θ, r) = L(z0+ reiθb). Let Wb(Dn) be a class
of positive continuous function L : Dn → R+ satisfying all following conditions:

1) for all z ∈ Dn L(z) > β max
1≤j≤n

|bj |
1−|zj | , where β = const > 1;

2) for every z0 ∈ Dn and every θ ∈ [0, 2π] the function u(r, z0, θ) be a continuously
differentiable function of real variable r ∈ [0, r0), where r0 = min

1≤j≤n
{s ∈ R+ : |z0j +

seiθbj| = 1};

3) for every z0 ∈ Dn, θ ∈ [0, 2π] one has
(

d
ds

1
L(z0+sreiθb)

∣∣
s=1

)+

→ 0 as max
1≤j≤n

|z0j+reiθbj| → 1,

i.e. r → r0.

The conditions 2) and 3) together can be replaced by some strict condition ∂b(1/L(ReiΘ))→0
as max1≤j≤n rj → 1, where ReiΘ = (r1e

iθ1 , . . . , rne
iθn), R = (r1, . . . , rn), θj ∈ [0, 2π], and

L(ReiΘ) is positive continuously differentiable function in each variable rj, j ∈ {1, . . . , n}.
Moreover, condition 3) is equivalent to (−u′

r(z
0,θ,r))+

L2(z0+reiθb)
→ 0 as r → r0. Beside, condition 1)

yields that
∫ r

0
L(z0+xeiθb)dx → +∞ as max

1≤j≤n
|z0j +reiθbj| → 1. First, we prove the following

lemma.
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Lemma 2. Let L ∈ Wb(Dn), F : Dn → C be an analytic function such that ∃R ∈ [0, 1)
∀z ∈ Dn |z| < R one has F (z + tb) ̸≡ 0. If there exist numbers p ∈ Z+, C > 0 such that for
all z ∈ Dn, |z| ≥ R, the inequality is true

|∂p+1
b F (z)|
Lp+1(z)

≤ Cmax

{
|∂k

bF (z)|
Lk(z)

: 0 ≤ k ≤ p

}
, (13)

then for every z0 ∈ Dn and for every θ ∈ [0, 2π] one has

lim
max

1≤j≤n
|z0j+reiθbj |→1

ln |F (z0 + reiθb)|
r∫
0

L(z0 + xeiθb)dx

≤ max{1, C}.

Proof. Let θ ∈ [0, 2π], z0 ∈ Dn be fixed and x ∈ [0, r0) be such that |z0 + xeiθb| ≥ R. We
define Ωz0(x) = max

{
|∂k

bF (z0+xeiθb)|
Lk(z0+xeiθb)

: 0 ≤ k ≤ p
}
. The function |∂k

bF (z0+xeiθb)|
Lk(z0+xeiθb)

is continuously
differentiable by real x ∈ [0, r∗], outside the zero set of function |∂k

bF (z0 + xeiθb)| because
L ∈ Wb(Dn). Thus, the function Ωz0(x) is a continuously differentiable function on [0, r∗],
apart from, possibly, a countable set. For absolutely continuous functions h1, h2, . . . , hk

and h(x) := max{hj(z) : 1 ≤ j ≤ k}, h′(x) ≤ max{h′
j(x) : 1 ≤ j ≤ k}, x ∈ [a, b] (see [7,

Lemma 4.1, p. 81]). The function Ωz0(x) is absolutely continuous. Therefore,

Ω′
z0(x) ≤ max

{
d

dx

(
1

Lk(z0 + xeiθb)
·
∣∣∂k

bF (z0 + xeiθb)
∣∣) : 0 ≤ k ≤ p

}
except on a countable set of points.

Using the inequality d
dx

|φ(x)| ≤
∣∣ d
dx
φ(x)

∣∣ , which holds for complex-valued function of
real argument except at the points x = t such that φ(t) = 0, in view of (13) we obtain

Ω′
z0(x) ≤ max

0≤k≤p

{
|eiθ|

∣∣∂k+1
b F (z0 + xeiθb)

∣∣
Lk(z0 + xeiθb)

−
∣∣∂k

bF (z0 + xeiθb)
∣∣ k · u′

x(z
0, θ, x)

Lk+1(z0 + xeiθb)

}
≤

≤ max
0≤k≤p

{∣∣∂k+1
b F (z0 + xeiθb)

∣∣
Lk+1(z0 + xeiθb)

L(z0 + xeiθb)−
∣∣∂k

bF (z0 + xeiθb)
∣∣

Lk(z0 + xeiθb)

ku′
x(z

0, θ, x)

L(z0 + xeiθb)

}
≤

≤ Ωz0(x)

(
CL(z0 + xeiθb) + p

(−u′
x(z

0, θ, x))+

L(z0 + xeiθb)

)
.

From condition 3) in the definition of the class Wb(Dn) we have u′
x(z

0, θ, x) = o(L2(z0 +
xeiθb)) as x → r0, then

Ω′
z0(x) ≤ Ωz0(x)(max{1, C}L(z0 + xeiθb) + pεL(z0 + xeiθb)) ≤ Ωz0(x)×

×L(z0 + xeiθb)(max{1, C}+ pε) ≤ Ωz0(x)L(z
0 + xeiθb)max{1, C}(1 + pε)

for all ε > 0 and for all x ∈ [x0(z
0, θ, ε), r0) outside a countable set of points for given z0 ∈ Dn

and θ ∈ [0, 2π] Hence, there exists r1 ≥ x0(z
0, θ, ε) such that

Ωz0(r) ≤ Ωz0(r1) · exp
{
(1 + pε)max{1, C}

∫ r

r1

L(z0 + xeiθb)dx

}
for every r ∈ [r1, r0). From the definition of Ωz0(x) for k = 0 we obtain that

|F (z0 + reiθb)| ≤ Ωz0(r1) · exp
{
(1 + pε)max{1, C}

∫ r

0

L(z0 + xeiθb)dx

}
,
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ln |F (z0 + reiθb)| ≤ lnΩz0(r1) + (1 + pε)max{1, C}
∫ r

0

L(z0 + xeiθb)dx,

ln |F (z0 + reiθb)|∫ r

0
L(z0 + xeiθb)dx

≤ lnΩz0(r1)∫ r

0
L(z0 + xeiθb)dx

+ (1 + pε)max{1, C}.

From this inequality for all z0 ∈ Dn and θ ∈ [0, 2π] we obtain that
lim

max
1≤j≤n

|z0j+reiθbj |→1

ln |F (z0+reiθb)|
r∫
0

L(z0+xeiθb)dx
≤ max{1, C}.

Using proved lemma we formulate and prove proposition providing growth estimates of
analytic solutions of the partial differential equation

g0(z)∂
p
bF (z) + g1(z)

∂p−1F (z)

∂bp−1
+ · · ·+ gp(z)F (z) = h(z). (14)

Let us denote QWb(Dn) = Qb(Dn) ∩Wb(Dn).

Theorem 2. Let L ∈ QWb(Dn), functions g0, g1, .., gp, and h be analytic in the unit polydisc
and there exists R ∈ [0, 1) such that for all z ∈ Dn, |z| ≥ R, the following conditions hold

1) |gj(z)| ≤ mjL
j(z)|g0(z)| for 1 ≤ j ≤ p;

2) |∂bgj(z)| < Mj · Lj+1(z)|g0(z)| for 0 ≤ j ≤ p;

3) |∂bh(z)| ≤ M · L(z) · |h(z)|,
where mj and M are nonnegative constants and Mj are positive constants. If an analytic
function F : Dn → C satisfies equation (14) and ∀z ∈ Dn, |z| < R, F (z+ tb) ̸≡ 0 then F has
bounded L-index in the direction b and for all z0 ∈ Dn, θ ∈ [0, 2π]

lim
max

1≤j≤n
|z0j+reiθbj |→1

ln |F (z0 + eiθrb)|
r∫
0

L(z0 + teiθb)dt

≤ max{1, C}, (15)

where C =
∑p

j=1Mj + (M + 1)
∑p

j=1 mj +M.

Proof. First, we note that the second condition of the theorem with j = 0 implies that
g0(z) ̸= 0 for z ∈ Dn, |z| ≥ R. Taking into account that the function F (z) satisfies equation
(14), we calculate the derivative in the direction b for this equation

g0(z)∂
p+1
b F (z)+

p∑
j=0

∂bgj(z)∂
p−j
b F (z)+

p∑
j=1

gj(z)∂
p−j+1
b F (z)+

p∑
j=1

gj(z)∂
p−j+1
b F (z)=∂bh(z).

(16)

By condition 3), we obtain |∂bh(z)| ≤ ML(z)h(z) ≤ ML(z)
∑p

j=0 |gj(z)|
∣∣∂p−j

b F (z)
∣∣ . By (16)

∂p+1
b F (z) = 1

g0(z)

(
∂bh(z)−

∑p
j=0 ∂bgj(z) · ∂

p−j
b F (z)−

∑p
j=1 gj(z)∂

p−j+1
b F (z)

)
. Putting in

the first condition of the theorem m0 = 1, in view of the second condition we obtain∣∣∂p+1
b F (z)

∣∣ ≤ 1

g0(z)

(
ML(z)

p∑
j=0

|gj(z)|
∣∣∂p−j

b F (z)
∣∣+ p∑

j=0

|∂bgj(z)|
∣∣∂p−j

b F (z)
∣∣+
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+

p∑
j=1

|gj(z)|
∣∣∂p−j+1

b F (z)
∣∣ ) ≤ ML(z)

p∑
j=0

mjL
j(z)

∣∣∂p−j
b F (z)

∣∣+
+

p∑
j=0

MjL
j+1(z)

∣∣∂p−j
b F (z)

∣∣+ p∑
j=1

mjL
j(z)

∣∣∂p−j+1
b F (z)

∣∣ .
Dividing this inequality by Lp+1(z), we obtain

1

Lp+1(z)

∣∣∂p+1
b F (z)

∣∣ ≤ M

p∑
j=0

mj
1

Lp−j(z)

∣∣∂p−j
b F (z)

∣∣+ p∑
j=0

Mj
1

Lp−j(z)
×
∣∣∂p−j+1

b F (z)
∣∣+

+

p∑
j=1

mj

∣∣∂p−j+1
b F (z)

∣∣
Lp−j+1(z)

≤
(
M

p∑
j=0

mj +

p∑
j=0

Mj +

p∑
j=1

mj

)
max

{
|∂k

bF (z)|
Lk(z)

: 0 ≤ k ≤ p

}
=

=
(
(M + 1)

p∑
j=1

mj +

p∑
j=0

Mj +M
)
max

{
1

Lk(z)

∣∣∂k
bF (z)

∣∣ : 0 ≤ k ≤ p

}
for all z ∈ Dn, |z| ≥ R. Thus, by Lemma 2 estimate (15) holds, and by Corollary 3 the
analytic function F (z) is of bounded L-index in the direction b.

In the case when equation (14) is homogeneous, the previous theorem can be simplified.

Theorem 3. Let L ∈ QWb(Dn), functions g0, g1, . . . , gp be analytic in the unit polydisc
and there exists R ∈ [0, 1) such that for all z ∈ Dn, |z| ≥ R, one has |gj(z)| ≤ mjL

j(z)|g0(z)|
for 1 ≤ j ≤ p, where mj are some nonnegative constants. If an analytic function F : Dn → C
satisfies equation (14) with h(z) ≡ 0 and ∀z ∈ Dn, |z| < R, F (z + tb) ̸≡ 0 then F (z) is of
bounded L-index in the direction b and for all z0 ∈ Dn, θ ∈ [0, 2π]

lim
max

1≤j≤n
|z0j+reiθbj |→1

ln |F (z0 + eiθrb)|
r∫
0

L(z0 + teiθb)dt

≤ max

{
1,

p∑
j=1

mj

}
. (17)

Proof. Equation (14) implies g0(z)∂p
bF (z) = −

∑p
j=1 gj(z)∂

p−j
b F (z). Then |g0(z)| |∂p

bF (z)| ≤∑p
j=1 |gj(z)|

∣∣∂p−j
b F (z)

∣∣ . Dividing the obtained inequality by g0(z)L
p(z) and using assumpti-

ons of the theorem by the functions gj(z), we obtain
1

Lp(z)
|∂p

bF (z)| ≤
p∑

j=1

∣∣∣ gj(z)g0(z)

∣∣∣ |∂p−j
b F (z)|
Lp(z)

≤
p∑

j=1

mj

Lp−j(z)

∣∣∂p−j
b F (z)

∣∣ ≤ p∑
j=1

mj max
0≤k≤p−1

|∂k
bF (z)|
Lk(z)

.

Thus, all conditions of Corollary 3 are obeyed. Hence, the function F is of bounded
L-index in the direction b and by Lemma 2 estimate (17) is true.

Below there is presented an example of a directional derivative equation from electromag-
netism theory (all formnulas and notation are based on [8]). For electric field E(r, t) one has

(s · ∇)E+ µσE+ µε
∂E

∂t
= 0, (18)

where s·∇ is the derivative in the direction of wave propagation, µ is the magnetic permeabi-
lity, ε is the dielectric permittivity, σ is the media conductivity.

This equation can describe a damped wave in a conductive medium (for example, in
a transformer or a cable). It can be interpreted as: the projection of the wave equation
onto the direction of propagation (or along a line), that is, as a simplified (directional)
form of Maxwell’s equations in a conducting medium. It corresponds to waves in cables,
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waves in transformers, and signal attenuation in conductors. The equation with the term
µσE describes losses (heating), the term µε∂E

∂t
describes the wave nature, the operator

∇ describes the spatial propagation. Equation (18) can be deduced from the differential
form of Maxwell’s equation for conducting medium without free charges (i.e. ∇ · E ≈ 0):{
∇× E = −µ∂H

∂t
;

∇×H = σE+ ε∂E
∂t
,

where σE = J is the conductive current (Ohm’s law), ε∂E
∂t

is the

bias current. Using our notations from Introduction, equation (18) can be rewritten as
the following ∂bE + µσE = 0, where b = (s, µε). So, by analog of Theorem 3 for enti-
re functions Equation (18) has entire solutions E every of which is of bounded index in
the direction b and their growth does not exceed exp{mmax {1, µσ}} as m → +∞ and
E = E(r + eiθms, t + eiθmµσ). But in a general case µ = µ(r), ε = ε(r), σ = σ(r). This
means that the medium is inhomogeneous, with properties that vary spatially (for example,
multilayer cables (insulation, conductor, shield), soil with varying conductivity, electric motor
windings, waveguides with dielectric inserts). If µ, σ are constants and σ(r) is the analytic
function in the polydisc, we can apply Theorem 3 and obtain conlusion about boundedness
of L-index in the direction b for some L and all analytic solutions E.
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