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GROWTH ESTIMATES FOR ANALYTIC FUNCTIONS IN THE UNIT
POLYDISC WITH BOUNDED L-INDEX IN DIRECTION

A. 1. Bandura, Ya. V. Batsala. Growth estimates for analytic functions in the unit polydisc with
bounded L-index in direction, Mat. Stud. 65 (2026), 148-156.

This paper investigates the growth properties of analytic functions defined in the unit poly-
disc of C™ having bounded L-index in a direction. Special attention is devoted to the behavior of
such functions under composition and to the relationships between their growth characteristics
and the corresponding properties of their components. We establish new estimates for the
maximum modulus and propose sufficient conditions under which the composition preserves
given growth classes. The obtained results extend several known one-dimensional theorems to
the multidimensional setting and refine existing bounds in the theory of entire and analytic
functions. Furthermore, we analyze the interplay between the geometry of the polydisc and
the growth indicators, revealing specific features that arise in higher dimensions. At the end,
we consider one equation from the electromagnetism’s theory written by directional derivative
and study its analytic solutions.

1. Introduction. Let 0 = (0,...,0), b = (by,...,b,) € C"\ {0} be a given direction,
Ry = (0,400), D" = {z = (21,29,...,2) € C": |z;| < 1,j € {1,2,...,n}} be the unit
polydisc, L: D™ — R, be a continuous function such that for all z = (21, 29,...,2,) € D"

—J B =const > 1. (1)

In recent papers, there was introduced (|1,2]) a notion of boundedness of L-index in direction
for the class of analytic functions in the unit polydisc. These researches indicated necessary
and sufficient conditions of belonging function to this class. This class is characterized by
some directional logartihmic derivative estimates and some uniform distribution of zeros at
the slice in the direction, and some regular local behavior.

An analytic function F': D" — C is called a function of bounded L-index in a direction b,
if there exists mg € Z, such that for every m € Z, and every z € D" the following inequality
is valid

05 F(2)] OB F(2)]
mgma}{{w: nggmo}, (2)
where
NF(z) = F(2),0F(2) = Z 8§£j)bj, OLF(2) = Ou(OF ' F(2)), k> 2.
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The definition was firstly introduced for entire functions of single variable in the classic paper
of B. Lepson (|3]) if L =1, b =1, n = 1. The least integer my = mq(b) is called the L-index
in the direction b of an analytic function F' and is denoted by Ny(F, L,D") = my.

For a given z € D" we denote D, = {t € C: z +tb € D"}. In other words, D, = {t €

C: |t| < lrgnjign 1|_b|jz|j‘ } Here, if b; = 0 then we suppose 1|_b|jz|j‘ = +4o00. Denote
L(z +t,b) n }
A = sup su — |t — | < — .
b(1) = sup e {L(z ) =t < min{L(z + t,b), L(z + t2b)}

The notation @, (D™) stands for a class of positive continuous functions L: D" — R,
satisfying (1)) and (Vn € [0, 5]) one has \p(n) < +o0.

2. Growth of analytic functions in D" of bounded L-index in the direction. We
denote a* = max{a,0}. Set u(r) = u(z°,0,r) = L(2° + re?b). The growth estimates of
entire function of bounded I-index were obtained by A. Kuzyk and M. Sheremeta in [4]. They
applied main results of Wiman-Valiron’s theory to deduce these results for entire functions
of one variable. But we do not know direct simple analogs of Wiman-Valiron’s theory for
analytic function in the unit polydisc. The known analogs assume additional restrictions by
the analytic functions. Therefore, we used other condition by the functions L.

Theorem 1. Let L: D" — R, be a continuous function satisfying and for every 2° € D"
and every 0 € [0,2x] the function u(r, 2°,6) be a continuously differentiable function of real
variable r € [0, R), where R = R(2°,0) = min{R € R, : |29+ Re”b;| =1, je{1,...,n}}.
If an analytic function F': D™ — C is of bounded L-index in the direction b € C"\ {0} then
V20 e D" V0 € [0,27], Vr € [0, R) Vp € Z, one has

» 0 k 0
lnmax(|8bF(Z—+tb>|> < lnmax{w: OSkSN}—l—

lt=r \ p!LP(20+tb) K!LF(20)
: iy 4 G .0)"
N4 DLE + teb) + N LI
+92[106,L2}§r]/0 {( + DL+ teb) + L(2° + te'b) 3)

If, in addition, for every z° € D", 6 € [0,2x] one has (—u’.(z°,0,7))" /(L*(z° + re?b)) — 0

as max |29 +reb;| — 1 then for every z° € D" and 0 € [0, 27] one has
<jsn

— In |F(2° + reb)|
i - , < Ny(F,L,D") + 1. 4
max \z?li?ewbjml Jo L(2° 4 tei®b)dt — bl )+ @)

1<

Proof. Our proof is similar to proof of one-dimensional result ([4]) for entire functions.
Denote N = Ny,(F, L,D"). For fixed 2z € D" and 6 € [0,27] we consider the function

o(r) = max |OFF(2° + reb)|
E!L* (20 + reifb)

;ogk;gN}. (5)

|B{§F(zo+rewb)|
k!Lk(20+4reifb)
function ¢ is continuously differentiable on [0, R), apart from, possibly, a countable set and
d (|OFF(2°+reb)|
'(r) < — [ =E : (0<k<N <
gir) —max{ dr ( RILF(0treb) ) - =0 =0 =
OFTF(2° + re®b)|  |0FF(2° +1e?b)|  ku'(r) -
E!L* (20 + reifb) EILF (20 + reib) L(2° + re®b) | —

Since the function is continuously differentiable by real r € [0, R), the

< max
0<k<N
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0P F (20 + reifb))| |OFF(2° + reb)|
(k + 1)ILF1(20 + retfb) EIL*(20+reib)
(=u'(r)" 0 (=u'(r)"
el 0K SN < N+1)L Oh) 4 N
% L(z0+refb)  —  — < g(r) { (N + DLE" +7eb) + L(2° + reifb)
Thus, we have £1ng(r) < (N + 1)L(2° + reb) + NW Since F is a function of
bounded L-index in the direction b and N is the L-index in the direction b we have g(r) # 0
and In g(r) is continuous function. Thus,

g(r) < g(0)exp {/0 <(N—I—1)L(z +tewb)+NLEZ+%) dt} .

Therefore, In g(r) < Ing(0)+ f; (( ( N+1)L(z —l—tezob)%—]\fm) dt. Using (), w
obtain (3)). If, in addition, for every 2° € D™ and 6 € [0, 27] one has (—u/.(2°, 6 )T /(Lz(z +

reb)) — 0 as maxi<j<p |20 + reb;| — 1, then

r A (0.0 Zf))+
< N+1 L(0 + teib) 4 S0 dt o =
g<r>_g<o>exp{< w0 [ (p ey CHEE
= ¢g(0) exp {(N +1)(1+ 0(1))/ L(Z° + teb)dt
Thus, |F(2°+re?b)| < g(r) < g(0)exp {(N+1)(1+0(1)) [; L(z°+teb)dt} as 1I£1Ja§|z?+

<max { (k+1)L(z° + reb)+

re?b;| — 1 for every 0 € [0,2n], 2° € D", whence

In|F(2°+7re®b)| < g(O)—l—(N—l—l)(l—l—o(l))/ L(2°+te”b)dt as max [2)+reb;| — 1. (6)
0

1<5<n

Moreover, for every z° € D" and 6 € [0, 27r] we have
— In |F(2° + reb)|
im

max \zo—l—rewb |—1 fO ZO + tewb)dt

1<j

< Np(F,L,D") + 1.

Remark 1. If we put 2° = 0 then estimate @ implies the following inequality

o mad{FUb): [ =r} e pey g
r—1/ max |b;] max f L te“’b)d
1<j<n oc

Denote u(r, ) = I(re). For n = 1 we deduce corollaries.

Corollary 1. Let D = {z € C: |z| < 1}, I: D — Ry be a continuous function such that
forall z €D I(z) > ljz| (B > 1 is a some constant)and for every 6 € [0, 27| the function
I(re') be a continuously differentiable function of real variable t € [0,1). If f(z) is an analytic
function of bounded l-index then for every integer p > 0

/P )] S ®(0)]

m m ' / —ui(t,0))"
! <1 N+ D)+ v EuEOT L
PSS plr(e) ~ ogken KR (0) +ee[o?§§r]/0 {( +1)ite”) + (te) dt. (7)

If, in addition, (—u..(r,0))* /I>(re?®) — 0 as r — 1 uniformly with respect to 6 € [0, 27| then

— In|f(re”)] _
I S ATE T
Pl 02[10&2};] f I(te??) dt N+ (8)

holds, where N(f,1) is the l-index of the function f.
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For n = 1 corresponding corollary is an improvement of similar result of Sheremeta and
Strochyk (|6]) because we do not assume that [ = [(|z|) and it matches with one-dimensional
corrollary from growth estimates for analytic functions in the unit ball with bounded L-index
in direction (]5]).

Corollary 2. Let F': D" — C be an analytic function of bounded L-index in the direction b,

N = Ny(F, L ID)") and 2° be a fixed point in D" such that F(z°) = 1. Then for every
—1%

r € [0, min | l) the next inequality is valid

1<j<n I

b;
n(t, 2%, 1/F) 0 —|8kF(ZO)‘
]ﬁ t dt < Inmax{|F'(z" +tb)|: [t| =7} <In max KILF(20)

+ max / (N +1)L(z° + te*b) +NM dt
0€[0,27] Jo L(ZO + te“’b) .
Proof. We consider the function F(z° + tb) as a function of one variable ¢. Thus, the first

inequality follows from the classical Jensen’s Theorem. In addition, the second inequality
follows from for p = 0. O]

There are known similar results to Theorem 1| for entire functions of one variable [4] and
for functions of one variable which are analytic in the unit disc [6].

3. L-index in direction in a domain compactly embedded in the unit polydisc.
Let D be an arbitrary bounded domain in D™ such that dist(D,B") > 0. If inequality
holds for all z € D instead D", then the analytic function F': D* — C is called a function of
bounded L-index in the direction b in the domain D. The least such integer my is called the
L-index in the direction b € C*\ {0} in domain D and is denoted by Ny(F,L,D) = my.
The notation D stands for a closure of the domain D.

Lemma 1. Let D be an arbitrary bounded domain in D" such that d = dist(D,D") =
inf min (1 — |z;]) >0, 8 > 1, b € C"\ {0} be an arbitrary direction. If L: D" — R is

zeD 1<j<n

B max |bj|
continuous function such that L(z) > 19;" , and F': D" — C is analytic function such

that (Vz° € D): F(2° +tb) # 0, then Ny(F, L, D) < cc.

Proof. For every fixed 2° € D we expand the analytic function F(z° + tb) in a power series
by powers of ¢ in the disc {¢t € C: [t| < ﬁ}

= O F(2°)
0 _ b m
F(2° +tb) = Zo—m! . (9)
The quantity m is the modulus of a coefficient of the power series @D at the point
t € C such that |t| = . Since F(z) is analytic function, for every z, € D ‘2, Li((zo))' — 0

(m — 00), i.e., there ex1sts mo = m(z% b) such that inequality (2] holds at the point z = 2°
forallme Z,.

We prove that sup{mg: 2° € D} < +oc0. On the contrary we assume that the set of all
values mg is unbounded in 2°, i.e., sup{mg: 2° € D} = +oc. Hence, for every m € Z, there
exists 2™ € D and p,, > m

R F (=)
pm!LPm(z(m)) > max

OE F(=m)
LR (20m)

‘:nggm}. (10)



152 A. 1. BANDURA, YA. V. BATSALA

Since {z(m)} C D, there exists subsequence 2™ — 2/ € G as m — 4o00. By Cauchy’s

integral formula we have a{;;(z) = Qim t|=r ;ﬁb dt for any p € N, z € D. Rewrite (| as
following
O F(zm) 1 F(z™ +tb F(2)]: z € D,
[P FE ) ma{|PE): 2 €D
osk<m [KILE(2(m) | Lem (20M) Jiy_ppaomy  [E[PmT rPm

where D, = [J,..p{z € C": |z — 2*|] < L“(DZ'T)} We can choose r € (1, ), because I is a

function analytic in the unit polydisc . Evaluating the limit for every directional derivative

of fixed order in as m — oo we obtain

OEF(2) 1
R B — : < 0.
RILF(2) lim max{|F(z)]: z € D,} <0

~ m—oo rPm

(Vk € Z,)]

Thus, all derivatives in the direction b of the function F' at the point 2’ equals 0 and
F(2') = 0. In view of (9) F(2' +tb) =0. It is a contradiction. O

4. Growth and boundedness of L-index in direction of analytic solutions of di-
rectional equations. From Hayman’s Theorem for analytic functions in the unit polydisc
from |2] and Lemma [l we yield the following corollary.

Corollary 3. Let L € Qu(D"), G be a domain compactly embedded in D" such that d =

dist(D,B") = inf min (1 —|2;|) > 0 and for all z € G L(z) > M An analytic
zeD 1<j5<n

function F': D™ — C has bounded L-index in the direction b if and only if there exist p € Z
and C' > 0 such that for all z € D™\ G the following relation holds

p+1 k
|ab F(z)| < Cmax{|abF(z)|

LrHi(2) L*(2) P0sks p} : (12)

We denote at = max{a, 0}. Set u(r) = u(2°,0,r) = L(2° +re?b). Let W3, (D") be a class
of positive continuous function L: D® — R, satisfying all following conditions:

1) forall ze D" L(z) > f max E’j‘v , where 3 = const > 1;
1<j<n 1=zl

2) for every 2° € D" and every 6 € [0,2x] the function u(r, z° 0) be a continuously
differentiable function of real variable r € [0,79), where ry = lr<1r1j£1 {s € Ry: |2) +
<jsn

0 :
seb;| = 1};
+
1 0 ppif
3) for every 2° € D", 0 € [0, 27] one has (dsm o 1) — 0as max |2} +reb;| — 1,
Le. r — ro.

The conditions 2) and 3) together can be replaced by some strict condition 9y (1/L(Re®®))— 0
as maxi<j<,r; — 1, where Re'® = (rie ... r,e®), R = (ri,...,m,), 0; € [0,27], and

L(Re™®) is positive continuously differentlable function in each variable r;, j € {1,...,n}.
(_u'/r(zovear))+

yields that fOT 2+ 2e¥b)dr — +o0 as nax \z +7reb;| — 1. First, we prove the following
<j<n

Moreover, condition 3) is equivalent to — 0 as r — 7. Beside, condition 1)

lemma.
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Lemma 2. Let L € Wy(D"), F': D" — C be an analytic function such that 3R € [0,1)
Vz € D" |z| < R one has F(z + tb) # 0. If there exist numbers p € Z,., C > 0 such that for
all z € D", |z| > R, the inequality is true

o5 F (=)
Lr+l(z)

SCmax{%:ngSp}, (13)

then for every 2 € D" and for every 6 € [0,27] one has
In |F(2° + reb)|

lim < max{1,C}.

max |294reifb;|—1 A .
25,1 i J L(2° + zeb)dx
0

Proof. Let 0 € [0,27], 2° € D" be fixed and = € [0,7) be such that |2° + ze?b| > R. We

k 0 6 k 0 0
define Q,0(z) = max {%: 0<k< p} . The function % is continuously

differentiable by real = € [0,7*], outside the zero set of function |0f F(2° + z¢“b)| because
L € Wy(D"™). Thus, the function ,0(x) is a continuously differentiable function on [0, 7*],
apart from, possibly, a countable set. For absolutely continuous functions hy, ho, ..., hs
and h(z) := max{h;(z): 1 < j <k}, W(r) < max{hj(z): 1 < j <k}, v € [a,0] (see [T,
Lemma 4.1, p. 81]). The function £.0(z) is absolutely continuous. Therefore,
1 A
Qo (x) < max {% (Lk(zo h) |05 F (2" + xe’eb)‘) 0<k< p}

except on a countable set of points.

Using the inequality - |p(z)| < |-Lp(z)|, which holds for complex-valued function of
real argument except at the points x = ¢ such that ¢(¢) = 0, in view of we obtain

k17000 i0
95" (2 + eb) — |0k F(2° + z"b)|

) Yy 00
Qo(z) < max {|e“9| k- u,(27,0,2) } <

~ 0<k<p LE(20 + zeb) LF+1(20 + zeifb)
k i i
< max { |OEH P (20 + we ’b)| L(: 4 2eh) — |OFF(2° + we "b)| kul(2°, 0,’x) } <
0<k<p U LFF1(20 + zeb) LF(20 + ze®b)  L(z° + ze?b)

(00,0
< 0 0 16 ( ux(’z Y )
< Qo(x) (CL(Z + ze"b) +p L(20 + 2eib)

From condition 3) in the definition of the class Wy(D") we have v, (2°,0,2) = o(L?(2° +
reb)) as x — rg, then

Qo () < Quo(x)(max{1, CYL(2" + 2¢b) + peL(2° + 2¢b)) < Qo () x
x L(2° + zeb) (max{1, C} + pg) < Qo(x)L(2° + 2eb) max{1, C}(1 + pe)

for all e > 0 and for all z € [z0(2°, 0, ), ry) outside a countable set of points for given 2° € D"
and 6 € [0, 2] Hence, there exists r; > x4(2°, 0, €) such that

Qo(r) < Quo(ry) - exp {(1 + pe) max{1,C} /r: L(2° + :Bewb)dx}

for every r € [r1, 7). From the definition of Q.o(x) for £ = 0 we obtain that

|F(2° 4+ reb)| < Quo(ry) - exp {(1 + pe) max{1, C’}/ L(2° + xeieb)da:} :
0
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In|F(2° 4+ reb)| < InQo(ry) + (1 + pe) max{1, C}/ L(2° + xe”b)dz,
0

In |F(2° + re’b)| < InQ0(ry)

- 1 1,C}.
Jo L(2° + ze®b)dx — [ L(z° 4 ze?b)dx (14 pe)max{l, C}

From this inequality for all 2° € D™ and 6 € [0, 27| we obtain that
Tim WIPEEreD) < max{1, C).

max |z0+r619b |—1 fL (204zeib)dx
1<5<

]

Using proved lemma we formulate and prove proposition providing growth estimates of
analytic solutions of the partial differential equation

w@RF ) + () 2 g, (PR = he). (14

Let us denote QWp(D"™) = Qp(D™) N W4, (D").

Theorem 2. Let L € QW (D"), functions g, g1, .-, gp, and h be analytic in the unit polydisc
and there exists R € [0,1) such that for all z € D", |z| > R, the following conditions hold

1) 1g;(2)] < m;Li(2)|go(2)| for 1 < j < p;
2) |8bg;(2)| < M, - LI*1(2)|go(=)]| for 0 < j < p:
3) |0bh(z)| < M - L(z) - [n(2)],

where m; and M are nonnegative constants and M; are positive constants. If an analytic

function F': D" — C satisfies equation andVz € D", |z| < R, F(z+tb) # 0 then F has
bounded L-index in the direction b and for all z° € D", 6 € [0, 27]

o In|F(z° 16 b
lim n| (" +eTrb)] < max{1,CY}, (15)

1I<Ha.X ‘Z -‘r’f’eleb |—)1 fL(ZO + tewb)dt

where C'= 30| My + (M +1) >0 m; + M.

Proof. First, we note that the second condition of the theorem with ;7 = 0 implies that
go(2) # 0 for z € D", |2| > R. Taking into account that the function F'(z) satisfies equation
(14), we calculate the derivative in the direction b for this equation

go(z)ag+1F(z)+Z Gbgj(z)ﬁg_jF(z)—i—Z gj(z)a{;—j+1p(z)+z 9;(2)F T (2) = 0ph(2).

(16)

By condition 3), we obtain [Oph(2)| < ML(2)h(z) < ML(z) >0_|g;(z)| |08~ TF(2 )| By (1
B (:) = 2 (Goh() = T2 0hy(9)- B F(2) ~ T, R ). Putting in

the first condition of the theorem mg = 1, in view of the second condition we obtain
P

‘8€+1F<2)} < goiz) (ML(Z)ZL% |08~ TF(z ‘+Z|8bg] | |op~ TF(z (2)] +
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p
p—j+1 J p—J
+ 3 1g;()] | F(2) ><ML § m; L (2) |08 F(2)| +
=

p
+ZMW“\WW|+Z%U)W%T@M

Dividing this inequality by LPH(2 ) we obtaln

1 Hp _ & 1 i
) ot F <MZ ij T ‘ HIF(2 )\+ZMj—Lp_j( 7 x |OF T R (2)| +
=0
[ F ()| F OF()]
—l—Z m; Lr— ]+1 (MZmJ+ZM +ij)max{ Lk‘() ng;gp}:
(M—l—l Zm]—l—ZM +M)max{—}8ﬁFz |:0§k§p}
7j=1
for all z € D", |z| > R. Thus, by Lemma [2] estimate (15) holds, and by Corollary [3| the
analytic functlon F(z) is of bounded L-index in the dlrectlon b. ]

In the case when equation is homogeneous, the previous theorem can be simplified.

Theorem 3. Let L € QWy(D"), functions go, ¢g1,-.., g, be analytic in the unit polydisc
and there exists R € [0, 1) such that for all z € D", |z| > R, one has |g;(z)| < m;L?(z)|go(2)|
for 1 < j < p, where m; are some nonnegative constants. If an analytic function F': D" — C
satisfies equation with h(z) = 0 and Vz € D", |z] < R, F(z +tb) # 0 then F(z) is of
bounded L-index in the direction b and for all 2° € D", § € [0, 27]

o InlF(2° i&b
lim n\ (2" + e7rb)) <max{ Zm]} (17)

max zo-i—re“’b —1
1<j<n | | fL (20 + teng)d

Proof. Equation implies go(2)0f F(2) = = >0, 9;(2)0L 7 F(2). Then |go(2)| |OLF ()| <
P 19i(2)] ‘%_jF(z)‘ . Dividing the obtained inequality by go(2)LP(z) and using assumpti-
ons of the theorem by the functions 9i(2), We obtain
1)
|apF( )| < Z Lp z) Z Lp— J(z ‘ap JF )| < Zlm] O<rkngx 1 L"(z) .

Thus all condltlons of Corollary [3] are obeyed. Hence, the function F' is of bounded
L-index in the direction b and by Lemma [2| estimate is true. O]

95(2) |0 F(2)]

go Z)

Below there is presented an example of a directional derivative equation from electromag-
netism theory (all formnulas and notation are based on [8]). For electric field E(r, t) one has

E
(s- V)E + puoE + ,usa

= 1
= (18)

where s-V is the derivative in the direction of wave propagation, yu is the magnetic permeabi-
lity, € is the dielectric permittivity, o is the media conductivity.

This equation can describe a damped wave in a conductive medium (for example, in
a transformer or a cable). It can be interpreted as: the projection of the wave equation
onto the direction of propagation (or along a line), that is, as a simplified (directional)
form of Maxwell’s equations in a conducting medium. It corresponds to waves in cables,
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waves in transformers, and signal attenuation in conductors. The equation with the term
uoE describes losses (heating), the term u&?%—];: describes the wave nature, the operator
V describes the spatial propagation. Equation can be deduced from the differential
form of Maxwell’s equation for conducting medium without free charges (i.e. V- E = 0):

VxE= —/JJ%—I;I;

VxH=0E+e%,
bias current. Using our notations from Introduction, equation can be rewritten as
the following O, E + poE = 0, where b = (s, ue). So, by analog of Theorem (3| for enti-
re functions Equation has entire solutions E every of which is of bounded index in
the direction b and their growth does not exceed exp{mmax {1, uc}} as m — +oo and
E = E(r + ¢“ms,t + ¢?mpuc). But in a general case u = pu(r), € = &(r), o = o(r). This
means that the medium is inhomogeneous, with properties that vary spatially (for example,
multilayer cables (insulation, conductor, shield), soil with varying conductivity, electric motor
windings, waveguides with dielectric inserts). If p, o are constants and o(r) is the analytic
function in the polydisc, we can apply Theorem |3| and obtain conlusion about boundedness
of L-index in the direction b for some L and all analytic solutions E.

where cE = J is the conductive current (Ohm’s law), 5%—}? is the
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