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A biodegradable stent is a mesh that is used to treat the narrow or closed part of the

artery to open and restore normal blood flow, which is made of a biodegradable material.
However, since the struts in the stent are thin, a simple structural model (called the one-
dimensional curved rod model) can be used to mathematically model the stent. So differential
diffusion equations can describe the degradation of the stent. The movement of the blood causes
microscopic trembling of the edges of the wall. Therefore, the perturbation of the corresponding
differential equation by a white noise type term should correspond to the real situation.
We consider some linear parabolic equations on graphs with white noise terms. To investigate
the initial-boundary value problem for these equations, we reduce it to the corresponding
deterministic problem. First, we prove the existence and uniqueness of the weak solution to
deterministic problem for parabolic equations on graphs. Finally, same results are obtained for
linear stochastic parabolic equations on graphs.

Introduction. Let M,n ∈ N be some numbers, G be a simple connected directed graph
with vertices Pj (j = 1,M) and edges Ωi (i = 1, n). We parameterize every edge Ωi on the
interval (0, ℓi) (i.e., let Ωi := (0, ℓi), for convenience).

Let J−
j and J+

j be sets of all numbers of edges that enter and leave the vertex Pj

(j = 1,M), respectively (see [1]). Here, entering and leaving vertices means it is due to
the parametrization of the edges. For example, for graph from Fig. 1 we get J−

1 = ∅,
J+
1 = {1, 3, 4}, etc.

Fig 1: Example of graph.
By G we denote the set of all functions z = (z1, . . . , zn) such that zi : Ωi → R, i = 1, n,

z is continuous in vertices, and the sum of all fluxes in each vertex equals zero, i.e.,

zk(ℓk) = zd(ℓd) = zr(0) = zs(0), k, d ∈ J−
j , r, s ∈ J+

j , j = 1,M, (1)∑
k∈J−

j

zkx(ℓk)−
∑
r∈J+

j

zrx(0) = 0, j = 1,M. (2)
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We consider some problem for the stochastic parabolic equations on graphs. It solutions
belong to G with respect to the spatial variables. Clearly, compatibility conditions (1)–(2)
imply that we cannot observe the problem on each edge separately and have to solve it on
the overall graph. Let us explain conditions (1)–(2).

Remark 1. Traditionally, for every j ∈ {1, . . . ,M}, we have the following.
If the set J−

j ∪ J+
j consist of only one number, i.e., J−

j ∪ J+
j = {α}, then all equalities in

(1) that correspond this j are absent and equality (2) that corresponds this j has the form
zαx (ℓα) = 0 if α ∈ J−

j and zαx (0) = 0 if α ∈ J+
j .

If J−
j has at least two elements and J+

j = ∅, then in equalities (1) that correspond this j
the third and fourth terms are absent and in equality (2) that corresponds this j the second
sum is absent.

If J−
j = ∅ and J+

j has at least two elements, then in equalities (1) that correspond this
j the first and second terms are absent and in equality (2) that corresponds this j the first
sum is absent.

For the trivial case n = 1, Ω1 := (0, ℓ1), M = 2 (see Fig. 2) we have the following:
J−
1 = ∅, J+

1 = {1}, J−
2 = {1}, and J+

2 = ∅. So, in this trivial case, conditions (1)–(2)
transform to z1x(0) = 0, z1x(ℓ1) = 0.

Fig. 2: Trivial graph.

Remark 2. The Kirchhoff-Neumann conditions (1)–(2) are the natural boundary conditions
(see [2, p. 394]) for the differential operator d2

dx2 (for convenience, we write hxx instead of d2h
dx2 ,

etc.), because for smooth enough functions z = (z1, . . . , zn),v = (v1, . . . , vn) ∈ G we get
n∑

i=1

∫ ℓi

0

zixx(x)v
i(x) dx = L−

n∑
i=1

∫ ℓi

0

zix(x)v
i
x(x) dx,

where

L =
n∑

i=1

(zix(ℓi)v
i(ℓi)− zix(0)v

i(0)) =
M∑
j=1

( ∑
k∈J−

j

zkx(ℓk)v
k(ℓk)−

∑
r∈J+

j

zrx(0)v
r(0)

)
.

Conditions (1)–(2) imply that L = 0. Indeed, for this function (v1, . . . , vn) ∈ G, correspon-
ding conditions (1) imply that for every j ∈ {1, . . . ,M} there exists a constant pj such that
vk(ℓk) = vd(ℓd) = vr(0) = vs(0) = pj, where k, d ∈ J−

j , r, s ∈ J+
j . Then (2) yields that

L =
M∑
j=1

pj

( ∑
k∈J−

j

zkx(ℓk)−
∑
r∈J+

j

zrx(0)

)
= 0.

Rewriting the expressions above, we also get for z,v ∈ G

−
n∑

i=1

∫ ℓi

0

zix(x)v
i
x(x) dx = −L+

n∑
i=1

∫ ℓi

0

zixx(x)v
i(x) dx =

n∑
i=1

∫ ℓi

0

zixx(x)v
i(x) dx.
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Differential equations on graph model many practical problems. For example, these
equations describe the biodegradable stents. A biodegradable stent is a mesh that is used to
treat the narrow or closed part of the artery to open and restore normal blood flow, that is
made of biodegradable material (see [1], [3], [4] for more details). However, since struts in the
stent are thin, a simple structure model, called the one-dimensional curved rod model, can
be used (see [1], [5]). The movement of the blood causes microscopic trembling of the edges
of the wall and losing of the stent material. Therefore, the perturbation of the corresponding
differential equation by a white noise type term should correspond to the real situation.

Differential equations on graph and its application are considered in [2], [6], [7], [8], [9],
[10], etc. Stochastic parabolic equations and its application are considered in [11], [12], [13],
[14], [15], [16], etc. Differential equations on graph with the random parameter in the main
part of the equations are considered in [17], [18], [19], [20], [21], etc. Here we found the
sufficient conditions of the existence and uniqueness of the weak solution to problem (57)–
(59) below for the stochastic parabolic equations perturbed by the white noise term. The
corresponding problem without white noise term is considered in paper [1].

The paper is organized as follows. In Section 1 we consider an auxiliary deterministic
(i.e., not random) problem. Some facts from stochastic calculus is in Section 2. The main
results are in Section 3.

1. Deterministic problem. Let T > 0, ℓi > 0 be numbers, Ωi = (0, ℓi), Qi
0,T = Ωi× (0, T ),

i = 1, n. In this section we seek a function ũ = (ũ 1, . . . , ũ n) such that ũi : Qi
0,T → R,

ũi
t − a ũi

xx = f̃ i(x, t), (x, t) ∈ Qi
0,T , i = 1, n, (3)ũk(ℓk, t)= ũd(ℓd, t)= ũr(0, t)= ũs(0, t), k, d ∈ J−

j , r, s ∈ J+
j ,∑

k∈J−
j

ũk
x(ℓk, t)−

∑
r∈J+

j

ũr
x(0, t) = 0, j = 1,M, t ∈ (0, T ), (4)

ũi(x, 0) = ui
0(x), x ∈ Ωi, i = 1, n, (5)

where a > 0, f̃ i : Qi
0,T → R, and ui

0 : Ωi → R are given, i = 1, n.
Let us introduce notation. Let ∥ · ∥x ≡ ∥ · ;X∥ be a norm in some Banach space X,

X∗ be a dual space, ⟨·, ·⟩X be a scalar product between X∗ and X, (·, ·)Y be an inner product
in some Hilbert space Y , and | · |Y :=

√
(·, ·)Y be a norm of Y . Let X := X1× . . .×Xn be the

Cartesian product of some Banach spaces X1, . . . , Xn. If v = (v1, . . . , vn) ∈ X, then we set
∥v;X∥ := (∥v1;X1∥2 + . . .+ ∥vn;Xn∥2)1/2. If Y := Y 1 × . . .× Y n be the Cartesian product
of some Hilbert spaces Y 1, . . . , Y n with the inner products (·, ·)Y i , i = 1, n, respectively, then
Y is the Hilbert space with the inner product (v,y)Y := (v1, y1)Y 1 + . . . + (vn, yn)Y n and
with the norm |y|Y :=

√
(y,y)Y , where v = (v1, . . . , vn), y = (y1, . . . , yn) ∈ Y .

Suppose that ℓ > 0, p ∈ [1,∞], m ∈ N, Lp(0, ℓ) is the Lebesgue space (see [22, p. 22-24]),
Wm,p(0, ℓ) and Wm,p

0 (0, ℓ) are the Sobolev spaces (see [22, p. 45]), Hm(0, ℓ) := Wm,2(0, ℓ), and
Hm

0 (0, ℓ) := Wm,2
0 (0, ℓ). Let C([0, T ];X) and C1([0, T ];X) be spaces of the X-valued smooth

functions (see [14, p. 15], [23, p. 190]), Lp(0, T ;X) be the Lebesgue-Bochner space (see [14, p.
7]), L1

loc(0, T ;X) be the space of the locally integrable functions (see [14, p. 7]), Wm,p(0, T ;X)
be the Sobolev-Bochner space (see [14, p. 15]), and Hm(0, T ;X) := Wm,2(0, T ;X), where X
is some Banach space. By definition, put

V :=
{
v ∈ H1(Ω1)× . . .×H1(Ωn) :

vk(ℓk) = vd(ℓd) = vr(0) = vs(0), k, d ∈ J−
j , r, s ∈ J+

j , j = 1,M
}
, (6)

V2 := H2(Ω1)× . . .×H2(Ωn), H := L2(Ω1)× . . .× L2(Ωn). (7)
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Here V and H are Hilbert spaces and

∥v∥ ≡ ∥v∥V :=

(
n∑

i=1

∥vi∥2H1(Ωi)

)1/2

, |v|H ≡ ∥v∥H :=

(
n∑

i=1

∥vi∥2L2(Ωi)

)1/2

, (8)

are norms on them, respectively. Moreover, V
_
⟲ H, i.e., the space V is densely and conti-

nuously embedded in H (see [1, p. 3]). Thus, we have the Helfand triple V
_
⟲ H ∼= H∗

_
⟲ V ∗

(see [23, p. 232-233] for more details).
From [24, p. 188] we have that

H1(0, T ;V, V ∗) := {u ∈ L2(0, T ;V ) | ut ∈ L2(0, T ;V ∗)} (9)

is a Hilbert space and ∥u;H1(0, T ;V, V ∗)∥ = (∥u;L2(0, T ;V )∥2 + ∥ut;L
2(0, T ;V ∗)∥2)1/2

is the norm on it. Moreover, C1([0, T ];V ) is dense in H1(0, T ;V, V ∗), H1(0, T ;V, V ∗) ⊂
C([0, T ];H), and the following integration by parts formula it holds∫ t2

t1

⟨ut(t),v(t)⟩V dt = (u(t2),v(t2))H − (u(t1),v(t1))H −
∫ t2

t1

⟨vt(t),u(t)⟩V dt, (10)

where 0 ≤ t1 < t2 ≤ T and u,v ∈ H1(0, T ;V, V ∗) (see [24, p. 190-191]). Clearly, if v = u,
then (10) implies that ∫ t2

t1

⟨ut(t),u(t)⟩V dt =
1

2
|u(t2)|2H − 1

2
|u(t1)|2H . (11)

By a : V × V → R, we define the bilinear form

a(z,v) := a
n∑

i=1

∫ ℓi

0

zix(x)v
i
x(x) dx ≡ a(zx,vx)H , z,v ∈ V. (12)

Note that (see [1, p. 3]) the constant functions are in the kernel of a and it holds

a(v,v) + a|v|2H = a∥v∥2, v ∈ V. (13)

Suppose that the following conditions are satisfied:
(A): a > 0;
(FD): f̃ := (f̃ 1, . . . , f̃n) ∈ L2(0, T ;H), where H is taken from (7);
(UD): u0 := (u1

0, . . . , u
n
0 ) ∈ H.

Definition 1. A vector-valued function ũ ∈ H1(0, T ;V, V ∗), where V is taken from (6), is
called a weak solution of problem (3)–(5) if for all v ∈ L2(0, T ;V ) we have that∫ T

0

⟨ũt(t),v(t)⟩V dt+

∫ T

0

a(ũ(t),v(t)) dt =

∫ T

0

(f̃(t),v(t))H dt (14)

holds and
ũ(0) = u0. (15)

Since H1(0, T ;V, V ∗) ⊂ C([0, T ];H), then initial condition (15) is understood in sense of
the space C([0, T ];H).

Note that every classical (i.e., smooth enough) solution ũ to problem (3)–(5) is a weak
solution of this problem because if we multiply (3) by the element vi of the test function
v ∈ V , integrating over x and integrating by parts, similarly as in Remark 2, we get



62 O. M. Buhrii

(
− ũxx(t),v(t)

)
H
= −

n∑
i=1

∫ ℓi

0

ũi
xx(x, t)v

i(x, t) dx =
(
ũx(t),vx(t)

)
H
, t ∈ [0, T ].

We will use the following statement.

Proposition 1 (orthonormal basis on graphs, see Lemma 2 [1], p. 5-6). There exist sequences
{λµ}∞µ=0 and {wµ}∞µ=0 such that

(i) {wµ}∞µ=0 ⊂ V ∩ V2 is an orthonormal basis for the space H;

(ii) λ0 = 0, w0 =
(( n∑

i=1

ℓi

)−1/2

, . . . ,
( n∑

i=1

ℓi

)−1/2)
(then |w0|H = 1);

(iii) every function wµ = (wµ,1, . . . , wµ,n) satisfies the following

−wµ,i
xx = λµw

µ,i, i = 1, n. (16)

Let us prove the following results.

Theorem 1. Suppose that conditions (A), (FD), (UD) hold. Then the following statements
are true:

1) (Uniqueness) Problem (3)–(5) has at most one weak solution.
2) (A priori estimate) Every weak solution of problem (3)–(5) satisfies the following

inequality

∥ũ;C([0, T ];H)∥+ ∥ũ;L2(0, T ;V )∥ ≤ C1

(
|u0|H + ∥f̃ ;L2(0, T ;H)∥

)
, (17)

where the constant C1 > 0 depends only on the constants T and a from (3).
3) (Existence) There exists a weak solution ũ of problem (3)–(5).

For the sake of convenience, let us denote by SP (u0, f̃) the set of all weak solutions of
problem (3)–(5). Theorem 1 yields that SP (u0, f̃) ̸= ∅ and if ũ ∈ SP (u0, f̃), then ũ is
an unique weak solution of problem (3)–(5).

Proof of Theorem 1. Uniqueness. Suppose that ũ1, ũ2 ∈ SP (u0, f̃) and û := ũ1− ũ2. Then
û(0) = 0. Let τ ∈ (0, T ] and

χ0,τ (t) =

{
1, if t ∈ [0, τ ];

0, if t ̸∈ [0, τ ].
(18)

From (14) with v = χ0,τ û, we easily get∫ τ

0

⟨ût(t), û(t)⟩V dt+

∫ τ

0

a(û(t), û(t)) dt = 0, τ ∈ (0, T ]. (19)

Since û ∈ H1(0, T ;V, V ∗), using integration by parts formula of type (11), from (19) we
obtain that 1

2
|û(τ)|2H ≤ 1

2
|û(0)|2H = 0. So, û = 0 and ũ1 = ũ2.

A priori estimate. For ũ ∈ SP (u0, f̃) and v = χ0,τ ũ, from (14), using integration by parts
formula of type (11), we obtain

1

2
|ũ(τ)|2H − 1

2
|ũ(0)|2H +

∫ τ

0

a(ũ(t), ũ(t)) dt =

∫ τ

0

(f̃(t), ũ(t))H dt, τ ∈ (0, T ]. (20)
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The Cauchy inequality

|αβ| ≤ α2

2
+

β2

2
, α, β ∈ R, (21)

implies that

|(f̃ , ũ)H | ≤ |f̃ |H · |ũ|H ≤ 1

2
|f̃ |2H +

1

2
|ũ|2H .

Then from (13) and (20), we obtain

1

2
|ũ(τ)|2H + a

∫ τ

0

∥ũ(t)∥2 dt ≤ 1

2
|u0|2H +

1

2

∫ τ

0

|f̃(t)|2H dt+
(1
2
+ a
)∫ τ

0

|ũ(t)|2H dt. (22)

Taking into account the Gronwall-Bellman Lemma (see, for example, Proposition 3.23 [25,
p. 872]), from (22), we get (17).

Existence. For example, from Theorem 11.7 ([24, p. 192]), we easily get that linear problem
(3)–(5) has a weak solution ũ. We present only sketch of the proof for convenience.

Let us use the Faedo-Galerkin method. Take sequences {λµ}∞µ=0 and {wµ}∞µ=0 from
Proposition 1. Let us define the function ũm : [0, T ] → V by the rule

ũm(t) =
m∑

µ=0

φm
µ (t)w

µ, t ∈ [0, T ], m ∈ N ∪ {0}, (23)

where the real-valued functions φm
0 , . . . , φ

m
m satisfy the following problem

(ũm
t (t),w

µ)H + a(ũm(t),wµ) = (f̃(t),wµ)H , t ∈ [0, T ], (24)

φm
µ (0) = (u0,w

µ)H , µ = 0,m. (25)

Note that the function um
0 :=

∑m
µ=0 φ

m
µ (0)w

µ satisfies the following

um
0 −→

m→∞
u0 strongly in H. (26)

Moreover, the orthonormality of {wµ}∞µ=0 in the space H, and the Bessel inequality for the
Fourier series (see Theorem 1 [26, p. 323]) imply that, for every m ∈ N ∪ {0}, it holds

|um
0 |2H =

∣∣∣∣∣
m∑

µ=0

φm
µ (0)w

µ

∣∣∣∣∣
2

H

=
m∑

µ=0

|φm
µ (0)|2 ≤ |u0|2H . (27)

Let Hm = Lin{w0, . . . ,wm} be a linear span of the set {w0, . . . ,wm} (see [26, p. 138]
for more details). Problem (24)–(25) is the initial-value problem for a linear system of the
ordinary differential equations. From [1], we have that there exists an unique solution to
problem (24)–(25) such that ũm ∈ H1([0, T ];Hm).

Multiplying both sides of µ-th equality of (24) by φm
µ (t), summing, and integrating the

obtained equalities, we get∫ τ

0

[
(ũm

t (t), ũ
m(t))H + a(ũm(t), ũm(t))

]
dt =

∫ τ

0

(f̃(t), ũm(t))H dt, τ ∈ (0, T ]. (28)

By the Cauchy inequality (21), we obtain

|(f̃ , ũm)H | ≤ |f̃ |H · |ũm|H ≤ 1

2
|f̃ |2H +

1

2
|ũm|2H .
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Then, using an integration by parts formula, (13), and (27), from (28), we obtain

1

2
|ũm(τ)|H +a

∫ τ

0

∥ũm(t)∥2 dt ≤ 1

2
|u0|2H +

1

2

∫ T

0

|f̃(t)|2H dt+
(1
2
+a
)∫ τ

0

|ũm(t)|2H dt. (29)

Taking into account the Gronwall-Bellman Lemma (see, for example, Proposition 3.23 [25,
p. 872]), from (29), we get

max
0≤t≤T

|ũm(t)|2H +

∫ T

0

∥ũm(t)∥2 dt ≤ C2

[
|u0|2H +

∫ T

0

|f̃(t)|2H dt
]
, (30)

where the constant C2 > 0 depends only on T and a.
From (30), the convergence in (24) on a subsequence now follows, in corresponding

topologies. The limit function ũ of the sequence {ũm}∞m=0 satisfies the conditions of Defini-
tion 1 and it is a solution of problem (3)–(5).

Theorem 2 (continuous dependence). Suppose conditions (A), (FD), (UD) hold. Then
the solution ũ of problem (3)–(5) continuously depends on input data u0, f̃ , i.e., if
ũ1 ∈ SP (u1

0, f̃
1) and ũ2 ∈ SP (u2

0, f̃
2), then

max
0≤t≤T

|ũ1(t)− ũ2(t)|2H +

∫ T

0

∥ũ1(t)− ũ2(t)∥2 dt ≤ C3

[
|u1

0 −u2
0|2H +

∫ T

0

|f̃ 1(t)− f̃ 2(t)|2H dt

]
,

(31)
where the constant C3 > 0 depends only on the constants T and a from (3).

Proof. Let ũ1 ∈ SP (u1
0, f̃

1) and ũ2 ∈ SP (u2
0, f̃

2). By definition, put û = ũ1 − ũ2, û0 =

u1
0 − u2

0, and f̂ = f̃ 1 − f̃ 2. Let τ ∈ (0, T ] and χ0,τ is taken from (18). Then from (14) with
v = χ0,τ û, we easily get∫ τ

0

⟨ût(t), û(t)⟩V dt+

∫ τ

0

a(û(t), û(t)) dt =

∫ τ

0

(f̂(t), û(t))H dt, τ ∈ (0, T ]. (32)

Since û ∈ H1(0, T ;V, V ∗), using integration by parts formula of type (11), similarly as (30),
from (32) we obtain (31).

Now, suppose that the function f̃ = (f̃ 1, . . . , f̃ n) has the form

f̃ = f + a bxx , i.e., f̃ i(x, t) = f i(x, t) + a bixx(x, t), (x, t) ∈ Qi
0,T , i = 1, n, (33)

where a > 0 is taken from (3) and the following conditions are hold
(FDD): f = (f 1, . . . , fn), f i ∈ L2(Qi

0,T ), i = 1, n;
(B): b = (b1, . . . , bn), bi ∈ L2(0, T ;H2

0 (Ωi)), i = 1, n.
Let SP (u0,f , b) := SP (u0, f̃) be a set of the weak solutions ũ of problem (3)–(5) in sense
of Definition 1 (we indicate the dependence on f and b in the notation for convenience).

Remark 3. Clearly, if conditions (FDD) and (B) holds, then the function f̃ from (33)
satisfies condition (FD) and the corresponding solution of problem (3)–(5) exists (so, we
have that SP (u0,f , b) ̸= ∅), it is unique and continuously depends on input data.
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We will need some modification of Theorem 2. Let

Z01 = H1
0 (Ω1)× . . .×H1

0 (Ωn), Z02 = H2
0 (Ω1)× . . .×H2

0 (Ωn). (34)

We consider these spaces with the norms ∥z∥Z01 = |zx|H and ∥z∥Z02 = |zxx|H (see notation
(8)), respectively. Clearly, if condition (B) holds, then b(t) ∈ Z02 ⊂ Z01 for a.e. t ∈ (0, T ).

Theorem 3 (continuous dependence in special case of data-in). Suppose that the function
f̃ satisfies (33) and conditions (A), (FDD), (B), (UD) hold. Then the solution ũ of
problem (3)–(5) continuously depends on input data u0,f , b, i.e., if ũ1 ∈ SP (u1

0,f
1, b1) and

ũ2 ∈ SP (u2
0,f

2, b2), then

max
0≤t≤T

|ũ1(t)− ũ2(t)|2H +

∫ T

0

∥ũ1(t)− ũ2(t)∥2 dt ≤

≤ C4

{
|u1

0 − u2
0|2H +

∫ T

0

[
|f 1(t)− f 2(t)|2H + |b1x(t)− b2x(t)|2H

]
dt
}
, (35)

where the constant C4 > 0 depends only on the constants T and a from (3).

Proof. Let ũs ∈ SP (us
0,f

s, bs), f̃ s = f s + a bsxx, s = 1, 2. By definition, put û = ũ1 − ũ2,
û0 = u1

0 − u2
0, f̂ = f̃ 1 − f̃ 2, f = f 1 − f 2, b̂ = b1 − b2, and (32) holds. Integrating by parts

(notice that bs,ix |x=0 = bs,ix |x=ℓi = 0, s = 1, 2, i = 1, n), we get(
f̂(t), û(t)

)
H
=
(
f(t) + a b̂xx(t), û(t)

)
H
=
(
f(t), û(t)

)
H
− a
(
b̂(t), û(t)

)
.

Then from (32) we obtain∫ τ

0

⟨ût(t), û(t)⟩V dt+

∫ τ

0

a(û(t), û(t)) dt =

∫ τ

0

[
(f(t), û(t))H − a(b̂(t), û(t))

]
dt

Using the estimate | − a(b̂, û)| = a|(b̂x, ûx)H | ≤ a
2
|b̂x|2H + a

2
|ûx|2H , similarly as (31), we

obtain (35).

2. Properties of white noise. Let us recall some facts from stochastic calculus. Let
(S,F ,P) be a complete probability space (i.e., S is a sample space, F is a σ-algebra of
the subsets of S, and P is a probability measure).

For a random variable ξ : S → R (i.e., measurable function with respect to F) let us
denote its mathematical expectation by E[ξ] :=

∫
S ξ(ω) P(dω).

Let X be some Banach space and q ∈ [1,∞]. We will use the notation Lq(S) and Lq(S;X)
from [27, p. 54] for denoting the random Lebesgue space and random Lebesgue-Bochner space,
respectively. Recall theirs definitions and write Lq instead of Lq(S) for convenience.

Definition 2. If q ∈ [1,∞), then Lq consists of all real-valued random variables η : S → R
such that

∥η∥Lq :=
(
E
[
|η|q
])1/q

≡
(∫

S
|η(ω)|q P(dω)

)1/q
< ∞.

If q = ∞, then L∞ consists of all P-essentially bounded real-valued random variables (see [28,
p. 324-325] for more details), i.e., the random variables η : S → R such that

∥η∥L∞ := P- ess sup
ω∈S

|η(ω)| ≡ inf{K > 0: |η(ω)|≤K P-almost every (a.e.) ω ∈ S} < ∞.

Note that η1 = η2 in Lq iff η1(ω) = η2(ω) P-a.e. ω ∈ S, i.e., almost surely (a.s.)
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The following Proposition is needed for the sequel.

Proposition 2. 1) (see [28, p. 325]) The linear space {Lq, ∥ · ∥Lq} is Banach space;
2) (see. [29, p. 17]) Lp ⊂ Lq if p ≥ q;
3) (see. [29, p. 17]) if q = 2, then L2 is Hilbert space with respect to the inner product

(η1, η2)L2 := E[η1 · η2].

We will write η = l.i.m.
k→∞

ηk (limit in mean) if ηk −→
k→∞

η strongly in L2.

Definition 3. Lq(S;X) consists of all X-valued random variables z : S → X such that

∥z;Lq(S;X)∥ :=
(
E
[
∥z∥qX

])1/q
< +∞ if q ∈ [1,∞),

∥z;L∞(S;X)∥ := P- ess sup
ω∈S

∥z(ω)∥X < +∞ if q = ∞.

Moreover, z1 = z2 in Lq(S;X) iff z1(ω) = z2(ω) in X a.s.

Similarly to Proposition 2, we have that the linear space {Lq(S;X), ∥·;Lq(S;X)∥} is
Banach space (see [30, p. 17–18]). Some properties of the random Lebesgue-Bochner spaces
are investigated in [31], [32].

Let us take ℓ, T > 0 and denote Ω = (0, ℓ), Q0,T = Ω× (0, T ), Π0,T = Ω× (0, T )× S, and
Θ0,T = (0, T )× S.

Remark 4. Using the products of the probability measure P with the Lebesgue measures
on R and R2, respectively, we can (as in Definition 2) introduce the random Lebesgue spaces
Lq(Θ0,T ), Lq(Ω×S), Lq(Π0,T ), etc. Similarly as in [11, p. 211] and Theorem 8.28 [23, p. 218],
from the Fubini theorem, we obtain the following equalities: Lq(Θ0,T ) = Lq(0, T ;Lq) =
Lq(S;Lq(0, T )), Lq(Π0,T ) = Lq(0, T ;Lq(Ω× S)) = Lq(S;Lq(Q0,T )), etc.

Definition 4 (see [33], p. 38)). A function (stochastic process) W =W (t, ω) : [0,+∞)×S→R
is called the standard Wiener process if the following conditions are satisfied:

1) W ∈ C([0,+∞);L2);
2) W (0) = W (0, ω) = 0 a.s.;
3) for all 0 < t1 < t2 < . . . < tm the following random variables are independent:

W (t1, ·), W (t2, ·)−W (t1, ·), . . . , W (tm, ·)−W (tm−1, ·);
4) W (t, ·)−W (s, ·) ∈ N(0, t− s) for all t > s ≥ 0, i.e., its probability

density function equals to qs,t(y) = (2π(t− s))−1/2 exp(− |y|2
2(t−s)

), y ∈ R.

Proposition 3. If W is the Wiener process from Definition 4, then
(i) (see [11, p. 212] and Theorem 9.1 [34, p. 234]) W ∈ L2(S;C([0, T ];R));
(ii) (see [29, p. 21]) Since W does not depend on the variable x ∈ Ω, we can write,

for example, that W ∈ L2(Π0,T ).

Now, let us concentrate on the definitions of the stochastic integrals. Take a function
g ∈ Ψ0, where Ψ0 := {g ∈ C1[0, T ] | g(0) = g(T ) = 0}.

Definition 5. The Paley-Wiener-Zygmund integral of the function g ∈ Ψ0 with respect to
the Wiener process W is defined by the rule

(PWZ)
∫ T

0

g(t) dW (t, ω) := −
∫ T

0

gt(t)W (t, ω) dt. (36)
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In the right hand side of (36) we have the Bochner integral that is well-defined by condi-
tion 1 of Definition 4. Further, let g ∈ L2(0, T ). Then there exists a sequence {gm}m∈N such
that

{gm}m∈N ⊂ Ψ0, gm −→
m→∞

g in L2(0, T ).

Definition 6. The Paley-Wiener-Zygmund integral of the function g ∈ L2(0, T ) with respect
to the Wiener process W is defined by the rule

(PWZ)
∫ T

0

g(t) dW (t, ω) = l.i.m.
m→∞

(PWZ)
∫ T

0

gm(t) dW (t, ω). (37)

By [33, p. 59], we get that PWZ-integral (37) is well-defined. For the sake of convenience,
we shall write W (t) instead of W (t, ·) etc. The properties of PWZ-integrals (36)–(37) are
considered in [33] (see also our previous paper [29]). We recall only that if t1, t2 ∈ [0, T ] and
t1 < t2, then (∀ A1, A2 ∈ R) :∫ t2

t1

[
A1g1(t) + A2g2(t)

]
dW (t, ω) = A1

∫ t2

t1

g1(t) dW (t, ω) + A2

∫ t2

t1

g2(t) dW (t, ω), (38)

and the following Newton-Leibniz formula it holds∫ t2

t1

dW (t) = W (t2)−W (t1). (39)

Now, let us consider the differential properties of the stochastic processes.

Definition 7. A stochastic process u = u(t, ω) : Θ0,T → R is called a differentiable, if there
exist functions α ∈ L1(0, T ;L1) and β ∈ L2(0, T ) such that

∀ t1, t2 ∈ [0, T ], t1 < t2 : u(t2, ω) = u(t1, ω) +

∫ t2

t1

α(s, ω) ds+

∫ t2

t1

β(s) dW (s, ω) (40)

holds a.s. Then the expression

du(t, ω) = α(t, ω) dt+ β(t) dW (t, ω), (t, ω) ∈ Θ0,T , (41)

is called a stochastic differential of the stochastic process u.

Note carefully that the differential symbols are simply an abbreviation for the integral
expressions above: strictly speaking “du”, “dt”, and “dW ” have no meaning alone (see [33, p.
69]). Clearly,

∀ A1, A2 ∈ R : d
(
A1u1(t, ω) + A2u2(t, ω)

)
= A1 du1(t, ω) + A2 du2(t, ω). (42)

Let us consider few examples. First, let α ∈ L1(0, T ;L1) and

η(t, ω) :=

∫ t

0

α(s, ω) ds, (t, ω) ∈ Θ0,T . (43)

By the properties of the Bochner integral, we get

η(t2, ω)− η(t1, ω) =

∫ t2

0

α(s, ω) ds−
∫ t1

0

α(s, ω) ds =

∫ t2

t1

α(s, ω) ds.

Then Definition 7 implies that

dη(t, ω) = α(t, ω) dt+ 0 dW (t, ω) = α(t, ω) dt. (44)
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Remark 5. Let D(0, T ) is the space of the test functions, X is some Banach space, and
D∗(0, T ;X) is the space of the vector valued distributions (see, for example, [24, p. 186] for
more details). Then for every u ∈ L1

loc(0, T ;X) we have that u ∈ D∗(0, T ;X) and

⟨u, φ⟩D(0,T ) :=

∫ T

0

u(t)φ(t) dt, φ ∈ D(0, T ). (45)

Since α ∈ L1(0, T ;L1) ⊂ D∗(0, T ;L1), then, for the function η from (43), the distributi-
onal derivative ηt ∈ D∗(0, T ;L1) is well-defined and ηt = α. So, we can rewrite stochastic
differential (44) to the form

dη = ηt dt+ 0 dW = ηt dt. (46)

Further, let β ∈ R be a number. Then (42) and Newton-Leibniz formula (39) imply that

d
(
β W (t, ω)

)
= 0 dt+ β dW (t, ω) = β dW (t, ω). (47)

On the other hand, W ∈ C([0, T ];L2) ⊂ D∗(0, T ;L2). So, there exists a distributional
derivative Wt ∈ D∗(0, T ;L2) such that

⟨Wt, ϕ⟩D(0,T ) = −⟨W,ϕt⟩D(0,T ), ϕ ∈ D(0, T ). (48)

Definition 8. The vector valued distributional derivative Wt ∈ D∗(0, T ;L2) of the Winer
process W is called a white noise.

Using representation of type (45), we obtain that the right hand side of (48) equals to
the Bochner integral −

∫ T

0
W (t)ϕt(t) dt. From (36) we get that it also equals to∫ T

0

ϕ(t) dW (t). (49)

So, similarly as in [12] and [13], by (48)–(49), we obtain that the white noise Wt satisfies

⟨Wt, ϕ⟩D(0,T ) =

∫ T

0

ϕ(t) dW (t) = −
∫ T

0

W (t)ϕt(t) dt, ϕ ∈ D(0, T ). (50)

Remark 6. Let X be some Banach space such that L2 ⊂ X (for example, X = L1). Since
L2 ⊂ X, we have that D∗(0, T ;L2) ⊂ D∗(0, T ;X) (see [24, p. 187]). Then Wt also is a
derivative in sence of the space D∗(0, T ;X).

Finally, let α ∈ L1(0, T ;L1), β ∈ R, and

u(t, ω) = u(0, ω) +

∫ t

0

α(s, ω) ds+ β W (t, ω), (t, ω) ∈ Θ0,T . (51)

Then for t1, t2 ∈ [0, T ], t1 < t2, using (39), we get

u(t2)− u(t1) = u(0) +

∫ t2

0

α(s) ds+ β W (t2)− u(0)−
∫ t1

0

α(s) ds− β W (t1) =

=

∫ 0

t1

α(s) ds+

∫ t2

0

α(s) ds+ β(W (t2)−W (t1)) =

∫ t2

t1

α(s) ds+

∫ t2

t1

β dW (s).
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So, using (41), we have the following stochastic differential of random process (51):

du(t, ω) = α(t, ω) dt+ β dW (t, ω). (52)

On the other hand, stochastic process (51) belongs to C([0, T ];L1) and has in D∗(0, T ;L1)
the distributional derivative ut = (u(0))t + (

∫ t

0
α(s) ds)t + (β W )t, i.e., (see Remark 6),

ut = α + β Wt. (53)

Definition 9. The distribution ut from (53) is called a generalized stochastic derivative of
the stochastic process u from (51).

Finally, let us consider the functions of more than two variables. For example, take
a function of three variables.

Remark 7. Suppose that α ∈ L1(0, T ;L1(Ω× S)), β ∈ R, and

u(x, t, ω) = u(x, 0, ω) +

∫ t

0

α(x, s, ω) ds+ β W (t, ω), (x, t, ω) ∈ Π0,T . (54)

Since we can consider the Winer process as a function from the space L2(Π0,T ) (see Proposi-
tion 3), then, similarly to (53) and Definition 9, we obtain that u ∈ D∗(0, T ;L1(Ω×S)) from
(54) has a generalized stochastic derivative of type (53).

3. Main results. Let us again (S,F ,P) be a complete probability space, T > 0 be some
number, Ωi := (0, ℓi) be the edges of our graph,

mi ∈ N such that
1

mi

<
ℓi
2
, (55)

Πi
0,T = Ωi × (0, T )× S, Qi

0,T = Ωi × (0, T ) (i = 1, n), Θ0,T = (0, T )× S. (56)

Now, we seek a function u = (u1, . . . , un) such that ui : Πi
0,T → R,

ui
t − a ui

xx = f i(x, t, ω) + bit(x, t, ω), (x, t, ω) ∈ Πi
0,T , i = 1, n, (57)uk(ℓk, t, ω) = ud(ℓd, t, ω) = ur(0, t, ω) = us(0, t, ω), k, d ∈ J−

j , r, s ∈ J+
j ,∑

k∈J−
j

uk
x(ℓk, t, ω)−

∑
r∈J+

j

ur
x(0, t, ω) = 0, j = 1,M, (t, ω) ∈ Θ0,T , (58)

ui(x, 0, ω) = ui
0(x, ω), x ∈ Ωi, ω ∈ S, i = 1, n, (59)

where a > 0 is a number, f i, bi, ui
0 are some given functions, in particular, bit is the function

of the white noise type (see Section 2 above and condition (W) below for more details).
To formulate the main results, let us introduce an additional notation. For every edge Ωi

and number mi from (55), we put

Bmi(x) =


3(mix)

2 − 2(mix)
3, 0 ≤ x ≤ 1

mi
,

1, 1
mi

≤ t ≤ ℓi − 1
mi
,

3(mi(ℓi − x))2 − 2(mi(ℓi − x))3, ℓi − 1
mi

≤ t ≤ ℓi,

i = 1, n. (60)
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Fig. 3: Function B3. Fig. 4: Function B3
x.

Fig. 5: Function B3
xx.

Plotting of function (60) and its derivatives (for mi = 3 and ℓi = 2) is shown on Fig. 3–5.
Clearly, since (55) holds, then Bmi ∈ C1(Ωi), Bmi

xx ∈ L∞(Ωi), and
Bmi(0) = Bmi

x (0) = 0, Bmi(ℓi) = Bmi
x (ℓi) = 0, i = 1, n. (61)

Suppose that condition (A) holds and the following conditions are satisfied.
(F): f := (f 1, . . . , fn) ∈ L2(S;L2(0, T ;H)), where H is taken from (7);
(U): u0 := (u1

0, . . . , u
n
0 ) ∈ L2(S;H);

(W): b = (b1, . . . , bn), where bi(x, t, ω) = Bmi(x)W (t, ω), (x, t, ω) ∈ Πi
0,T , W is taken

from Definition 4, mi is taking from (55), and Bmi is taken from (60), i = 1, n.
Note that, if the function Bmi is taking from (60), then there exists a constant C5 > 0

such that for every x ∈ Ωi it holds: |Bmi(x)| ≤ 1, |Bmi
x (x)| ≤ C5, i = 1, n. Then the

function b from condition (W) satisfies the following estimates
|bi(x, t, ω)| ≤ |W (t, ω)|, |bix(x, t, ω)| ≤ C5|W (t, ω)|, i = 1, n. (62)

Estimates (62) and smoothness of the Winer process (see Definition 4) imply that
n∑

i=1

∫
Πi

0,T

[
|bix(x, t, ω)|2 + |bi(x, t, ω)|2

]
dxdt P(dω) ≤ C6, (63)

where C6 > 0 is a constant. So, Lemma 3.4 [30, p. 19] implies that b ∈ L2(S;L2(0, T ;Z01)),
where Z01 is taken from (34).

If we formally take in (57)–(59) u = ũ+ b, i.e.,
ui(x, t, ω) = ũi(x, t, ω) + bi(x, t, ω), (x, t, ω) ∈ Πi

0,T , i = 1, n, (64)

where u = (u1, . . . , un), ũ = (ũ1, . . . , ũn), and b is taken from condition (W), we obtain
ut = ũt+bt and the following problem (with the Winer process but without the white noise)

ũ i
t − a ũ i

xx = f̃ i(x, t, ω), (x, t, ω) ∈ Πi
0,T , i = 1, n, (65)ũ k(ℓk, t, ω)= ũ d(ℓd, t, ω)= ũ r(0, t, ω)= ũ s(0, t, ω), k, d ∈ J−

j , r, s ∈ J+
j ,∑

k∈J−
j

ũ k
x(ℓk, t, ω)−

∑
r∈J+

j

ũ r
x(0, t, ω) = 0, j = 1,M, (t, ω) ∈ Θ0,T , (66)

ũ i(x, 0, ω) = ui
0(x, ω), x ∈ Ωi, i = 1, n, ω ∈ S, (67)

where (f̃ 1, . . . , f̃ n) =: f̃ = f + a b̃xx, i.e.,

f̃ i(x, t, ω) = f i(x, t, ω) + a bixx(x, t, ω), (x, t, ω) ∈ Πi
0,T , i = 1, n. (68)
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Clearly, for fixed ω ∈ S, problem (65)–(67) coincides with problem (3)–(5), where (33) holds.
Let V is taken from (6) and H is taken from (7).

Definition 10. A function u=(u1, . . . , un) is called a weak solution to problem (57)–(59) if

u ∈ L2

(
S;C([0, T ];H) ∩ L2(0, T ;V )

)
(69)

and equality (64) holds, where the function ũ = (ũ 1, . . . , ũ n) for P-a.e. ω ∈ S is a weak
solution of problem (65)–(67) as a function of the variables (x, t).

Theorem 4. Suppose that conditions (A), (F), (U), and (W) hold. Then problem (57)–
(59) has an unique weak solution u. Moreover,∣∣∣∣∣∣u;L2

(
S;C([0, T ];H) ∩ L2(0, T ;V )

)∣∣∣∣∣∣ ≤ C7

{∣∣∣∣∣∣u0;L2(S;H)
∣∣∣∣∣∣+ ∣∣∣∣∣∣f ;L2(S;L2(0, T ;H))

∣∣∣∣∣∣+
+
∣∣∣∣∣∣b;L2

(
S;C([0, T ];H) ∩ L2(0, T ;V )

)∣∣∣∣∣∣}, (70)

where the constant C7 > 0 is independent of u,u0,f , b.

Proof. Existence. First, let us take Z01 from (34) and let us define the vector-valued function
k : S → H × L2(0, T ;H)× L2(0, T ;Z01) of the random variable ω ∈ S by the rule

k(ω) :=
(
u0(·, ω), f(·, ·, ω), b(·, ·, ω)

)
, ω ∈ S. (71)

Since the functions u0, f , and b are measurable, we have that k is a measurable function
(see Corollary 2 [26, p. 80]).

Further, let us solve problem (65)–(67). Take an operator

R : H × L2(0, T ;H)× L2(0, T ;Z01) → C([0, T ];H) ∩ L2(0, T ;V )

such that
R(u0, f , b) = ũ, (72)

where ũ is an unique weak solution of problem (3)–(5) and (33) holds. Remark 3 and Theo-
rem 3 imply that R is well-defined and it is continuous.

Using (71) and (72), we define the function P : S → C([0, T ];H) ∩ L2(0, T ;V ) such that

P(ω) := (R ◦ k)(ω) = R(k(ω)), ω ∈ S. (73)

Thus, for every ω ∈ S the value P(ω) is ũ(·, ·, ω), where ũ is a solution of deterministic
problem (65)–(67) with the random parameter ω ∈ S, where (68) holds.

Since the function k from (71) is measurable and the function R from (72) is continuous
(so, R is a measurable function), we have that the function P from (73) is measurable (see
Theorem 1 [26, p. 82]). Then the function ũ is a

(
C([0, T ];H)∩L2(0, T ;V )

)
-valued random

variable. Moreover, ũ satisfies the following estimates of type (35)

max
0≤t≤T

|ũ(·, t, ω)|2H +

∫ T

0

∥ũ(·, t, ω)∥2 dt ≤

≤ C8

{
|u0(·, ω)|2H +

∫ T

0

[
|f(·, t, ω)|2H + |bx(·, t, ω)|2H

]
dt
}
.
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Clearly, max
0≤t≤T

|ũ(·, t, ω)|2H = (max
0≤t≤T

|ũ(·, t, ω)|H)2. Then

∥ũ(·, ·, ω);C([0, T ];H)∥2 + ∥ũ(·, ·, ω);L2(0, T ;V )∥2 ≤ C9F(ω), (74)

where the constant C9 > 0 depends only on the constants T and a from (57),

F(ω) = |u0(·, ω)|2H + ∥f(·, ·, ω);L2(0, T ;H)∥2 + ∥bx(·, ·, ω);L2(0, T ;H)∥2, ω ∈ S.

Since F ∈ L1(S), integrating (74) in ω ∈ S, we get

ũ ∈ L2

(
S;C([0, T ];H) ∩ L2(0, T ;V )

)
. (75)

Thus, equality (64), condition (W), Proposition 3, and (75) yield (69). From (64) and (74),
we easily obtain (70).
(Uniqueness). Using (64), similarly as in the proof of Theorem 3, we get the following estimate
of type (35) with u1

0 = u2
0, f

1 = f 2, b1 = b2, and with the parameter ω ∈ S:

max
0≤t≤T

|u1(·, t, ω)− u2(·, t, ω)|2H +

∫ T

0

∥u1(·, t, ω)− u2(·, t, ω)∥2 dt ≤ 0.

From this it follows, that u1 = u2 and Theorem 4 is proved.
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Poincaré, 24 (2023), 2557–2585. doi:10.1007/s00023-023-01270-9
9. Kh. Buhrii, Yu. Golovaty, SIR models on complex networks and impact of vaccination, 2023 IEEE 13th

Inter. Conf. on Electronics and Information Technologies, ELIT 2023, Proceedings, 2023, 37–42.
10. A. Weller, Numerical methods for parabolic partial differential equations on metric graphs, PhD Thesis,

Universität zu Köln, 2024.
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