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A biodegradable stent is a mesh that is used to treat the narrow or closed part of the

artery to open and restore normal blood flow, which is made of a biodegradable material.
However, since the struts in the stent are thin, a simple structural model (called the one-
dimensional curved rod model) can be used to mathematically model the stent. So differential
diffusion equations can describe the degradation of the stent. The movement of the blood causes
microscopic trembling of the edges of the wall. Therefore, the perturbation of the corresponding
differential equation by a white noise type term should correspond to the real situation.
We consider some linear parabolic equations on graphs with white noise terms. To investigate
the initial-boundary value problem for these equations, we reduce it to the corresponding
deterministic problem. First, we prove the existence and uniqueness of the weak solution to
deterministic problem for parabolic equations on graphs. Finally, same results are obtained for
linear stochastic parabolic equations on graphs.

Introduction. Let M,n € N be some numbers, G be a simple connected directed graph
with vertices P; (j = 1, M) and edges Q; (i = 1,n). We parameterize every edge (2; on the
interval (0,¢;) (i.e., let ©; := (0, ¥;), for convenience).

Let J; and Jj be sets of all numbers of edges that enter and leave the vertex P,

(j = 1, M), respectively (see |1]). Here, entering and leaving vertices means it is due to
the parametrization of the edges. For example, for graph from Fig. 1 we get J;| = &,
JF={1, 3, 4}, etc.

B B
S <
R~ —h

Fig 1: Example of graph.
By G we denote the set of all functions z = (z!,...,2") such that 2*: Q; = R, i = 1,n,
z is continuous in vertices, and the sum of all fluxes in each vertex equals zero, i.e.,

F(0) = 2U(lg) = 27(0) = 2%(0), k,de€Jo, rseJi, j=1,M, (1)
> k) - Z0)=0, j=1M. (2)
keJ; reJf
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We consider some problem for the stochastic parabolic equations on graphs. It solutions
belong to G with respect to the spatial variables. Clearly, compatibility conditions f
imply that we cannot observe the problem on each edge separately and have to solve it on
the overall graph. Let us explain conditions —.

Remark 1. Traditionally, for every j € {1,..., M}, we have the following.

If the set J;” U J;" consist of only one number ie., J7 UJS = {a}, then all equalities in
. ) that correspond this j are absent and equality . that corresponds this j has the form
20(la) =0if v € J; and 28(0) =0 if v € J}.

If J; has at least two elements and J;r &, then in equalities that correspond this j
the thlrd and fourth terms are absent and in equahty . that corresponds this j the second
sum is absent.

If J; =& and J; + has at least two elements, then in equalities that correspond this
J the ﬁrst and Second terms are absent and in equality (|2 . that corresponds this j the first
sum is absent.

For the trivial case n = 1, @y := (0,¢;), M = 2 (see Fig. 2) we have the following:
Jp =2, J ={1}, J; = {1 } and Jy = @. So, in this trivial case, conditions (1)—(2)
1) =

transform to z!(0) =0, z1(¢

h—g—=5

Fig. 2: Trivial graph.

Remark 2. The Kirchhoff-Neumann conditions (|} . are the natural boundary condltlons

(see [2, p. 394|) for the differential operator 7 & (for convenience, we write h,, instead of 4 o a*h

etc.), because for smooth enough functions pr (4. 2,0 = (vl ... ,0") € G we get

Z/ 2 ( )de =L — Z/ dz,

where

= 3 - 050 = 3 (3 e - X om0

=1 Jj=1 keJ; rer

Conditions — imply that L = 0. Indeed, for this function (v', ..., v™) € G, correspon-
ding conditions imply that for every j € {1,..., M} there exists a constant p; such that
vF(lr) = v¥(ly) = v"(0) = v*(0) = pj, where F, d e € J , 7,5 € J. Then (2) yields that

) =
L= ij<z (0) — Zz;;(O)):o.

Rewriting the expressions above, we also get for z,v € G

—Z/ :—L+Z/ 4 (@)i(z) dm:iz::/o& 2 (2)i(z) da.
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Differential equations on graph model many practical problems. For example, these
equations describe the biodegradable stents. A biodegradable stent is a mesh that is used to
treat the narrow or closed part of the artery to open and restore normal blood flow, that is
made of biodegradable material (see [1], [3], [4] for more details). However, since struts in the
stent are thin, a simple structure model, called the one-dimensional curved rod model, can
be used (see [1], [5]). The movement of the blood causes microscopic trembling of the edges
of the wall and losing of the stent material. Therefore, the perturbation of the corresponding
differential equation by a white noise type term should correspond to the real situation.

Differential equations on graph and its application are considered in [2], [6], |7], [8], [9],
[10], etc. Stochastic parabolic equations and its application are considered in [11], [12], [13],
[14], [15], [16], etc. Differential equations on graph with the random parameter in the main
part of the equations are considered in [17], [18|, [19], [20], [21], etc. Here we found the
sufficient conditions of the existence and uniqueness of the weak solution to problem f
below for the stochastic parabolic equations perturbed by the white noise term. The
corresponding problem without white noise term is considered in paper |[1].

The paper is organized as follows. In Section 1 we consider an auxiliary deterministic
(i.e., not random) problem. Some facts from stochastic calculus is in Section 2. The main
results are in Section 3.

1. Deterministic problem. Let 7" > 0, ¢; > 0 be numbers Q; = (0,4;), Q&T =Q,; x(0,7),

i = 1,n. In this section we seek a function @ = (a',...,u") such that @': Qf, — R
U —ail, = f(x,t), (x,t)€Qy i=Ln, (3)
U (O, t) =0 (Lg, t) =0 (0, 1) =u*(0,t), k,d e J;, rseJf, |
S @, t) — Y @(0,t) =0, j=1,M,te(0,T), (4)
keJ; reJ; . . S
u'(x, 0) =uy(z), z€8;, i=1n (5)
where a > 0, f*: Qb.r — R, and uf: Q; — R are given, z—ﬁ
Let us introduce notation. Let || - ||, = ||-; X|| be a norm in some Banach space X,

X* be a dual space, (-, -)x be a scalar product between X* and X, (-,-)y be an inner product
in some Hilbert space Y, and |- |y := /(-,-)y be anorm of Y. Let X := X' x...x X" be the

Cartesian product of some Banach spaces X', ..., X" If v = (v!,... v") € X, then we set
|o; X || := (ot X2+ .. 4 [[o™ XPP)Y2. If Y :=Y! x ... x Y™ be the Cartesian product
of some Hilbert spaces Y'!,..., Y™ with the inner products (-, -)y:, i = 1, n, respectively, then

Y is the Hilbert space with the inner product (v,y)y = (v}, y')yr + ... + (v, y")y» and
with the norm |yly := v/(y,y)y, where v = (v, ..., v"), y = (y',...,y") €Y.

Suppose that £ > 0, p € [1,00], m € N, LP(0, () is the Lebesgue space (see |22, p. 22-24|),
WmP(0,£) and Wy (0, £) are the Sobolev spaces (see [22, p. 45]), H™(0, ) := W™2(0, (), and
HJH0,0) == W20, £). Let C([0,T); X) and C''([0, T]; X) be spaces of the X-valued smooth
functions (see [14}, p. 15], |23} p. 190]), LP(0,T’; X) be the Lebesgue-Bochner space (see |14} p.
7]), Li..(0, T; X) be the space of the locally integrable functions (see |14, p. 7]), W™?(0, T; X)
be the Sobolev-Bochner space (see |14, p. 15]), and H™(0,T; X) := W™2(0,T; X ), where X
is some Banach space. By definition, put

Vo= {v € HY(Q) % ... x HY(Q,):
V(l) = v (ly) = 0"(0) = v*(0), k,deJr, rse i, j=1 M} (6)
Vo= H*() x ... x H*(Q,), H:=L*(Q) x...x L*(Q,). (7)



STOCHASTIC PARABOLIC EQUATIONS ON GRAPHS 61

Here V and H are Hilbert spaces and

n 1/2 n 1/2
o]l = ||v][v = (ZH,UZH%—P(QZJ) . vl =|vlle = (levillizmi)) . (8)
i=1 i=1

are norms on them, respectively. Moreover, V' O H, i.e., the space V is densely and conti-
nuously embedded in H (see |1, p. 3]). Thus, we have the Helfand triple VO H = H* O V*
(see |23} p. 232-233] for more details).

From |24, p. 188| we have that

HY0,T;V,V*) :={u e L*(0,T;V) | u, € L*(0,T;V*)} (9)
is a Hilbert space and ||u; H'(0,7;V, V)| = (|lu; L*(0,T; V)|> + |lue; L*(0,T;V*)||?)'/?

is the norm on it. Moreover, C'([0,T];V) is dense in H'(0,T;V,V*), H' (0,T;V,V*) C
C([0,T]; H), and the following integration by parts formula it holds

to

[t vt dt = (ulta) ot~ (it ot~ [ (wile)u)e dr (10)

t1 t1
where 0 < t; < ty < T and u,v € H'(0,T;V,V*) (see |24, p. 190-191]). Clearly, if v = u,
then (10)) implies that

t2 1 1
[t )y dt = Sulelh  Slutt)f (1)
t1
By a: V xV — R, we define the bilinear form
a(z,v) = aZ/ 2 ()0l (z) do = a(zg, vo)y, 2,0 € V. (12)
i=1 70
Note that (see [1, p. 3]) the constant functions are in the kernel of a and it holds
a(v,v) + alol = allv]%, veV. (13)
Suppose that the following conditions are satisfied:
(A):a>0;
(FD): f = ( ., f") € L*(0,T; H), where H is taken from ;

£
(UD): wg := (u},...,uf) € H.

Definition 1. A vector-valued function w € H'(0,T;V,V*), where V is taken from @, is
called a weak solution of problem — if for all v € L*(0,T; V) we have that

A<mwmwww+l(ﬁwmm»wzl<ﬂmmeﬁ (14)

holds and

Since H(0,T;V,V*) C C([0,T); H), then initial condition is understood in sense of
the space C([0,7T]; H).

Note that every classical (i.e., smooth enough) solution @ to problem f is a weak
solution of this problem because if we multiply by the element v of the test function
v € V, integrating over x and integrating by parts, similarly as in Remark [2, we get
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( U (1), 0 Z/ T (x,t) a:t)da;f<ux()'vz(t)>H, telo,T].

We will use the followmg statement.

Proposition 1 (orthonormal basis on graphs, see Lemma 2 1], p. 5-6). There exist sequences
{Autizo and {w"}52, such that
(1) {w"}re, C V N Vs is an orthonormal basis for the space H;

n —1/2 n -1/2
(i) =0, = ((X6) o (X6) ) (then [wly = 1)
i=1 i=1
(iii) every function w" = (wh! ... w"™) satisfies the following
—wht = Xt i =1, n. (16)

Let us prove the following results.

Theorem 1. Suppose that conditions (A), (FD), (UD) hold. Then the following statements
are true:

1) (Uniqueness) Problem (3)—(7)) has at most one weak solution.

2) (A priori estimate) Every weak solution of problem (3)—(5) satisfies the following
inequality

J@: C(10. T): )| + @ L0, 73 V) | < Cs (Juolw + |1 2O, 75 1)), (17)

where the constant (g > 0 depends only on the constants T and a from {@
3) (Existence) There exists a weak solution & of problem (3)—(5).

For the sake of convenience, let us denote by S P(uo, f) the set of all weak solutions of
problem (3 . . Theorem 1 I 1| yields that SP(ug, f) # @ and if @ € SP(uo, f), then @ is
an unique Weak solutlon of problem (3] . .

Proof of Theorem [l Uniqueness. Suppose that w', u? € SP(uy, f) and @ := @' — 2. Then
u(0) = 0. Let 7 € (0, 7] and

)1, if telo, 1]
XO’T(t)_{o, if t¢[0,7]. (18)

From ((14]) with v = xo,u, we easily get

/OT@(t), u(t))y dt + /OT a(u(t),u(t)) dt =0, 7€ (0,7T]. (19)

Since uw € H'(0,T;V,V*), using 1ntegrat10n by parts formula of type (11 . from (19) we
obtain that 1|u(7)|3 < $[@(0)|3 = 0. So, @ = 0 and @' = u?

A priori estimate. For u € SP(uy, }) and v = xo,u, from , using integration by parts
formula of type , we obtain

1 ~

S0 + /OT a(u(t), u(t)) dt = /OT(f(t),’l?(t))H dt, 7€ (0,7].  (20)

L o
SIa - 5
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The Cauchy inequality

o] < =

5
9 7 Oé,ﬁ € R, (21)

implies that
[(f,w)n| < [flu - |uln < —|f|H |~!H
Then from and (20), we obtain

S+ o [ EOF @ < Sl [ FOR e+ (5+a) [ EOF @ 22)

Taking into account the Gronwall-Bellman Lemma (see, for example, Proposition 3.23 |25,
p. 872]), from (22), we get (17).

Ea:@'stence. For example, from Theorem 11.7 (|24, p. 192]), we easily get that linear problem
. ) has a weak solution u. We present only sketch of the proof for convenience.

Let us use the Faedo-Galerkin method. Take sequences {\,}72, and {w"};2, from
Proposition [I] Let us define the function u™: [0,7] — V by the rule

= ertw”, te[0,T], meNU{0}, (23)
n=0
where the real-valued functions ¢f’, ..., ¢ satisfy the following problem
(@) (1), ") + a(@™ (), w") = (F(t),w")u, t€0,T], (24)
0 (0) = (wo, "), pp=0,m. (25)

Note that the function uf' := Z o ¥y (0)w" satisfies the following
uy' — ug strongly in H. (26)
m—0o0

Moreover, the orthonormality of {w"}7°, in the space H, and the Bessel inequality for the
Fourier series (see Theorem 1 [26, p. 323]) imply that, for every m € N U {0}, it holds

il =D e w! | =" @ (0) < [uol- (27)
u=0 H u=0

Let H,, = Lin{w",... w™} be a linear span of the set {w’, ... w™} (see |26, p. 13§|
for more details). Problem f is the initial-value problem for a linear system of the
ordinary differential equations. From [1], we have that there exists an unique solution to
problem ([24)-(27)) such that u™ € H'([0,T); H,,).

Multiplying both sides of u-th equality of by ¢7'(t), summing, and integrating the
obtained equalities, we get

| l@roawu+a@e.amen] a= [ Fo.arwn . reon. )

By the Cauchy inequality , we obtain

\(f. 2™ ul <|flu- 10" |n < 5| fI5+ t3lu "y
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Then, using an integration by parts formula, , and , from , we obtain

1, o 1 1"~ 1 T
Sl@Olua [ @@ at < Sluli+ g [ FOR di+ (5+0) [ oF d (29)
0 0 0

Taking into account the Gronwall-Bellman Lemma (see, for example, Proposition 3.23 |25,
p. 872]), from (29)), we get

T

T
w0 + [ @@ ar < Gl + [ RO, @) (30)
0<t<T 0 0
where the constant (g > 0 depends only on 7" and a.

From , the convergence in on a subsequence now follows, in corresponding

topologies. The limit function u of the sequence {u™}°_, satisfies the conditions of Defini-
tion [1f and it is a solution of problem f. n

Theorem 2 (continuous dependence). Suppose conditions (A), (FD), (UD) hold. Then
the solution ’IZOIC problem (@f@ cgntinuously depends on input data ug, f, i.e., if
u' € SP(u}, f') and u? € SP(u?, f?), then

T T ~
max |ﬁl(t)—62(t)|%+/o @t (t) —w?(t)||* dt < Cs [\Ué—v%?ﬁ/o £ () — 205 dt],

0<t<T
(31)
where the constant (g > 0 depends only on the constants T and a from @

Proof. Let u' € SP(ué,}l) and u? € SP('U,(Q),}Z). By definition, put u = a! — u?, Uy =
up —ug, and f = f! — f2 Let 7 € (0,7] and o, is taken from . Then from (14) with
v = Xo.,U, we easily get

/0 (@), A0y di+ / Ca(@e), a(t)) dt = / ‘G agdi, e 0.1, (32)

Since u € HY(0,T;V,V*), using integration by parts formula of type , similarly as (30)),
from (32) we obtain (31)). O

Now, suppose that the function } = (fl, ..., [™) has the form

f=Ff+aby, ie, fi(x,t)=fi(x,t)+abl (z.t), (v,t)€Qhs i=Tmn, (33)

where a > 0 is taken from and the following conditions are hold
(FDD): f = (f',.... f"), fr € L*(Q} 1), i = 1,&
(B): b= (b',...,b"), b" € L*(0,T; HZ (%)), i =1, n.
Let SP(ug, f,b) := SP(uo, f) be a set of the weak solutions w of problem f in sense

of Definition |I| (we indicate the dependence on f and b in the notation for convenience).

Remark 3. Clearly, if conditions (FDD) and (B) holds, then the function f from (33)
satisfies condition (FD) and the corresponding solution of problem (3)—(F) exists (so, we
have that SP(uo, f,b) # &), it is unique and continuously depends on input data.
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We will need some modification of Theorem [2 Let
Zor = Hy() x ... x Hy (),  Zog = H3() x ... x HF(S2,). (34)
We consider these spaces with the norms ||z||z,, = |z:|g and ||2]|z,, = |Zzz|x (see notation

(8))), respectively. Clearly, if condition (B) holds, then b(t) € Zyy C Zy; for a.e. t € (0,T).

Theorem 3 (continuous dependence in special case of data-in). Suppose that the function
f satisfies and conditions (A), (FDD), (B), (UD) hold. Then the solution u of
problem @f continuously depends on input data ug, f, b, i.c., ifu' € SP(u}, f',b') and
u? € SP(u?, f*,b%), then

0<t<T

wax @ (t) — @ (1) + / (1) — @) dt <

T
<c{jub— il + [ (10 - £OR -+ bl - RO ) (35)
0
where the constant (g > 0 depends only on the constants T and a from (@
Proof. Let u® € SPﬁv(ug,f,bs), }S = f*+ab],, s =1,2. By definition, put u = u' — u?,
up=u,—ud, f=f—ff= f'—f% b=>b"'—1b? and holds. Integrating by parts

(notice that b%|,—g = b5'|,=r, = 0, s = 1,2, 1 = 1,n), we get

(Fo.am) = (fO) +abu@).a®) = (£O.a0) —a(b@),aw).

"
Then from (32) we obtain

[ Gato)atene ar+ [ ata) ) de= [ [(#0). @0 - b0 a0)]

Using the estimate | — a(b,@)| = a|(by, ty) | < %|Bx|%{ + &|u, |3, similarly as , we
obtain (35]). O

2. Properties of white noise. Let us recall some facts from stochastic calculus. Let
(S, F,P) be a complete probability space (i.e., S is a sample space, F is a o-algebra of
the subsets of S, and P is a probability measure).

For a random variable £: S — R (i.e., measurable function with respect to F) let us
denote its mathematical expectation by E[¢] := [. &(w) P(dw).

Let X be some Banach space and ¢ € [1, co]. We will use the notation L,(S) and L,(S; X)
from |27, p. 54| for denoting the random Lebesgue space and random Lebesque-Bochner space,
respectively. Recall theirs definitions and write L, instead of L,(S) for convenience.

Definition 2. If ¢ € [1,00), then L, consists of all real-valued random variables n: S — R

such that » »
Inllz, == (E[WH) = (/S|n(w)|q P(dw)) < 00.

If ¢ = 00, then L, consists of all P-essentially bounded real-valued random variables (see |28,
p. 324-325| for more details), i.e., the random variables n: S — R such that

Il z., :=P-ess sup |p(w)| =inf{K > 0: |n(w)|< K P-almost every (a.c.) w € S} < oc.
wes

Note that 1y = ny in L, iff gy (w) = ne(w) P-a.e. w € S, i.e., almost surely (a.s.)
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The following Proposition is needed for the sequel.

Proposition 2. 1) (see [28, p. 325|) The linear space {Lq, || - ||z, } is Banach space;
2) (see. |29, p. 17|) L, C L, if p > ¢;
3) (see. |29, p. 17]) if ¢ = 2, then Lo is Hilbert space with respect to the inner product

(N1,m2) 1, = E[n1 - n2].

We will write n = lki.m. N (limit in mean) if 7 vl strongly in Ls.
—00 —00

Definition 3. L,(S; X) consists of all X-valued random variables z: S — X such that

1/q
2 oS X)) = (B[I21%]) 7 < +o0 if g€ [1,00)
125 Loo(S; X)|| := P-ess sSup |2(w)]|x <400 if ¢= 0.
we

Moreover, z; = 29 in L, (S; X) iff 2;(w) = 22(w) in X a.s.

Similarly to Proposition [2| we have that the linear space {L,(S;X),||-; Ly(S; X)||} is
Banach space (see [30, p. 17-18]). Some properties of the random Lebesgue-Bochner spaces
are investigated in [31], [32].

Let us take ¢,7 > 0 and denote Q = (0,¢), Qor = Q2 x (0,7), o7 = Q2 x (0,T) xS, and
@O,T = (O,T) X S.

Remark 4. Using the products of the probability measure P with the Lebesgue measures
on R and R?, respectively, we can (as in Definition [2]) introduce the random Lebesgue spaces
L,(Oo1), Ly(Q2xS), L,(Ilpr), etc. Similarly as in |11}, p. 211] and Theorem 8.28 |23, p. 218],
from the Fubini theorem, we obtain the following equalities: L,(O¢r) = L%(0,T;L,) =
L,(S; L40,T)), Ly(Io7) = LU0, T; L,(2 x S)) = Ly(S; LY Qo 1)), ete.

Definition 4 (see [33], p. 38)). A function (stochastic process) W =W (t,w): [0,400) xS—R
is called the standard Wiener process if the following conditions are satisfied:
1) W e C([0, +00); La);
2) W(0) =W(0,w) =0 a.s.;
3) for all 0 < t; <ty < ... < t,, the following random variables are independent:
W(th ')7 W<t2> ) - W(tla ')7 R W<tm7 ) - W(me,h ')3
4) W(t,-) —W(s,) € N(0,t —s) for all t > s > 0, i.e., its probability
density function equals to g,(y) = (27 (t — s))~1/2 exp(—zgfi)), y € R.

Proposition 3. If W is the Wiener process from Definition [4, then
(i) (see |11, p. 212] and Theorem 9.1 |34} p. 234]) W € Lo(S; C([0,T]; R));
(ii) (see |29, p. 21]) Since W does not depend on the variable x € ), we can write,
for example, that W € Lo(Ilg 7).

Now, let us concentrate on the definitions of the stochastic integrals. Take a function
g € Uy, where Uy := {g € C'0,T] | ¢(0)=g(T) =0}

Definition 5. The Paley- Wiener-Zygmund integral of the function g € ¥y with respect to
the Wiener process W is defined by the rule

(PVZ) /0 g(t) AW (t,w) = — /0 G (W (1, w) dt. (36)
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In the right hand side of we have the Bochner integral that is well-defined by condi-
tion 1 of Definition 4} Further, let g € L?(0,T). Then there exists a sequence {gu, hmen such
that

{gm}mEN C \I/Oa gmn:gog in L2<O, T)

Definition 6. The Paley- Wiener-Zygmund integral of the function g € L*(0,T) with respect
to the Wiener process W is defined by the rule

(PVZ) /0 o(t) AW (t,w) = Lim. (PWZ) /0 m(t) AV (1, ). (37)

m— 00

By [33, p. 59|, we get that PWZ-integral is well-defined. For the sake of convenience,
we shall write W (t) instead of W (t,-) etc. The properties of PWZ-integrals (36)—(37) are
considered in 33| (see also our previous paper [29]). We recall only that if ¢1, ¢, € [0,7] and
t1 < to, then (V Al,AQ € R)

/ ’ (A (0) + Asgalt)] W (1.0) = A, / a(t) AW (W) + A / ® o) W (L w), (38)

t1 t1 t1

to

and the following Newton-Leibniz formula it holds

[ awe =wie) - win), (30

t1

Now, let us consider the differential properties of the stochastic processes.

Definition 7. A stochastic process u = u(t,w): ©gr — R is called a differentiable, if there
exist functions o € L1(0,T; Ly) and B € L*(0,T) such that

Vi €07, f<t ultw) =ultiw)+ [ aGw)dst [ 56 dW(sw) (@0

t1

holds a.s. Then the expression
du(tv (.U) = a(ta W) dt + B(t) dW(t> W), (t> W) S @O,Ta (41)
is called a stochastic differential of the stochastic process wu.

Note carefully that the differential symbols are simply an abbreviation for the integral
expressions above: strictly speaking “du”, “dt”, and “dW” have no meaning alone (see |33, p.
69]). Clearly,

¥ A, A, € R: d(Alul(t,w) n Agug(t,w)) — A dui(t,w) + As dus(t,w).  (42)
Let us consider few examples. First, let o € L'(0,T; L) and
n(t,w) = /toz(s,w) ds, (t,w) € Oqr. (43)
0
By the properties of the Bochner integral, we get
n(te,w) —n(t,w) = /t2 a(s,w) ds — /t1 a(s,w) ds = /t2 a(s,w) ds.
0 0 t

Then Definition [7] implies that
dn(t,w) = a(t,w) dt + 0 dW (t,w) = a(t,w) dt. (44)
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Remark 5. Let D(0,T) is the space of the test functions, X is some Banach space, and
D*(0,T; X) is the space of the vector valued distributions (see, for example, |24, p. 186] for
more details). Then for every u € L{ (0,T; X) we have that u € D*(0,T; X) and

loc

(P = / u(t)p(t) dt, o € D(O.T). (45)

Since av € LY(0,T; Ly) C D*(0,T} Ly), then, for the function 7 from ([43), the distributi-
onal derivative n, € D*(0,T'; L) is well-defined and 7, = «. So, we can rewrite stochastic
differential to the form

dn =mn, dt +0dW = n, dt. (46)

Further, let 5 € R be a number. Then and Newton-Leibniz formula imply that
d<5 W (t, w)) —0dt+ 8 dW(t,w) =B dW(t,w). (47)

On the other hand, W € C([0,T];Ls) C D*(0,T; Lg). So, there exists a distributional
derivative W, € D*(0,T'; Ly) such that

(Wi, &) pory = =W, d)poy, ¢ € D(0,T). (48)

Definition 8. The vector valued distributional derivative W, € D*(0,T’; Ly) of the Winer
process W is called a white noise.

Using representation of type (45)), we obtain that the right hand side of equals to
the Bochner integral — fOT W (t)p:(t) dt. From we get that it also equals to

/0 o) dW (1), (49)

So, similarly as in [12] and [13], by ([#8)—(49)), we obtain that the white noise W; satisfies

Widloon = [ o0 avi) == [ Woa . oep0.). (60

Remark 6. Let X be some Banach space such that Ly C X (for example, X = L,). Since
Ly C X, we have that D*(0,7; Ly) C D*(0,7;X) (see |24, p. 187]). Then W; also is a
derivative in sence of the space D*(0,7; X).

Finally, let a € L'(0,T; L), 8 € R, and
t
u(t,w) = u(0,w) —i—/ a(s,w)ds+ 8 W(t,w), (t,w) € Oqr. (51)
0

Then for ty,t € [0,T1, t1 < t2, using (39)), we get

ults) — ult) = u(0) + /0 “a(s) ds + B W(ts) — uf0) — /O Cals) ds — BW(H) =

— /0 a(s) ds + /t2 a(s) ds + BW (ts) — W(t))) = /

t1 0 t1

a(s) ds + /t 2 B dW (s).
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So, using , we have the following stochastic differential of random process :

du(t,w) = a(t,w) dt + 8 dW (t,w). (52)

On the other hand, stochastic process belongs to C’([O T); Ly) and has in D*(0,T'; Ly)
the distributional derivative u; = fo )e + (B W)y, ie., (see Remark

u =+ B W (53)

Definition 9. The distribution wu; from is called a generalized stochastic derivative of
the stochastic process u from (51)).

Finally, let us consider the functions of more than two variables. For example, take
a function of three variables.

Remark 7. Suppose that o € L'(0,T; L;(Q x S)), 8 € R, and
t
u(z, t,w) = u(z,0,w) +/ a(z,s,w)ds+ W(t,w), (z,t,w)ellr. (54)
0
Since we can consider the Winer process as a function from the space Lo(Ilo7) (see Proposi-
tion [3), then, similarly to and Definition [} we obtain that u € D*(0,T; L1 (2 x S)) from
has a generalized stochastic derivative of type (53]).

3. Main results. Let us again (S, F,P) be a complete probability space, 7' > 0 be some
number, €; := (0,¢;) be the edges of our graph,

1 ¢
m; € N such that — < —, (55)
M =Q x (0,T) xS, Qyr=x(0,T) (i=1n), Or=(0,T)xS. (56)
Now, we seek a function w = (u!,... u™) such that u’: Hé,T — R,
up —aul, = fio,tw) +b(r,tw), (z,tw)ellly, i=1n, (57)

uF (U, t,w) = ul(ly, t,w) = u"(0,t,w) =u*(0,t,w), kdelJ;, rsel’,

> ub(lt,w) = X2 up(0,t,w) =0, j=TM, (tw) e, (8
keJ; reJ;r
u'(z,0,w) = uh(z,w), €Q, wesS, i=1n, (59)

where a > 0 is a number, f*, b’ u} are some given functions, in particular, b} is the function
of the white noise type (see Section 2 above and condition (W) below for more details).

To formulate the main results, let us introduce an additional notation. For every edge €2;
and number m; from , we put

3(mx)? — 2(myx)?, 0<z< 4,
B™i(x) ={ 1, L <t< -
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5/3/2 x

Fig. 3: Function B3. Fig. 4: Function B2.
Fig. 5: Function B2 _.

Plotting of function and its derivatives (for m; = 3 and ¢; = 2) is shown on Fig. 3-5.
Clearly, since holds, then B™ € C*(Q;), B™ € L>(f);), and
B(0) = B (0) =0, B™(6) = Br(6) =0, i=Tm (61)
Suppose that condition (A) holds and the following conditions are satisfied.
(F): f:=(f1...,f") € Ly(S; L*(0,T; H)), where H is taken from (7));
(U): ug = (ug, ..., ul) € Ly(S; H);
(W): b= (b,...,0"), where b'(x,t,w) = B™(z)W(t,w), (z,t,w) € IT} 7, W is taken
from Definition , m; is taking from , and B™ is taken from , i=1,n.
Note that, if the function B™ is taking from , then there exists a constant C5 > 0
such that for every z € Q¢ it holds: |B™(z)] < 1, |B™(x)| < (g, i = 1,n. Then the
function b from condition (W) satisfies the following estimates

V(W) < W(Lw), b tw)] < W (tw), i=Tn (62)
Estimates and smoothness of the Winer process (see Definition [4)) imply that
Z/ [t et )2 + (621, 0) ] it B(d) < Co, (63)
i=1 6,T

where (g > 0 is a constant. So, Lemma 3.4 [30, p. 19] implies that b € Lo(S; L2(0,T; Zo1)),
where Zjy; is taken from .
If we formally take in — u=u+b,ie.,
u'(z, tw) = Uz, tw) + 0z, tw), (ztw) ellyy, i=1n, (64)
where u = (u',...,u"), w = (a',...,u"), and b is taken from condition (W), we obtain
u; = u;+ b, and the following problem (with the Winer process but without the white noise)

ui—au', = f(z,t,w), (o,tw)e H&T, 1=1,n, (65)
aF (U, t,w) =0l t,w)=u"(0,t,w)=1u°(0,t,w), k,deJ , rse Jj*,
S Wk tw) — S wn(0,t,w) =0, j=1,M, (t,w)eOyr, (66)
keJ; reJt
' (r,0,w) =uh(r,w), TE€Q;, i=1n weES, (67)

where (fl, . ,f”) =: } =f+ ab,,, ie.,

fi<(L’,t,W) = fi(x,t,w) ta b;x(l’,t,W), ((L’,t,(ﬂ) € H%,Tﬂ L= UL (68>
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Clearly, for fixed w € S, problem (65])—(67) coincides with problem (3)—(5), where holds.
Let V is taken from () and H is taken from (7).

Definition 10. A function w=(u',...,u") is called a weak solution to problem 7(@) if
u € Ly(S; C([0,T); H) N L*(0,T3V)) (69)

and equality holds, where the function w = (u!,...,u") for P-a.e. w € S is a weak
solution of problem (65])-(67) as a function of the variables (z,t).

Theorem 4. Suppose that conditions (A), (F), (U), and (W) hold. Then problem (57)-
(@) has an unique weak solution w. Moreover,

Hu; LQ(S; o([0,T); H) N L2(0, T V))H < 07{‘

o La(S; H)| | + || £ La(8: 1200, 75 1) | +

+‘ b: Ly (S;C([O,T];H) N L2(0,T; V))H} (70)

where the constant (g > 0 is independent of w, ug, f,b.

Proof. Existence. First, let us take Zy; from and let us define the vector-valued function
k: S — H x L?(0,T; H) x L*(0,T; Zy,) of the random variable w € S by the rule

k(w) = <u0(-,w), £\ w), b(-,-,w)), weSs. (71)

Since the functions ug, f, and b are measurable, we have that k is a measurable function
(see Corollary 2 [26, p. 80]).
Further, let us solve problem f. Take an operator

R: H x L*(0,T; H) x L*(0,T; Zo,) — C([0,T); H) N L*(0,T;V)

such that
R(ug, f, b) = u, (72)
where w is an unique weak solution of problem — and holds. Remark |3| and Theo-

rem [3] imply that R is well-defined and it is continuous.
Using and (72)), we define the function B: S — C([0,T]; H) N L*(0,T; V) such that

PB(w) == (Rok)(w) =R(kw)), weS. (73)

Thus, for every w € S the value P(w) is u(-,-,w), where w is a solution of deterministic
problem f with the random parameter w € S, where holds.

Since the function k from is measurable and the function SR from ([72)) is continuous
(so, MR is a measurable function), we have that the function B from is measurable (see
Theorem 1 |26, p. 82]). Then the function @ is a (C([0,T]; H) N L*(0, T; V'))-valued random
variable. Moreover, u satisfies the following estimates of type (35|)

T
max [(-,t,w)[% + / (-, 2, w)|)? dt <
0

0<t<T

<ot + [ 176l + oot ] )
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21 . 2 pr— 21 . 2
Clearly, OrgtaéXT]u( tw) |5 (Oréltz?(T]u( ,t,w)|m)?. Then

(-, -, w); C[0, T H)|I* + [|w(-, -, w); L0, T; V)||* < CoF (w), (74)
where the constant Cig > 0 depends only on the constants 7" and a from ,
F(w) = [uo(w)lgr +1F( - w);s L0, T3 H) P + [[by (-, -, w); L*(0, T H)|?, w €S,
Since F € L(S), integrating inw €S, we get
u € Ly(S;C([0,T]; H) N L*(0,T;V)). (75)

Thus, equality (64)), condition (W), Proposition [3} and yield (69). From and (74),
we easily obtain .

(Uniqueness). Using , similarly as in the proof of Theorem , we get the following estimate
of type with u} = u2, f' = 2, b' = b, and with the parameter w € S:

T
1 2 2 1 2 2
. . . . < 0.
o%?( lu (-, t,w) u(,t,w)]H+/0 |lu (-, t,w) —u(-, t,w)||" dt <0

From this it follows, that u! = u? and Theorem 4| is proved. O
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