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We investigate discrete modified projection-type methods for the numerical approximati-
on of nonlinear Hammerstein integral equations with sufficiently smooth kernels. Such equa-
tions arise in various applications and require efficient numerical techniques for their accurate
resolution. The proposed approach is based on Legendre polynomial bases, which provide a sui-
table framework for constructing approximate solutions in appropriate function spaces. By
combining these bases with sufficiently accurate numerical quadrature rules, we derive discrete
formulations of modified Galerkin-type and modified collocation-type methods.

These methods are designed to improve the accuracy of classical projection techniques while
maintaining computational efficiency. A comprehensive convergence analysis is performed for
both approximate and iterated approximate solutions.

Under suitable regularity assumptions on the kernel and the exact solution, we establish
superconvergence results, showing that the proposed methods achieve higher-order accuracy
compared to standard approaches.

Moreover, we provide a rigorous error analysis that highlights the role of discretization and
quadrature in the overall approximation process. The obtained theoretical estimates demonst-
rate that the use of Legendre-based discretization leads to significant improvements in conver-
gence behavior. These results will contribute to the development of efficient numerical approa-
ches for solving nonlinear Hammerstein-type integral equations.

1. Introduction. Nonlinear integral equations arise from different fields in mathematical
physics like potential problems, electromagnetic fluid dynamics and transport problems (see
[8]). The Hammerstein integral equations have been recognized among the important special
equations in terms of nonlinear functional analysis. This equation is as follows

x— Kz = f, (1)
where K is the integral operator defined on X = C[—1, 1] by

1
(Kx)(s) = / x(s,)(t,x(t))dt, se[-1,1], zeX (2)
—1
where s, f, and 1 are known functions and x is the unknown function to be determined.

Actually, there is a huge literature on numerical methods for approximating the solutions
of Hammerstein integral equation with smooth kernels. The superconvergent degenerate
kernel and Nystrom methods for nonlinear integral equations were presented in [2| and the
superconvergence of the iterated Galerkin solutions for Hammerstein equations with smooth
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as well as weakly singular kernels was considered in [18|. Moreover, a new collocation method
was presented by Kumar and Sloan ([19]), while its superconvergence properties were studied
in [21]. Some other authors proposed discrete methods to solve nonlinear integral equations
with orthogonal and interpolatory projection operators (see [6,(7,11,12.14,20,23]). There have
been many approaches to improve the accuracy of numerical solutions. In this framework,
the authors in [9] studied a discrete version of collocation and iterated collocation methods to
obtain superconvergence results. Recently, a new method called discrete modified projection
(multi-projection method) which aims to improve the convergence of the classical methods,
was introduced in [22]. Tt is widely known that in order to obtain higher accuracy in these
methods, the number of partition points must be increased. As a results, we must solve
a large number of linear equations, which requires lots of computation.

A discrete version of the polynomially-based modified projection-type method to solve
discussed in [3| is considered in this paper. Particularly, Legendre polynomials can
be used as basis functions for approximating subspace. These polynomials can easily be
generated recursively and require less computational complexity than piecewise polynomials
(see |4]). We prove that using a sufficiently accurate numerical quadrature rule the orders of
convergence of the proposed method are still valide in its discrete version.

A number of recent papers have studied polynomially based projection methods for
nonlinear integral equations. In Das et al. [17], the discrete Legendre-Galerkin and di-
screte Legendre collocation methods for nonlinear Hammerstein equations were proposed.
Moreover, the Legendre-Galerkin solution as well as its iterated version were studied in
[15] for Urysohn integral equations. The discrete multi-projection methods using Legendre
polynomials was introduced in [16] and the case of weakly singular kernels was treated in [13].

The organization of this paper is as follows. In Section 2, we set up the notations and
discuss the discrete Legendre modified projection-type methods for Hammerstein integral
equation. In Section 3 we establish the convergence orders of the approximate and the iterated
solutions of the proposed methods.

2. Description of the methods.

2.1. Preliminaries and notations. We consider the Banach space X = C[—1, 1] endowed

with the infinity norm defined by ||z := rr[lax} |z(s)|. Define Q2 = [—1, 1] x R. Throughout
se[—1,1

)

the paper, the following assumptions are made on s, f and :

(i) f € X and ¢ € C(2). (ii) ¢ € C([-1,1]?), and M: = ( )m[ax - |2¢(s, ).

s,t)e[—1,1
(iii) The functions ¥(t,u) and 0¢(t,u)/0u are Lipschitz continuous in u € R, i.e., there
exists 01,y > 0 such that for any ¢ € [—1,1],u;,us € R,

[t ur) — (¢, uz)| < difus —ug| and g_i(t,m) - Z_Z

If the condition (iii) holds, the operator K is Fréchet differentiable and K’ is Md,-
Lipschitz. The Fréchet derivative at « € X is the linear operator K'(x) given by

K@) = [ s.0F a0, gex

1

(t,’LLQ) S 52|U,1 —U2|.

Next we show that equation (1)) possess unique solution in X.

Theorem 1. Assume f, and 1) satisfy the conditions (i1)—(iii) respectively. Moreover,
assume 201 M < 1. Then the integral equation has a unique solution zy € X.
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Proof. Consider the nonlinear operator 7: X — X defined by 7T(z) = Kz + f, z € X.
Then equation (1) becomes T (x) =
For z,y € X| using the Lipschitz’s continuity of ¢ in (7i7), we obtain

|7 - T, = sullal | [ s 0ot 0) ~ vit o] <
se|— -1
< sup (s, 1) |/ |U(t, x(t)) — (t, y(t ]dt<(51M/ lz(t) —y(t)| dt <25 M|z — y||oo-
s,te| 11]

By assumption 20; M < 1, hence T is a contraction mapping on X. So, 7 has a unique fixed
point in X, by Banach contraction theorem. Hence the proof follows. O

Remark 1. The condition 26;M < 1 is only a sufficient condition for the existence and
uniqueness of a solution to equation , it is not necessary. In the subsequent analysis,
this condition is not required. Instead, we assume that equation has a unique solution,
denoted by xg.

Let X,, denote the space of all polynomials of degree < n defined on [—1,1]. Then the
dimension of X,, is n + 1, and the Legendre polynomials {Lg, L1, Lo, . .., L,,} defined by
Lo(s) =1, Li(s)=s, se[-1,1],
(2 + 1)L7;+1(S) = (2Z + 1)8[/1(8) - Z'Li_l(S), 1€ {]., 2, e, = ].},

form an orthogonal basis for X,, with respect to the inner product
1

(f.9) = 71f(t)g(t)dt, f.g€X.

2/(2i+1), i=j

0, L7 7,
{gpi(s): @'+1/2Lz~(s):iE{O,l,...,n}}.

The integral in the definition of K involved in equation is not computed exactly

in practice. A discrete projection-type method is formed by replacing these integrals with
numerical quadrature, as described below. We begin by choosing a numerical integration

scheme
/ Fitydt = szf 3)

where the weights satisfy w; > 0 for i € {1, 2 .,m}. The number of nodes is denoted
simply by m (with m > n), and the dependence on n is understood implicitly. We assume
that this formula has degree of precision d > 2n, that is

1 m
/ P(t)dt =Y w;P(t
-1 i=1

for all polynomials P of degree < d. Throughout this paper, the parameters d and m are not
chosen independently of n, but rather in such a way that d > 2n and m — oo as n — oo.
This guarantees the validity of the approximation properties used in the following analysis.

Let f,g € X. According to Golberg [12| and Sloan [23|, the discrete inner product is

defined as follows m
= Z w; f(t:)g(ts) (4)
i=1

then, an orthonormal basis for X, is given by

Since <LZ,LJ> = {

and the associated norm is

1]z == (ZwifQ(ti)) :

=1
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Throughout this paper, we assume that » > 2 and 0 <p <r
If ¢ € CP([—1,1)%) and ¥ € CP(Q) then R(K) C CP[—1,1]. Thus if f € CP[—1,1] then
x € CP[—1,1]. We set
|2l p.c0 := max{‘alatj( t)]:0<i+j<p and s,te[-1,1]},

|z p.co = maX{Hx |lo: i€ {0,1,... ,p}} and W, := maxye[_1,1 ’%(t,xo(t)ﬂ.
In terms of the numerical integration method , the Nystrom operator can be defined as

= Zwi%(s,ti)@/}(ti,x(ti)), s€[-1,1].

The Fréchet derivative of KN at xg is given by

(KN (20)g sz (s,t;) tz,xo(t))g(ti).

Since f_ll dt =" w; =2 and w; > (), for] € {0,1,2,...,7‘} we get

N 0
ZwiT(S,ti)—:f(ti;xo(ti))g(ti) <

s€[—1,1] 0sJ )
aﬂ‘ Y
< ) 2 el (1) 192 1 1))l < 2l g,
where (; 1= n[qax | & e t ,zo(t)) | . Hence, we deduce that ||KN (20)g]loe < 2¢1|5#]|0,00 |9/ co-

This implies,
1Ko (0 lloo < 2¢115#l0,00- (5)

The operator IC%/ (x0) is a compact operator on X.
As a next step, we demonstrate an important lemma that will be useful in this paper.

Lemma 1. Let z,y,g9 € X. Then for j € {0,1,2,...,r}, the following estimate hold
TN () = KN (1)1 oo < 26a[5¢])j.00 17 = yllocllgloc- (6)
Proof. Using the Lipschitz continuity of g—f(t, u), we get for j € {0,1,...,r}

IR (2) = K5 (1)9]V |0 =

) [ St (6)) = 5ot w1 o0

w; a—(tuf’?(ti)) g¢<t“y Hg

1]l 00/l = lloollgloo-

We consider two types of projections from X to X,,.

Discrete orthogonal projection. Let 29: X — X,, be the hyperinterpolation operator
introduced by Sloan ([23]) as

n

(252)(8) = Y (e, eihmils), (™

=0
and satisfying <Q§x, 901'>m = (z,¢i),,,1€{0,1,...,n}. For any € C"[—1, 1], we have also

1
125222 < V2|2llow, and (o — 2w,z — 27x): < erv2n 7|20, (8)
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where ¢; is a constant independent of n and n > r.

Interpolatory projection. Let 2¢: X — X, be the interpolatory operator defined by

Sloan as
loan ([23]) (2%u)(13) = u(r), i€{0,1,....,n},

where {7;: i € {0,1,...,n}} are the zeros of the Legendre polynomial L, ;. In the Lagrange

form, 2% is
n

(27u)(s) =) uln)l(s), (9)
=0
where ¢; is the unique polynomial of degree n that satisfies ¢;(7;) = ¢;;. Here, J;; denotes the
Kronecker delta function.
For notational convenience from now on we write 2, = 2¢ or 2¢. According to the
analysis of (Golberg [11] and Sloan [23]), 2, satisfies the following lemma.

Lemma 2. Let 2,: X — X, be the the hyperinterpolation or interpolatory projection
operator defined by @ and (@ There exists a constant p > 0 independent of n such that
forx € X

12nzllez < pllafle, o = 2uzlze < (T +p) fnf flz— @l (10)

In particular, for any x € C"[—1, 1], there exists a constant ¢; independent of n such that
|z — 2pz||e2 < an||z™]] g2, (11)

Iz = 2nz]loe < 1?7 |2 o, (12)

where v = 1 for the hyperinterpolation operator and v = % for the interpolatory projection.

Remark 2 (Sloan [23|). If m = n + 1 and the quadrature points used in the discrete inner
product and @ are the same, the hyperinterpolation operator 2¢ reduces to the 2¢.
Then we can write 28 = 2¢.

For a fixed s € [—1, 1], define »,(t) := »(s,t) for t € [—1,1] to be the s section of s. In
the Kumar and Sloan [19] technique for finding the approximate solution of , the function
Z<t) :w(tvx(t))7 te [_171]

is approximated by the polynomial z, = 2,z of degree < n.
Recall that the modified projection-type method introduced in [3,/10] consist of approxi-
mating IC by
e@nlC + ICn - incna
where /C,, is the nonlinear operator given by
1
(o) (5) = / (s, ) Dnz(t)dt, s € [—1,1]
-1
In this framework, we propose to approximate /C by the following discrete finite rank operator

KM =2,k + K2 — 2,KP, (13)
where K2 is the discrete nonlinear operator given by

(KPx)(s) = (55, 202)m = Zwixs(ti)(o@nz)(ti), s e [—1,1].

Then the discrete Legendre modified projection-type method for equation is seeking
an approximate solution x,, to xy such that

Tn — KMz, = f, (14)
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and the discrete iterated solution is given by
Tn=KNx, + f. (15)

Throughout the paper, this method will be called a modified Galerkin-type or modifi-
ed collocation-type method when the discrete orthogonal projection or the interpolatory
projection is used, respectively.

In the next section we consider the reduction of to a system of nonlinear equations,
and we give some details on the numerical implementation.

2.2. Implementation note. Let 2¢ be the hyperinterpolation operator defined by and
2;(s) == ((s,.), ¢;), in order to give more details about the implementation of z,, it is easy
to show from and , that x,, has the following form

= f+zak80k+zbk%k, (16)

where the coefficients {a;,b;: i € {0, 1, ,7_1}} are obtained by substituting x,, from equation
(16) into equation then, we successively have

n m

(GO, = St pihmpi = 37 { 3 [ S wttsstu)z(e]wson(ty) b,

=0 =0 j=1 k=1

3
3

(DEKD ), = S e = 3 { 30 [ 30 (S wizttonttn) )]st

=0 =0 j 1 k=0 =1
where Z(t;) = w<t f(t;) + Z appr(t;) + Z b (t )) Therefor we can identify the coeffi-

cients of ¢; and x; respectlvely, and we obtaln the nonlinear system

m

= 3 [ 3 wnoelty 17(0) — 3 buomlty)Jsety)

j 1 k=1
bi = lejf(tj)%(tj)-
‘]:
For the interpolatory projection given by @, we apply 2¢ and (Z — 2¢) to equation ,
to obtain
2%z, — 2°KN = 2°¢, (17)
By writing KNz, = KN (I — 292, + KN 2%, and replacing (Z — 2¢)x,, by its expression
from equation (I8), KNz, becomes Kz, = KN ((Z — 29)KPx, + 252, + (T — 29)f).
Now, by replacing KNz, in equation (17]), we obtain
90, — DN (T — 29)KPa, + 25, + (I — 29)f) = 9E T,
and then for i € {0,1,...,n}, we have
() — ICTJX((I — 99KP 2, + 2%, + (T - Qg)f)(n) = f(n).
From , the approximate solution is given by

= 9%, + (T - 29)KPx, + (T - 29)f = f+z li+

n

—i-zm: [Zw(n,ai)&(tj } Z_: { Z [Zw Tiy a; )i ( } (T, t )}fk,

j=1 =0
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where f; := f(r;) and a; := x,(7;). Now, applying 2¢ to both sides of equations and
(15]), we obtain 9%, = ‘,@Clexxn + 2°f = 2°%Z,, and this yields

T (15) = Ty (75), j€40,1,...,n}. (19)

The above formula proves that at the collocation node points, the convergence of z, to x
is as rapid as that of z,, to x,.

3. Convergence rates. The purpose of this section is to study the existence and uniqueness
of approximate solutions of and to discuss the superconvergence results. In the next
theorem, we give first the error estimation for the integral operator K and the Nystrom
operator K. Throughout this paper, we assume that r > 2 and introduce the following
notation:

Unlt) = S ao(0), (s 0) = T2 1), aut) = als, 1), st [1,1]

Theorem 2. Suppose that s € C([—1,1]?) and 1y, 1,9 € CY—1,1], withd > 2n > n >
r > 2. Then there exists a positive constant ¢, independent of n such that

1K (o) — Ko (z0)lloo < can™Wal| 2]l g, (20)
1K' (20)g — K3, (20)gllse < cxn™ Wyl sellacell9llace. (21)
d
where U := . gl_axl] |88t7’§1 (t)|

Proof. Tt follows that for any P € X,
(o)~ 00| = | [ ot 10000 = PO = ettt ~Ple)] | <

< st~ Pl [t 4300 < et = Pl

=1

For z € C"[—1, 1], we have from Jackson’s theorem (see [§])

f ||l — <en " . 22
inf Jlz = dlloo < en”[l2]|og (22)

Thus

| (K(wo) = K (20))(5) | <4 inf [[s0h0 = Plloc < ded™|[s4:30] V|0 < 4ed™" W[ 5¢]| i -

Since d > 2n, we have
| (K(0) — K (w0))(s) | < 4e(2n) "W 5] cc. (23)
Thus,
1 (o) — Ko (o)lloo < c2n™Wal|¢|a,cc- (24)

Similarly, it can be demonstrated that ||(K'(zo) — KN (20))gllee < c2n™ W55l a0 |l d.c0s
and the proof is completed. n
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Lemma 3. Assume that q € C%([—1,1]%) and v, 1, g € C¢[—1,1], then
11K (20) = K (20)]loo < can™Wallglaco, (25)

1" (20)g — K3 (20)9) Ve < c2n™Willallaoo gl oo, (26)

where ¢y is a constant independent of n.

Proof of the above lemma can be easily done using similar technique given in Theorem [2]
The following lemma is crucial.

Lemma 4. Let xy € X be the unique solution of . Then for n large enough, (T—KM' (4))~!
exists and is uniformly bounded, i.e., there exists a constant A > 0 such that

I(Z = K3 (20)) oo < A (27)

Proof. Let ‘
M oL, .
Qj(sat) = %(Sat)%(talh(t))? J € {0,1,2,...,T}.
For each g € C%[—1, 1], it follows from the estimates , and that

(K (20)g — KM (20)gllow = | 2alK (20) — K (20)]g oot
HIT — 2.)K (20) — K2 (20)]gllc =
= |I(Z — 2,)[K(0) — KN (20)]gllow + 11K (20) — KN (@0)]glloc + (T — 20) K (0) gl o0+
HIZ — 20)KL (w0)glloe < i " |[K (o) — K (@0)]g)" oo + cxn Wl 5¢]l ao gl aot

+en ™ K (20)g] [loo + exn? K (20)g] [loo < crean™™ " Wil gl 00| gl a0 +
+ean” Wil acollgllace + 261607 " (lglloo + c1n? N CE (20)g)" oo, (28)
where (5 := m[ax ]| q¢,(s,t)|. Using Cauchy-Bunyakovsky-Schwarz inequality and estimate |}
s,te[—1,1

we obtain

Y (20)g] ™ loo = max
s€[—1,1]

< ol (Do (Luta(6)? )" (Do wi (9()) ) < Mol {2ato, Lt 9,905, <

< V2|5l 00 [¥1 [l oo 1 9llo0 = V2Dl ]| 1,009l oo (29)
Since 0 < v <1< r,d> 2r, the estimates and imply that

D=

(K" (20) = K" (x0) oo < can™ " Wern” " |lqllao + 1 5lla00) +
+en’ 26 + \/§P§1||%||r,oo] =0

as n — +oo. It then follows from the results of [1] that, (Z — KM (20))~! exists and are

n

uniformly bounded. O
Lemma 5. let 2y € X be the unique solution of (I]). Assume that q € C%([~1,1]?). Then

1[Ca(w0) = 7 (20)] oo = O(n ™). (30)
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Proof. Let 2¢ be the interpolatory operator defined by @I) By the formula

[KCo(w) = K (w)l(s) = D vi(ts) | / 4 (OGO~ (340, L)

it holds that for any P € X,

an) = K2 0I) = S o) [ a0t = 3 wsantt 6t -
=t [l - Pl =Y lals, () - P <
<>t {lati =Pl [ de+ D w]} <43 vt ~ Pl

Now follov;ing the steps of to , we ;:an show that_

| [ICa(wo) = K7 (20)] () | < mllvollocean™|(gst:) V|,

which means that
[KCn(20) — K2 (20)] ]| = O(n~*F1). (31)

A similar estimate can be obtained in the case of the hyperinterpolation projection. O

Given xg € X and dy > 0, the set
B(l’o,(so) = {I’ e X: ||ZL‘ — $O||oo < 50}
is called the open ball centered at x, with radius dy. Using Theorem 2 given in [24], the
following theorem can be proved.

Theorem 3. Let zy € X be an isolated solution of . Assume that 1 is not an eigenvalue of
K'(zo). Then there exists a real number 0y > 0 such that the approximate equation @ has
a unique solution x, in B(x,dy) for a sufficiently large n. Moreover, there exists a constant
0 < ¢ < 1, independent of n such that
Qp Qp
1+¢ 1—gq
where oy, = ||(Z — KM ()7 (K(20) — KM (20))|| . — 0 as n — oc.

, (32)

The next theorem establish the rate of convergence of the discrete Legendre Galerkin
solutions of equation to the exact solution xg.

Theorem 4. Let xy, be an isolated solution of the equation and z¢ be the discrete
Legendre modified-Galerkin approximation given by . We assume that »,q € C([—1,1]?)
and 1y, Y1 € C4—1,1], with d > 2n >n >r > 2. Then

|20 — 25|00 = O (exp{—min{3r — 1,d} Inn}). (33)

Proof. We observe from Theorem [3]that to estimate ||zg—2, ||~ We need to estimate ||K(zq)—
KM (20)|oo- By using (13), we have

1 (z0) — K3 (o) e < 1125 (K@) — K (20)) [loo + (T — 27) (K(0) — K (20)) [loo <
< (T = 25)(K(xo) = Ky (@0) e + | (K (o) — Ky (20))l|oe+
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+H(Z = 25)(K(0) — K7 (20)) |-

Using estimates , , and Lemma |4, we get

lzo — 2 lloe < A{esn™ M| [K(wo) — K (@0)]" lloo + (K (w0) — K5 (20) oot
e [KC(0) — K7 (20)]Vloe } < Acrean™ 1 Wylgll 00 + Acan™ W] 3¢ 400+
+Aern[K (20) — K7 (20)]|oc. (34)

We quote the following estimate from the Theorem 3.2 in |3]
1IC(20) = Ku(20)] "l = O(n™). (35)

Now from the above estimate and , we obtain
11K (x0) — K7 (20)] oo = [I[K(w0) = K (0) + Knlwo) — Ky (20)][|oe <
< 1K (20) = Ka(20)] oo + [ [Kn (o) = K2 (20)] " [l =

= O (exp{—min{2r,d — 1} Inn}). (36)
This result, together with , proves (33) in view of d > 2r and r > 2. O

Theorem 5. Let xq be an isolated solution of the equation and ¢ be the discrete
Legendre modified-collocation approximation given by (14). If 5, € C%([-1,1]?) and
Yo,y € CU—1,1], with d > 2n > n >r > 2, then

|20 — 25|00 = O(n~#+3). (37)

Proof. Using estimates , , , , and Theorem , we have
o — 27 loo < A{I25 K (0) — K (w0)]lloo + (T — 25) (K (o) — K7 (w0))lloo } <
< A{(Z = 27)(K(x0) = Ky (20)lloo + | (K (o) = K5 (0)) [l
HI(Z = 27)(K(x0) — K (20)) [l } <
< A{ean 3 [[[K(wo) = KN (@0)]"llso + 1K (20) = K (20)) | oo+
e3[R (o) = K7 (0)] oo} <
< Acrean™ 2 Wal|q] a0 + Acon™ Walsellace + Acrn™ 2| [K(20) — K7 (20)]Vlloc- (38
From the proof of Theorem 3.3 in [3] we have
11K (o) = Kn(0)] " loo = O(n7). (39)
Similarly to , combining this estimate with , we obtain
11K (x0) = K3 (20)] oo < 1K (w0) = K (0)]™ [loo + [[[Kn(0) = K7 (20)] oo =
= O (exp{—min{r,d — 1} Inn}). (40)
Thus, follows from and . O

The following results are needed to obtain the order of convergence of x,, to x,.

Lemma 6. Assume that » € C"([-1,1]?) and g—ﬁ € C"(Q). Then, the operator KM is
Lipschitz continuous in a neighborhood B(xg, §y) of xq, that is, there exists a constant d3 > 0
independent of n such that

I (o) — K (2)lloe < Osllo — @lloo, @ € Blao, &)- (41)
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Proof. From equation , we have
K5 (y) = 20K () + (T - 20K (), yeX (42)
Hence, for any g € X,

IR (o) = K (2)]gllo0 = 120 (03 (20) = K (2))glloe + (T = 20) (K (0) = K (2)) g oo-
Now using the Lipschitz’s continuity of % and estimates @ and , we get

120 (K3 (20) = K (@))gloe < (20 = DY (20) — K (2)) gl oot
HIUER (20) = K (@) glloo < exn™ T[N (x0) = K ())9] " oo+

HI(E (o) = Koy (2))glloo < 20077315l 00|20 = #[loc 1 glloo + 2a[|5#ll0,00 |20 = 2l oo |9l oo-

(43)

On the other hand, using the estimate and the Cauchy-Bunyakovsky-Schwarz inequa-
lity, we obtain

(T — 2,)(KY (z0) = K ())glloe < exn” " |[[(KCF (w0) = K7 (2))g) |0 =

n

_ O o o
— y-r i , s N — 22 (4 . N <
™™ i |3 (5,8 20 [t an(1) = ot a(t)a(e)| <
— oY oY
< e llnoo [ a5 () = SE ()]l <
< V2e1p8an” ™|l = oo (44)

Since 0 < v <1 < r, the desired result follows now from and with
03 = 202||7||0,00 + (2 + ﬁp)égclny_r\]%HT,oo.

In the next theorem we give the approximation error of the discrete iterated Legendre
modified projection-type method.

Theorem 6. We suppose that » € C"([—1,1]*) and g—i’ € C(2). Let xy € X be the unique
solution of the integral equation . Then, for n sufficiently large, the iterated solution x,,

given by (17), satisfies
20 = Zulloe < esllwo = zallZ + AN (20)[KC(x0) — K (20)]lloe + 1K (o) — K7y (20)lloc, (45)

where c3 is a constant independent of n.

Proof. Note that from and we have

To — Ty = Kaxg — Kﬁxn = Kﬁxo — ICfXxn — /C%xo + Kxp.
Therefore, for some 0 < 6 < 1, we get KNag — KNa,, = KN (20 + 0(z0 — 20)) (20 — 1) =
= (KN (20 + 0(z0 — ) — KN (20) + KX (20)](20 — x,). Taking the norm on both sides of
the above equation and applying the Lipschitz’s continuity of ICN', we can show by using @
that

120 = Zalloo < 28281 5¢l0,00]|0 — ZallZe + I (0) (20 = 2 )lloo + 1 (0) — Ky (20) [loo- (46)
Let
(Z = K" (0)) (w0 — 2a) = K(0) — Iy (w0) — K3 (o) (w0 — ) + Ky (w0) — I} ().
Applying KN'(x4) to both sides of the above equation and using the mean value theorem,
we deduce that

K (o) (w0 — x) = KN (20)(Z — KA (20)) 7 [K(w0) — K (w0) — K (o) (w0 — )+
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+HIC (w0) = K ()] = K (0) (T = KT () ™M K (o) — KN ()] +
+HIC (20)(T = K3 (20)) T I (w0 + O(wo — ) — K (0)] (0 — ),
where 0 < € < 1. Now from estimates , and Lemma @ one has

1o (20) (20 = 2a) oo < AN (20)[KC(20) — K3 ()]l oo + 2A460¢105] 5000 120 — |2
By combining this inequality with estimate , we get
20 = Zalloo < sllzo — @)% + A (20)[KC(20) — K3 (20)] oo + 1 (20) — K3 (20) | oo

with C3 = 29”%”0700(52 + A€153) O

Remark 3. Estimate (45| shows that the convergence of the iterated solution z,, depends
on the convergence of three terms. We now justify that each of these tends to zero as n — oc:

e From Theorem [3 we know that ||zg — || — 0, since a, — 0 and 0 < ¢ < 1.
e From Theorem , we have ||KC(zg) — K (20)]loo = O (n77).

e For the remaining term, under the assumptions d > 2r and r > 2, we distinguish the
two types of projection:
— If the method is based on orthogonal projection, then as we will prove later (see
equation (50)), [N (20)[K(z0) — KX (20)]]|ec = O (exp{—min{dr,d + 2r — 1,d} Inn}).
— If the method is based on interpolatory projection, then the following estimate will
be established later (see equation (506)):
1N (0) [KC(0) — KA (20)]]| o0 = O (exp{—min{2r,r +d — 1,d} Inn}).
Therefore, in both cases, all terms on the right-hand side of inequality converge to
zero, which implies ||zg — Tplloc = 0 asn — oc.

The theorem below state that the iterated discrete Legendre modified Galerkin-type
solution defined by converges to x, faster than z¢.

Theorem 7. Let xy be an isolated solution of the equation . We assume that s,q €
CU([=1,1]%) and g,y € CY—1,1], with d > 2n > n > r > 2. Then, for n sufficiently large,
the iterated discrete Legendre modified-Galerkin solution T¢ given by , satisfies

|20 — ZC1|oc = O (exp{—min{4r,d}}Inn). (47)

Proof. For the second term of the estimate , we can write
o (20) [KC(0) — Iy (x0)]llow = IMCy (20) 25 [C(w0) — Koy (20)] [l oo+
HII (20)(Z — 27)[K (o) — K (20)] [l (48)
First, by the Cauchy-Bunyakovsky-Schwarz inequality and estimate , we get

2 (20) 28T o) — KD (o)) ()| = szQOSt ST (o) — K2 (o) (1)

<

(sz%st )%(Z {QS[K(IO)() /cN(xO)(t)]}Q)Qg

< V2]ao(s, oo 26 [K (o) = K2 (0)], 28 [K(ao) = KD (0)] )" <

< 2G| K (20) — K (0) o
where (3 1= max se[1,1] ‘qo(s, t)} Thus, by using , we have
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I3 (20) 25 K (o) — K (z)lloe < {20265l (49)
Taking use of the Cauchy—Bunyakovsky—Schwarz inequality and estimate (8)), we obtain

”Cfﬁ' (20)(Z — 257)[K (o) — K (wo)]( )2 = 27)[K(wo) — K5 (o)) (1)

—‘<QO (T - QG)[IC( )_/cg(xo)pm‘:
:‘<I—QG)%( ), (T — 29)[K(x )_;cf(xomm‘g

<sz (T — 25)q0(s, )%sz T — 99)[K(zo) — /CD(xo)](ti)f)%:

(T Pl T Dl i
x((Z - QS)[K@O) — K (20)], (T — 28)[K (o) — K (20)]) 2, <
< 2ein ™ fgo(s, )1 e [0C(z0) = K7 ()l = 2eiGan™ (o) = K )]

where (4 := m[ax | atqf’ (s,t)]. Hence, from 1’
1,1

KN (20)(Z — 29)[K(x0) — K2 (20)] |00 = O(exp{—min{4r,d + 2r — 1} Inn}).
Then by combining , and the above estimate, we obtain

N (20) [ (20) — KM (20)]]| 00 = O(exp{—min{4r,d + 2r — 1,d} In n}) (50)
This together with , and Theorem |§| gives . O]

The following theorem give the superconvergence of the iterated discrete Legendre modi-
fied collocation-type solution 7¢ to .

Theorem 8. Let xy be an isolated solution of the equation . We assume that s,q €
CU([—1,1]%) and 1y, 1, € C4—1,1], with d > 2n > n > r > 2. Then, for n sufficiently large,
the iterated discrete Legendre modified-collocation solution € given by (@, satisfies

2o — Z%)|00 = O(n™). (51)
Moreover, we have the following superconvergence result for & at the collocation points
max |2o(Ti) — 28 (1) = O(n~?"). (52)

0<i<
Proof. Consider
1 (0) [KC (o) — KN (0)]lloo = ICN, (0) 25 K (w0) — Ko (w0)][loot
HIK (20)(Z — 27)[K (o) — K (20)] [l (53)
By using the estimates and , we obtain
H’CN'(ﬂfo)e@C[’C(ﬂ?o) = Ko (@o)]lloe <

(Zwl qo(s, t;) ) (sz{o@g [KC(0) (t;) — Kﬁ(s%)(h)}p) _

=1

— llao(s, )| 25 [KC o) — K2 (20)] | 4o <
< Vol M)~ K)o < {VapeaGaWallselae pr. (54)

For the second term in , by applying and the Cauchy-Bunyakovsky-Schwarz inequali-
ty, we can write

D=
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N (20)( = 25) K (w0) = K2 ()] (5)] = [(au(s. ). (T = 2)[K(o) = K2 (w0)]),,| <
< llqo(s 7-)H32H(Z— 2K (o) = K7 (wo)] || <
< V27 lqo(s, ool [K (o) = K2 (20)] 7| 22 < 2e1Can ™" [|[K (o) — K7 (20)] |- (55)
Therefore, using we deduce that
1N (20)(Z — 29)[K(z0) — K2 (20)][|oc = O(exp{—min{2r,7 +d — 1} Inn}).
Now using the above estimate and in the estimate , we obtain
H/CN/(xO)[IC(xO) — KM (z0)])|loe = (’)(exp{— min{2r,r +d —1,d}Inn}). (56)
Combining (20 ., . and (| . the estimate is proved. We recall from , that

the solutions ¢ and 7¢ agree at the collocation node points, and therefore (52|) comes from
and this concludes the proof. O

Remark 4. If the assumptions of Remark [2] holds, the hyperinterpolation operator 2¢
reduces to the interpolatory projection operator 2¢ and consequently the iterated discrete
Legendre modified collocation-type approximation exhibits the following superconvergence

rate |zo — T¢||c = O(exp{—min{4r,d} Inn}), withd>2n>n>r>2.

Remark 5. The parameter r in the error estimates plays the role of a regularity index
that reflects the smoothness of the exact solution. Although the optimal convergence rate is
achieved when r = n, keeping r as a free parameter allows the analysis to cover a broader
class of solutions with different smoothness levels. Similarly, while the choice d = 2n yields
optimal accuracy, we prefer to adopt the more general condition d > 2n, which is standard in
the literature on discrete projection methods (see, e.g., [5,16,22]). This formulation provides
greater flexibility without altering the validity of the theoretical results.
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