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We investigate discrete modified projection-type methods for the numerical approximati-
on of nonlinear Hammerstein integral equations with sufficiently smooth kernels. Such equa-
tions arise in various applications and require efficient numerical techniques for their accurate
resolution. The proposed approach is based on Legendre polynomial bases, which provide a sui-
table framework for constructing approximate solutions in appropriate function spaces. By
combining these bases with sufficiently accurate numerical quadrature rules, we derive discrete
formulations of modified Galerkin-type and modified collocation-type methods.

These methods are designed to improve the accuracy of classical projection techniques while
maintaining computational efficiency. A comprehensive convergence analysis is performed for
both approximate and iterated approximate solutions.

Under suitable regularity assumptions on the kernel and the exact solution, we establish
superconvergence results, showing that the proposed methods achieve higher-order accuracy
compared to standard approaches.

Moreover, we provide a rigorous error analysis that highlights the role of discretization and
quadrature in the overall approximation process. The obtained theoretical estimates demonst-
rate that the use of Legendre-based discretization leads to significant improvements in conver-
gence behavior. These results will contribute to the development of efficient numerical approa-
ches for solving nonlinear Hammerstein-type integral equations.

1. Introduction. Nonlinear integral equations arise from different fields in mathematical
physics like potential problems, electromagnetic fluid dynamics and transport problems (see
[8]). The Hammerstein integral equations have been recognized among the important special
equations in terms of nonlinear functional analysis. This equation is as follows

x−Kx = f, (1)
where K is the integral operator defined on X = C[−1, 1] by

(Kx)(s) =
∫ 1

−1

κ(s, t)ψ(t, x(t))dt, s ∈ [−1, 1], x ∈ X, (2)

where κ, f , and ψ are known functions and x is the unknown function to be determined.
Actually, there is a huge literature on numerical methods for approximating the solutions

of Hammerstein integral equation (1) with smooth kernels. The superconvergent degenerate
kernel and Nyström methods for nonlinear integral equations were presented in [2] and the
superconvergence of the iterated Galerkin solutions for Hammerstein equations with smooth
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as well as weakly singular kernels was considered in [18]. Moreover, a new collocation method
was presented by Kumar and Sloan ([19]), while its superconvergence properties were studied
in [21]. Some other authors proposed discrete methods to solve nonlinear integral equations
with orthogonal and interpolatory projection operators (see [6,7,11,12,14,20,23]). There have
been many approaches to improve the accuracy of numerical solutions. In this framework,
the authors in [9] studied a discrete version of collocation and iterated collocation methods to
obtain superconvergence results. Recently, a new method called discrete modified projection
(multi-projection method) which aims to improve the convergence of the classical methods,
was introduced in [22]. It is widely known that in order to obtain higher accuracy in these
methods, the number of partition points must be increased. As a results, we must solve
a large number of linear equations, which requires lots of computation.

A discrete version of the polynomially-based modified projection-type method to solve
(1) discussed in [3] is considered in this paper. Particularly, Legendre polynomials can
be used as basis functions for approximating subspace. These polynomials can easily be
generated recursively and require less computational complexity than piecewise polynomials
(see [4]). We prove that using a sufficiently accurate numerical quadrature rule the orders of
convergence of the proposed method are still valide in its discrete version.

A number of recent papers have studied polynomially based projection methods for
nonlinear integral equations. In Das et al. [17], the discrete Legendre-Galerkin and di-
screte Legendre collocation methods for nonlinear Hammerstein equations were proposed.
Moreover, the Legendre-Galerkin solution as well as its iterated version were studied in
[15] for Urysohn integral equations. The discrete multi-projection methods using Legendre
polynomials was introduced in [16] and the case of weakly singular kernels was treated in [13].

The organization of this paper is as follows. In Section 2, we set up the notations and
discuss the discrete Legendre modified projection-type methods for Hammerstein integral
equation. In Section 3 we establish the convergence orders of the approximate and the iterated
solutions of the proposed methods.

2. Description of the methods.
2.1. Preliminaries and notations. We consider the Banach space X = C[−1, 1] endowed
with the infinity norm defined by ∥x∥∞ := max

s∈[−1,1]
|x(s)|. Define Ω = [−1, 1]×R. Throughout

the paper, the following assumptions are made on κ, f and ψ:

(i) f ∈ X and ψ ∈ C(Ω). (ii) κ ∈ C([−1, 1]2), and M : ≡ max
(s,t)∈[−1,1]2

|κ(s, t)|.

(iii) The functions ψ(t, u) and ∂ψ(t, u)/∂u are Lipschitz continuous in u ∈ R, i.e., there
exists δ1, δ2 > 0 such that for any t ∈ [−1, 1], u1, u2 ∈ R,

|ψ(t, u1)− ψ(t, u2)| ≤ δ1|u1 − u2| and
∂ψ
∂u

(t, u1)−
∂ψ

∂u
(t, u2)

 ≤ δ2|u1 − u2|.

If the condition (iii) holds, the operator K is Fréchet differentiable and K′ is Mδ2-
Lipschitz. The Fréchet derivative at x ∈ X is the linear operator K′(x) given by

(K′(x)g)(s) =

∫ 1

−1

κ(s, t)
∂ψ

∂u
(t, x(t))g(t)dt, g ∈ X.

Next we show that equation (1) possess unique solution in X.

Theorem 1. Assume f,κ and ψ satisfy the conditions (i)–(iii) respectively. Moreover,
assume 2δ1M < 1. Then the integral equation (1) has a unique solution x0 ∈ X.
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Proof. Consider the nonlinear operator T : X → X defined by T (x) = Kx + f, x ∈ X.
Then equation (1) becomes T (x) = x.

For x, y ∈ X, using the Lipschitz’s continuity of ψ in (iii), we obtain∥∥T (x)− T (y)
∥∥
∞ = sup

s∈[−1,1]

∣∣∣ ∫ 1

−1

κ(s, t)[ψ(t, x(t))− ψ(t, y(t))]dt
∣∣∣ ≤

≤ sup
s,t∈[−1,1]

|κ(s, t)|
∫ 1

−1

|ψ(t, x(t))− ψ(t, y(t))| dt ≤ δ1M

∫ 1

−1

|x(t)− y(t)| dt ≤ 2δ1M∥x− y∥∞.

By assumption 2δ1M < 1, hence T is a contraction mapping on X. So, T has a unique fixed
point in X, by Banach contraction theorem. Hence the proof follows.

Remark 1. The condition 2δ1M < 1 is only a sufficient condition for the existence and
uniqueness of a solution to equation (1), it is not necessary. In the subsequent analysis,
this condition is not required. Instead, we assume that equation (1) has a unique solution,
denoted by x0.

Let Xn denote the space of all polynomials of degree ≤ n defined on [−1, 1]. Then the
dimension of Xn is n+ 1, and the Legendre polynomials {L0, L1, L2, . . . , Ln} defined by

L0(s) = 1, L1(s) = s, s ∈ [−1, 1],

(i+ 1)Li+1(s) = (2i+ 1)sLi(s)− iLi−1(s), i ∈ {1, 2, . . . , n− 1},
form an orthogonal basis for Xn with respect to the inner product

⟨f, g⟩ :=
∫ 1

−1

f(t)g(t) dt, f, g ∈ X.

Since ⟨Li, Lj⟩ =

{
2/(2i+ 1), i = j

0, i ̸= j,
then, an orthonormal basis for Xn is given by{

φi(s) =
√
i+ 1/2Li(s) : i ∈ {0, 1, . . . , n}

}
.

The integral in the definition of K involved in equation (1) is not computed exactly
in practice. A discrete projection-type method is formed by replacing these integrals with
numerical quadrature, as described below. We begin by choosing a numerical integration
scheme ∫ 1

−1

f(t)dt ≃
m∑
i=1

ωif(ti), (3)

where the weights satisfy ωi > 0 for i ∈ {1, 2, . . . ,m}. The number of nodes is denoted
simply by m (with m ≫ n), and the dependence on n is understood implicitly. We assume
that this formula has degree of precision d ≥ 2n, that is∫ 1

−1

P (t)dt =
m∑
i=1

ωiP (ti),

for all polynomials P of degree ≤ d. Throughout this paper, the parameters d and m are not
chosen independently of n, but rather in such a way that d ≥ 2n and m → ∞ as n → ∞.
This guarantees the validity of the approximation properties used in the following analysis.

Let f, g ∈ X. According to Golberg [12] and Sloan [23], the discrete inner product is
defined as follows

⟨f, g⟩m :=
m∑
i=1

ωif(ti)g(ti) (4)

and the associated norm is

∥f∥L 2 :=

(
m∑
i=1

ωif
2(ti)

) 1
2

.



DISCRETE LEGENDRE PROJECTION METHODS FOR H.I.E 205

Throughout this paper, we assume that r ≥ 2 and 0 ≤ p ≤ r.
If κ ∈ Cp([−1, 1]2) and ψ ∈ Cp(Ω) then R(K) ⊂ Cp[−1, 1]. Thus, if f ∈ Cp[−1, 1] then

x ∈ Cp[−1, 1]. We set
∥κ∥p,∞ := max

{∣∣ ∂i+jκ
∂si∂tj

(s, t)
∣∣ : 0 ≤ i+ j ≤ p and s, t ∈ [−1, 1]

}
,

∥x∥p,∞ := max
{
∥x(i)∥∞ : i ∈ {0, 1, . . . , p}

}
and Ψp := maxt∈[−1,1]

∣∣∂pψ
∂tp

(t, x0(t))
∣∣.

In terms of the numerical integration method (3), the Nyström operator can be defined as

(KN
mx)(s) =

m∑
i=1

ωiκ(s, ti)ψ(ti, x(ti)), s ∈ [−1, 1].

The Fréchet derivative of KN
m at x0 is given by

(KN ′

m (x0)g)(s) =
m∑
i=1

ωiκ(s, ti)
∂ψ

∂u
(ti, x0(ti))g(ti).

Since
∫ 1

−1
dt =

∑m
i=1 ωi = 2 and wj > 0, for j ∈ {0, 1, 2, . . . , r} we get

∥[KN ′

m (x0)g]
(j)∥∞ = max

s∈[−1,1]

∣∣∣ m∑
i=1

ωi
∂jκ
∂sj

(s, ti)
∂ψ

∂u
(ti, x0(ti))g(ti)

∣∣∣ ≤
≤ max

s∈[−1,1]

m∑
i=1

ωi

∣∣∣∂jκ
∂sj

(s, ti)
∣∣∣∣∣∣∂ψ
∂u

(ti, x0(ti))
∣∣∣|g(ti)| ≤ 2∥κ∥j,∞ζ1∥g∥∞,

where ζ1 := max
t∈[−1,1]

∂ψ
∂u
(t, x0(t))

 . Hence, we deduce that ∥KN ′
m (x0)g∥∞ ≤ 2ζ1∥κ∥0,∞∥g∥∞.

This implies,
∥KN ′

m (x0)∥∞ ≤ 2ζ1∥κ∥0,∞. (5)

The operator KN ′
m (x0) is a compact operator on X.

As a next step, we demonstrate an important lemma that will be useful in this paper.

Lemma 1. Let x, y, g ∈ X. Then for j ∈ {0, 1, 2, . . . , r}, the following estimate hold

∥[(KN ′

m (x)−KN ′

m (y))g](j)∥∞ ≤ 2δ2∥κ∥j,∞∥x− y∥∞∥g∥∞. (6)

Proof. Using the Lipschitz continuity of ∂ψ
∂u
(t, u), we get for j ∈ {0, 1, . . . , r}

∥(KN ′

m (x)−KN ′

m (y))g](j)∥∞ =

= max
s∈[−1,1]

∣∣∣ m∑
i=1

ωi
∂jκ
∂sj

(s, ti)
[∂ψ
∂u

(ti, x(ti))−
∂ψ

∂u
(ti, y(ti))

]
g(ti)

∣∣∣ ≤
≤ ∥κ∥j,∞ max

s∈[−1,1]

m∑
i=1

ωi

∣∣∣∂ψ
∂u

(ti, x(ti))−
∂ψ

∂u
(ti, y(ti))

∣∣∣∣∣∣g(ti)∣∣∣ ≤ 2δ2∥κ∥j,∞∥x− y∥∞∥g∥∞.

We consider two types of projections from X to Xn.

Discrete orthogonal projection. Let QG
n : X → Xn be the hyperinterpolation operator

introduced by Sloan ([23]) as

(QG
n x)(s) =

n∑
i=0

⟨x, φi⟩mφi(s), (7)

and satisfying
〈
QG
n x, φi

〉
m
= ⟨x, φi⟩m , i ∈ {0, 1, . . . , n}. For any x ∈ Cr[−1, 1], we have also

∥QG
n x∥L 2 ≤

√
2∥x∥∞, and

〈
x− QG

n x, x− QG
n x
〉 1

2

m
≤ c1

√
2n−r∥x(r)∥∞, (8)



206 H. Bouda, C. Allouch, M. Arrai

where c1 is a constant independent of n and n ≥ r.

Interpolatory projection. Let QC
n : X → Xn be the interpolatory operator defined by

Sloan ([23]) as
(QC

n u)(τi) = u(τi), i ∈ {0, 1, . . . , n},

where {τi : i ∈ {0, 1, ..., n}} are the zeros of the Legendre polynomial Ln+1. In the Lagrange
form, QC

n u is

(QC
n u)(s) =

n∑
i=0

u(τi)ℓi(s), (9)

where ℓi is the unique polynomial of degree n that satisfies ℓi(τj) = δij. Here, δij denotes the
Kronecker delta function.

For notational convenience from now on we write Qn ≡ QG
n or QC

n . According to the
analysis of (Golberg [11] and Sloan [23]), Qn satisfies the following lemma.

Lemma 2. Let Qn : X → Xn be the the hyperinterpolation or interpolatory projection
operator defined by (7) and (9). There exists a constant p > 0 independent of n such that
for x ∈ X

∥Qnx∥L 2 ≤ p∥x∥∞, ∥x− Qnx∥L 2 ≤ (1 + p) inf
ϕ∈Xn

∥x− ϕ∥∞. (10)
In particular, for any x ∈ Cr[−1, 1], there exists a constant c1 independent of n such that

∥x− Qnx∥L 2 ≤ c1n
−r∥x(r)∥L 2 , (11)

∥x− Qnx∥∞ ≤ c1n
γ−r∥x(r)∥∞, (12)

where γ = 1 for the hyperinterpolation operator and γ = 1
2

for the interpolatory projection.

Remark 2 (Sloan [23]). If m = n+ 1 and the quadrature points used in the discrete inner
product (4) and (9) are the same, the hyperinterpolation operator QG

n reduces to the QC
n .

Then we can write QG
n ≡ QC

n .

For a fixed s ∈ [−1, 1], define κs(t) := κ(s, t) for t ∈ [−1, 1] to be the s section of κ. In
the Kumar and Sloan [19] technique for finding the approximate solution of (1), the function

z(t) = ψ(t, x(t)), t ∈ [−1, 1]

is approximated by the polynomial zn = Qnz of degree ≤ n.
Recall that the modified projection-type method introduced in [3,10] consist of approxi-

mating K by
QnK +Kn − QnKn,

where Kn is the nonlinear operator given by

(Knx)(s) =

∫ 1

−1

κ(s, t)Qnz(t)dt, s ∈ [−1, 1].

In this framework, we propose to approximate K by the following discrete finite rank operator
KM
n = QnKN

m +KD
n − QnKD

n , (13)
where KD

n is the discrete nonlinear operator given by

(KD
n x)(s) = ⟨κs,Qnz⟩m =

m∑
i=1

ωiκs(ti)(Qnz)(ti), s ∈ [−1, 1].

Then the discrete Legendre modified projection-type method for equation (1) is seeking
an approximate solution xn to x0 such that

xn −KM
n xn = f, (14)
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and the discrete iterated solution is given by
x̃n = KN

mxn + f. (15)

Throughout the paper, this method will be called a modified Galerkin-type or modifi-
ed collocation-type method when the discrete orthogonal projection or the interpolatory
projection is used, respectively.

In the next section we consider the reduction of (14) to a system of nonlinear equations,
and we give some details on the numerical implementation.

2.2. Implementation note. Let QG
n be the hyperinterpolation operator defined by (7) and

κj(s) := ⟨κ(s, .), φj⟩, in order to give more details about the implementation of xn, it is easy
to show from (13) and (14), that xn has the following form

xn = f +
n∑
k=0

akφk +
n∑
k=0

bkκk, (16)

where the coefficients {ai, bi : i ∈ {0, 1, ..., n}} are obtained by substituting xn from equation
(16) into equation (14) then, we successively have

(QG
nKN

m)xn =
n∑
i=0

⟨KN
mxn, φi⟩mφi =

n∑
i=0

{ m∑
j=1

[ m∑
k=1

ωkκ(tj, tk)z(tk)
]
ωjφi(tj)

}
φi,

KD
n xn =

n∑
i=0

⟨z, φi⟩mκi =
n∑
i=0

[ m∑
j=1

ωjz(tj)φi(tj)
]
κi,

(QG
nKD

n )xn =
n∑
i=0

⟨KD
n xn, φi⟩mφi =

n∑
i=0

{ m∑
j=1

[ n∑
k=0

( m∑
l=1

ωlz(tl)φk(tl)
)
κk(tj)

]
ωjφi(tj)

}
φi,

where z(tj) = ψ
(
tj, f(tj) +

n∑
k=0

akφk(tj) +
n∑
k=0

bkκk(tj)
)
. Therefor we can identify the coeffi-

cients of φi and κj respectively, and we obtain the nonlinear system
ai =

m∑
j=1

[ m∑
k=1

ωkκ(tj, tk)z(tk)−
n∑
k=0

bkκk(tj)
]
ωjφi(tj),

bi =
m∑
j=1

ωjz(tj)φi(tj).

For the interpolatory projection given by (9), we apply QC
n and (I −QC

n ) to equation (14),
to obtain

QC
n xn − QC

nKN
m = QC

n f, (17)

(I − QC
n )xn − (I − QC

n )KD
n xn = (I − QC

n )f. (18)

By writing KN
mxn = KN

m(I −QC
n )xn+KN

mQC
n xn, and replacing (I −QC

n )xn by its expression
from equation (18), KN

mxn becomes KN
mxn = KN

m

(
(I − QC

n )KD
n xn + QC

n xn + (I − QC
n )f

)
.

Now, by replacing KN
mxn in equation (17), we obtain

QC
n xn − QC

nKN
m

(
(I − QC

n )KD
n xn + QC

n xn + (I − QC
n )f

)
= QC

n f,

and then for i ∈ {0, 1, ..., n}, we have
xn(τi)−KN

m

(
(I − QC

n )KD
n xn + QC

n xn + (I − QC
n )f

)
(τi) = f(τi).

From (18), the approximate solution is given by

xn = QC
n xn + (I − QC

n )KD
n xn + (I − QC

n )f = f +
n∑
i=0

(ai − fi)ℓi+

+
m∑
j=1

[ n∑
i=0

ψ(τi, ai)ℓi(tj)
]
ωjκ(., tj)−

n∑
k=0

{ m∑
j=1

[ n∑
i=0

ψ(τi, ai)ℓi(tj)
]
ωjκ(τk, tj)

}
ℓk,
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where fi := f(τi) and ai := xn(τi). Now, applying QC
n to both sides of equations (14) and

(15), we obtain QCxn = QCKN
mxn + QCf = QC x̃n, and this yields

xn(τj) = x̃n(τj), j ∈ {0, 1, ..., n}. (19)

The above formula proves that at the collocation node points, the convergence of xn to x0
is as rapid as that of x̃n to x0.

3. Convergence rates. The purpose of this section is to study the existence and uniqueness
of approximate solutions of (1) and to discuss the superconvergence results. In the next
theorem, we give first the error estimation for the integral operator K and the Nyström
operator KN

m. Throughout this paper, we assume that r ≥ 2 and introduce the following
notation:

ψr(t) :=
∂rψ

∂ur
(t, x0(t)), q(s, t) :=

∂rκ
∂sr

(s, t), qs(t) := q(s, t), s, t ∈ [−1, 1].

Theorem 2. Suppose that κ ∈ Cd([−1, 1]2) and ψ0, ψ1, g ∈ Cd[−1, 1], with d ≥ 2n > n ≥
r ≥ 2. Then there exists a positive constant c2 independent of n such that

∥K(x0)−KN
m(x0)∥∞ ≤ c2n

−dΨd∥κ∥d,∞, (20)

∥K′(x0)g −KN ′

m (x0)g∥∞ ≤ c2n
−dΨ∗

d∥κ∥d,∞∥g∥d,∞, (21)

where Ψ∗
d := max

t∈[−1,1]
|∂dψ1

∂td
(t)|.

Proof. It follows that for any P ∈ Xd(K(x0)−KN
m(x0))(s)

 =
∫ 1

−1

[κ(s, t)ψ0(t)− P(t)] dt−
m∑
i=1

ωi [κ(s, ti)ψ0(ti)− P(ti)]
 ≤

≤ ∥κsψ0 − P∥∞
[ ∫ 1

−1

dt+
m∑
i=1

ωi

]
≤ 4∥κsψ0 − P∥∞.

For x ∈ Cr[−1, 1], we have from Jackson’s theorem (see [8])

inf
ϕ∈Xn

∥x− ϕ∥∞ ≤ cn−r∥x(r)∥∞. (22)

Thus(K(x0)−KN
m(x0))(s)

 ≤ 4 inf
P∈Xd

∥κsψ0 − P∥∞ ≤ 4cd−d∥[κsψ0]
(d)∥∞ ≤ 4cd−dΨd∥κ∥d,∞.

Since d ≥ 2n, we have (K(x0)−KN
m(x0))(s)

 ≤ 4c(2n)−dΨd∥κ∥d,∞. (23)

Thus,

∥K(x0)−KN
m(x0)∥∞ ≤ c2n

−dΨd∥κ∥d,∞. (24)

Similarly, it can be demonstrated that ∥(K′(x0) − KN ′

m (x0))g∥∞ ≤ c2n
−dΨ∗

d∥κ∥d,∞∥g∥d,∞,
and the proof is completed.
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Lemma 3. Assume that q ∈ Cd([−1, 1]2) and ψ0, ψ1, g ∈ Cd[−1, 1], then

∥[K(x0)−KN
m(x0)]

(r)∥∞ ≤ c2n
−dΨd∥q∥d,∞, (25)

∥[K′(x0)g −KN ′

m (x0)g]
(r)∥∞ ≤ c2n

−dΨ∗
d∥q∥d,∞∥g∥d,∞, (26)

where c2 is a constant independent of n.

Proof of the above lemma can be easily done using similar technique given in Theorem 2.
The following lemma is crucial.

Lemma 4. Let x0 ∈ X be the unique solution of (1). Then for n large enough, (I−KM ′
n (x0))

−1

exists and is uniformly bounded, i.e., there exists a constant A > 0 such that

∥(I − KM ′

n (x0))
−1∥∞ ≤ A. (27)

Proof. Let

qj(s, t) :=
∂jκ
∂sj

(s, t)
∂ψ

∂u
(t, x0(t)), j ∈ {0, 1, 2, ..., r}.

For each g ∈ Cd[−1, 1], it follows from the estimates (12), (21) and (26) that

∥(K′(x0)g −KM ′

n (x0)g∥∞ = ∥Qn[K′(x0)−KN ′

m (x0)]g∥∞+

+∥(I − Qn)[K′(x0)−KD′

n (x0)]g∥∞ =

= ∥(I − Qn)[K′(x0)−KN ′

m (x0)]g∥∞ + ∥[K′(x0)−KN ′

m (x0)]g∥∞ + ∥(I − Qn)K′(x0)g∥∞+

+∥(I − Qn)KD′

n (x0)g∥∞ ≤ c1n
γ−r∥[[K′(x0)−KN ′

m (x0)]g]
r∥∞ + c2n

−dΨ∗
d∥κ∥d,∞∥g∥d,∞+

+c1n
γ−r∥[K′(x0)g]

r∥∞ + c1n
γ−r∥[KD′

n (x0)g]
r∥∞ ≤ c1c2n

γ−r−dΨ∗
d∥q∥d,∞∥g∥d,∞+

+c2n
−dΨ∗

d∥κ∥d,∞∥g∥d,∞ + 2c1ζ2n
γ−r∥g∥∞ + c1n

γ−r∥[KD′

n (x0)g]
r∥∞, (28)

where ζ2 := max
s,t∈[−1,1]

|qr(s, t)|. Using Cauchy-Bunyakovsky-Schwarz inequality and estimate (10),

we obtain

∥[KD′

n (x0)g]
(r)∥∞ = max

s∈[−1,1]

∣∣∣ m∑
i=1

ωi
∂rκ
∂sr

(s, ti)Qnψ1(ti)g(ti)
∣∣∣ ≤

≤ ∥κ∥r,∞
( m∑
i=1

ωi (Qnψ1(ti))
2
) 1

2
( m∑
i=1

ωi (g(ti))
2
) 1

2 ≤ ∥κ∥r,∞ ⟨Qnψ1,Qnψ1⟩
1
2
m ⟨g, g⟩

1
2
m ≤

≤
√
2p∥κ∥r,∞∥ψ1∥∞∥g∥∞ =

√
2pζ1∥κ∥r,∞∥g∥∞. (29)

Since 0 < γ ≤ 1 < r, d ≥ 2r, the estimates (29) and (28) imply that

∥(K′(x0)−KM ′

n (x0)∥∞ ≤ c2n
−dΨ∗

d

[
c1n

γ−r∥q∥d,∞ + ∥κ∥d,∞
]
+

+c1n
γ−r[2ζ2 +√

2pζ1∥κ∥r,∞
]
→ 0

as n → +∞. It then follows from the results of [1] that, (I − KM ′
n (x0))

−1 exists and are
uniformly bounded.

Lemma 5. let x0 ∈ X be the unique solution of (1). Assume that q ∈ Cd([−1, 1]2). Then

∥[Kn(x0)−KD
n (x0)]

(r)∥∞ = O(n−d+1). (30)
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Proof. Let QC
n be the interpolatory operator defined by (9). By the formula

[Kn(x0)−KD
n (x0)](s) =

n∑
i=1

ψ0(ti)
[ ∫ 1

0

κs(t)ℓi(t)dt− ⟨κs, ℓi⟩m
]
,

it holds that for any P ∈ Xd

[Kn(x0)−KD
n (x0)]

(r)(s) =
n∑
i=1

ψ0(ti)
[ ∫ 1

0

qs(t)ℓi(t)dt−
m∑
j=1

wjqs(tj)ℓi(tj)
]
=

=
n∑
i=1

ψ0(ti)
[ ∫ 1

−1

[qs(t)ℓi(t)dt− P(t)] dt−
m∑
j=1

wj [q(s, tj)ℓi(tj)− P(tj)]
]
≤

≤
n∑
i=1

ψ0(ti)
{
∥qsℓi − P∥∞

[ ∫ 1

−1

dt+
m∑
j=1

wj

]}
≤ 4

n∑
i=1

ψ0(ti)∥qsℓi − P∥∞.

Now following the steps of (22) to (24), we can show that[Kn(x0)−KD
n (x0)]

(r)(s)
 ≤ n∥ψ0∥∞c2n−d∥(qsℓi)(d)∥∞,

which means that
∥[Kn(x0)−KD

n (x0)]
(r)∥∞ = O(n−d+1). (31)

A similar estimate can be obtained in the case of the hyperinterpolation projection.

Given x0 ∈ X and δ0 > 0, the set
B(x0, δ0) := {x ∈ X : ∥x− x0∥∞ < δ0}

is called the open ball centered at x0 with radius δ0. Using Theorem 2 given in [24], the
following theorem can be proved.

Theorem 3. Let x0 ∈ X be an isolated solution of (1). Assume that 1 is not an eigenvalue of
K′(x0). Then there exists a real number δ0 > 0 such that the approximate equation (14) has
a unique solution xn in B(x0, δ0) for a sufficiently large n. Moreover, there exists a constant
0 < q < 1, independent of n such that

αn
1 + q

≤ ∥x0 − xn∥∞ ≤ αn
1− q

, (32)

where αn =
∥∥(I − KM ′

n (x0))
−1(K(x0)−KM

n (x0))
∥∥
∞ −→ 0 as n −→ ∞.

The next theorem establish the rate of convergence of the discrete Legendre Galerkin
solutions of equation (14) to the exact solution x0.

Theorem 4. Let x0 be an isolated solution of the equation (1) and xGn be the discrete
Legendre modified-Galerkin approximation given by (14). We assume that κ, q ∈ Cd([−1, 1]2)
and ψ0, ψ1 ∈ Cd[−1, 1], with d ≥ 2n > n ≥ r ≥ 2. Then

∥x0 − xGn ∥∞ = O (exp{−min{3r − 1, d} lnn}) . (33)

Proof. We observe from Theorem 3 that to estimate ∥x0−xn∥∞ we need to estimate ∥K(x0)−
KM
n (x0)∥∞. By using (13), we have

∥K(x0)−KM
n (x0)∥∞ ≤ ∥QG

n (K(x0)−KN
m(x0))∥∞ + ∥(I − QG

n )(K(x0)−KD
n (x0))∥∞ ≤

≤ ∥(I − QG
n )(K(x0)−KN

m(x0))∥∞ + ∥(K(x0)−KN
m(x0))∥∞+
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+∥(I − QG
n )(K(x0)−KD

n (x0))∥∞.

Using estimates (12), (20), (25) and Lemma 4, we get

∥x0 − xGn ∥∞ ≤ A
{
c1n

−r+1∥[K(x0)−KN
m(x0)]

r∥∞ + ∥(K(x0)−KN
m(x0))∥∞+

+c1n
−r+1∥[K(x0)−KD

n (x0)]
(r)∥∞

}
≤ Ac1c2n

−r−d+1Ψd∥q∥d,∞ + Ac2n
−dΨd∥κ∥d,∞+

+Ac1n
−r+1∥[K(x0)−KD

n (x0)]
(r)∥∞. (34)

We quote the following estimate from the Theorem 3.2 in [3]

∥[K(x0)−Kn(x0)]
(r)∥∞ = O(n−2r). (35)

Now from the above estimate and (30), we obtain

∥[K(x0)−KD
n (x0)]

(r)∥∞ = ∥[K(x0)−Kn(x0) +Kn(x0)−KD
n (x0)]

(r)∥∞ ≤
≤ ∥[K(x0)−Kn(x0)]

(r)∥∞ + ∥[Kn(x0)−KD
n (x0)]

(r)∥∞ =

= O (exp{−min{2r, d− 1} lnn}) . (36)
This result, together with (34), proves (33) in view of d ≥ 2r and r ≥ 2.

Theorem 5. Let x0 be an isolated solution of the equation (1) and xCn be the discrete
Legendre modified-collocation approximation given by (14). If κ, q ∈ Cd([−1, 1]2) and
ψ0, ψ1 ∈ Cd[−1, 1], with d ≥ 2n > n ≥ r ≥ 2, then

∥x0 − xCn ∥∞ = O
(
n−2r+ 1

2

)
. (37)

Proof. Using estimates (12), (13), (20), (25), (27) and Theorem 3, we have

∥x0 − xCn ∥∞ ≤ A
{
∥QC

n [K(x0)−KN
m(x0)]∥∞ + ∥(I − QC

n )(K(x0)−KD
n (x0))∥∞

}
≤

≤ A
{
∥(I − QC

n )(K(x0)−KN
m(x0))∥∞ + ∥(K(x0)−KN

m(x0))∥∞+

+∥(I − QC
n )(K(x0)−KD

n (x0))∥∞
}
≤

≤ A
{
c1n

−r+ 1
2∥[K(x0)−KN

m(x0)]
r∥∞ + ∥(K(x0)−KN

m(x0))∥∞+

+c1n
−r+ 1

2∥[K(x0)−KD
n (x0)]

(r)∥∞
}
≤

≤ Ac1c2n
−r−d+ 1

2Ψd∥q∥d,∞ + Ac2n
−dΨd∥κ∥d,∞ + Ac1n

−r+ 1
2∥[K(x0)−KD

n (x0)]
(r)∥∞. (38)

From the proof of Theorem 3.3 in [3] we have
∥[K(x0)−Kn(x0)]

(r)∥∞ = O(n−r). (39)
Similarly to (36), combining this estimate with (30), we obtain

∥[K(x0)−KD
n (x0)]

(r)∥∞ ≤ ∥[K(x0)−Kn(x0)]
(r)∥∞ + ∥[Kn(x0)−KD

n (x0)]
(r)∥∞ =

= O (exp{−min{r, d− 1} lnn}) . (40)
Thus, (37) follows from (38) and (40).

The following results are needed to obtain the order of convergence of x̃n to x0.

Lemma 6. Assume that κ ∈ Cr([−1, 1]2) and ∂ψ
∂u

∈ Cr(Ω). Then, the operator KM ′
n is

Lipschitz continuous in a neighborhood B(x0, δ0) of x0, that is, there exists a constant δ3 > 0
independent of n such that

∥KM ′

n (x0)−KM ′

n (x)∥∞ ≤ δ3∥x0 − x∥∞, x ∈ B(x0, δ0). (41)
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Proof. From equation (13), we have
KM ′

n (y) = QnKN ′

m (y) + (I − Qn)KD′

n (y), y ∈ X. (42)
Hence, for any g ∈ X,
∥[KM ′

n (x0)−KM ′

n (x)]g∥∞ = ∥Qn(KN ′

m (x0)−KN ′

m (x))g∥∞ + ∥(I − Qn)(KD′

n (x0)−KD′

n (x))g∥∞.
Now using the Lipschitz’s continuity of ∂ψ

∂u
and estimates (6) and (12), we get

∥Qn(KN ′

m (x0)−KN ′

m (x))g∥∞ ≤ ∥(Qn − I)(KN ′

m (x0)−KN ′

m (x))g∥∞+

+∥(KN ′

m (x0)−KN ′

m (x))g∥∞ ≤ c1n
γ−r∥[(KN ′

m (x0)−KN ′

m (x))g](r)∥∞+

+∥(KN ′

m (x0)−KN ′

m (x))g∥∞ ≤ 2c1n
γ−rδ2∥κ∥r,∞∥x0 − x∥∞∥g∥∞ + 2δ2∥κ∥0,∞∥x0 − x∥∞∥g∥∞.

(43)
On the other hand, using the estimate (10) and the Cauchy-Bunyakovsky-Schwarz inequa-

lity, we obtain

∥(I − Qn)(KD′

n (x0)−KD′

n (x))g∥∞ ≤ c1n
γ−r∥[(KD′

n (x0)−KD′

n (x))g](r)∥∞ =

= c1n
γ−r max

s∈[−1,1]

∣∣∣ m∑
i=1

ωi
∂rκ
∂sr

(s, ti)Qn

[∂ψ
∂u

(ti, x0(ti))−
∂ψ

∂u
(ti, x(ti))

]
g(ti)

∣∣∣ ≤
≤ c1n

γ−r∥κ∥r,∞
∥∥∥Qn

[∂ψ
∂u

(., x0(.))−
∂ψ

∂u
(., x(.))

]∥∥∥
L 2

∥g∥L 2 ≤

≤
√
2c1pδ2n

γ−r∥κ∥r,∞∥x0 − x∥∞∥g∥∞. (44)
Since 0 < γ ≤ 1 < r, the desired result follows now from (43) and (44) with

δ3 = 2δ2∥κ∥0,∞ + (2 +
√
2p)δ2c1n

γ−r∥κ∥r,∞.

In the next theorem we give the approximation error of the discrete iterated Legendre
modified projection-type method.

Theorem 6. We suppose that κ ∈ Cr([−1, 1]2) and ∂ψ
∂u

∈ C(Ω). Let x0 ∈ X be the unique
solution of the integral equation (1). Then, for n sufficiently large, the iterated solution x̃n
given by (15), satisfies

∥x0 − x̃n∥∞ ≤ c3∥x0 − xn∥2∞ +A∥KN ′

m (x0)[K(x0)−KM
n (x0)]∥∞ + ∥K(x0)−KN

m(x0)∥∞, (45)
where c3 is a constant independent of n.

Proof. Note that from (1) and (15) we have
x0 − x̃n = Kx0 −KN

mxn = KN
mx0 −KN

mxn −KN
mx0 +Kx0.

Therefore, for some 0 < θ < 1, we get KN
mx0 −KN

mxn = KN ′

m (x0 + θ(x0 − xn))(x0 − xn) =
= [KN ′

m (x0 + θ(x0 − xn)) − KN ′

m (x0) + KN ′

m (x0)](x0 − xn). Taking the norm on both sides of
the above equation and applying the Lipschitz’s continuity of KN ′

m , we can show by using (6)
that

∥x0 − x̃n∥∞ ≤ 2δ2θ∥κ∥0,∞∥x0 − xn∥2∞ + ∥KN ′

m (x0)(x0 − xn)∥∞ + ∥K(x0)−KN
m(x0)∥∞. (46)

Let
(I − KM ′

n (x0))(x0 − xn) = K(x0)−KM
n (x0)−KM ′

n (x0)(x0 − xn) +KM
n (x0)−KM

n (xn).

Applying KN ′
m (x0) to both sides of the above equation and using the mean value theorem,

we deduce that

KN ′

m (x0)(x0 − xn) = KN ′

m (x0)(I − KM ′

n (x0))
−1[K(x0)−KM

n (x0)−KM ′

n (x0)(x0 − xn)+



DISCRETE LEGENDRE PROJECTION METHODS FOR H.I.E 213

+KM
n (x0)−KM

n (xn)] = KN ′

m (x0)(I − KM ′

n (x0))
−1[K(x0)−KM

n (x0)]+

+KN ′

m (x0)(I − KM ′

n (x0))
−1[KM ′

n (x0 + θ(x0 − xn))−KM ′

n (x0)](x0 − xn),

where 0 < θ < 1. Now from estimates (5), (27) and Lemma 6 one has

∥KN ′

m (x0)(x0 − xn)∥∞ ≤ A∥KN ′

m (x0)[K(x0)−KM
n (x0)]∥∞ + 2Aθζ1δ3∥κ∥0,∞∥x0 − xn∥2∞.

By combining this inequality with estimate (46), we get

∥x0 − x̃n∥∞ ≤ c3∥x0 − xn∥2∞ + A∥KN ′

m (x0)[K(x0)−KM
n (x0)]∥∞ + ∥K(x0)−KN

m(x0)∥∞,

with c3 = 2θ∥κ∥0,∞(δ2 + Aζ1δ3).

Remark 3. Estimate (45) shows that the convergence of the iterated solution x̃n depends
on the convergence of three terms. We now justify that each of these tends to zero as n→ ∞:

• From Theorem 3, we know that ∥x0 − xn∥∞ → 0, since αn → 0 and 0 < q < 1.

• From Theorem 2, we have ∥K(x0)−KN
m(x0)∥∞ = O

(
n−d) .

• For the remaining term, under the assumptions d ≥ 2r and r ≥ 2, we distinguish the
two types of projection:
– If the method is based on orthogonal projection, then as we will prove later (see
equation (50)), ∥KN ′

m (x0)[K(x0)−KM
n (x0)]∥∞ = O (exp{−min{4r, d+ 2r − 1, d} lnn}) .

– If the method is based on interpolatory projection, then the following estimate will
be established later (see equation (56)):

∥KN ′

m (x0)[K(x0)−KM
n (x0)]∥∞ = O (exp{−min{2r, r + d− 1, d} lnn}) .

Therefore, in both cases, all terms on the right-hand side of inequality (45) converge to
zero, which implies ∥x0 − x̃n∥∞ → 0 as n→ ∞.

The theorem below state that the iterated discrete Legendre modified Galerkin-type
solution defined by (15) converges to x0 faster than xGn .

Theorem 7. Let x0 be an isolated solution of the equation (1). We assume that κ, q ∈
Cd([−1, 1]2) and ψ0, ψ1 ∈ Cd[−1, 1], with d ≥ 2n > n ≥ r ≥ 2. Then, for n sufficiently large,
the iterated discrete Legendre modified-Galerkin solution x̃Gn given by (15), satisfies

∥x0 − x̃Gn ∥∞ = O (exp{−min{4r, d}} lnn) . (47)

Proof. For the second term of the estimate (45), we can write

∥KN ′

m (x0)[K(x0)−KM
n (x0)]∥∞ = ∥KN ′

m (x0)Q
G
n [K(x0)−KN

m(x0)]∥∞+

+∥KN ′

m (x0)(I − QG
n )[K(x0)−KD

n (x0)]∥∞. (48)
First, by the Cauchy-Bunyakovsky-Schwarz inequality and estimate (8), we get∣∣∣KN ′

m (x0)Q
G
n [K(x0)−KN

m(x0)](s)
∣∣∣ = ∣∣∣ m∑

i=1

ωiq0(s, ti)Q
G
n [K(x0)−KN

m(x0)](ti)
∣∣∣ ≤

≤
( m∑
i=1

ωi[q0(s, ti)]
2
) 1

2
( m∑
i=1

ωi

{
QG
n

[
K(x0)(ti)−KN

m(x0)(ti)
]}2) 1

2 ≤

≤
√
2∥q0(s, .)∥∞

〈
QG
n

[
K(x0)−KN

m(x0)
]
,QG

n

[
K(x0)−KN

m(x0)
]〉 1

2

m
≤

≤ 2ζ3∥K(x0)−KN
m(x0)∥∞,

where ζ3 := maxs,t∈[−1,1]

∣∣q0(s, t)∣∣. Thus, by using (20), we have
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∥KN ′

m (x0)Q
G
n [K(x0)−KN

m(x0)]∥∞ ≤
{
2c2ζ3Ψd∥κ∥d,∞

}
n−d. (49)

Taking use of the Cauchy-Bunyakovsky-Schwarz inequality and estimate (8), we obtain∣∣∣KN ′

m (x0)(I − QG
n )[K(x0)−KD

n (x0)](s)
∣∣∣ = ∣∣∣ m∑

i=1

ωiq0(s, ti)(I − QG
n )[K(x0)−KD

n (x0)](ti)
∣∣∣ =

=
∣∣∣〈q0(s, .), (I − QG

n )[K(x0)−KD
n (x0)]

〉
m

∣∣∣ =
=
∣∣∣〈(I − QG

n )q0(s, .), (I − QG
n )[K(x0)−KD

n (x0)]
〉
m

∣∣∣ ≤
≤
( m∑
i=1

ωi
[
(I − QG

n )q0(s, (ti))
]2) 1

2
( m∑
i=1

ωi
[
(I − QG

n )[K(x0)−KD
n (x0)](ti)

]2) 1
2
=

=
〈
(I − QG

n )q0(s, .), (I − QG
n )q0(s, .)

〉 1
2

m
×

×
〈
(I − QG

n )[K(x0)−KD
n (x0)], (I − QG

n )[K(x0)−KD
n (x0)]

〉 1
2

m
≤

≤ 2c21n
−2r∥[q0(s, .)](r)∥∞∥[K(x0)−KD

n (x0)]
(r)∥∞ = 2c21ζ4n

−2r∥[K(x0)−KD
n (x0)]

(r)∥∞,
where ζ4 := max

s,t∈[−1,1]
|∂rq0
∂tr

(s, t)|. Hence, from (36),

∥KN ′

m (x0)(I − QG
n )[K(x0)−KD

n (x0)]∥∞ = O
(
exp{−min{4r, d+ 2r − 1} lnn}

)
.

Then by combining (48), (49) and the above estimate, we obtain

∥KN ′

m (x0)[K(x0)−KM
n (x0)]∥∞ = O

(
exp{−min{4r, d+ 2r − 1, d} lnn}

)
. (50)

This together with (20), (33) and Theorem 6 gives (47).

The following theorem give the superconvergence of the iterated discrete Legendre modi-
fied collocation-type solution x̃Cn to x0.

Theorem 8. Let x0 be an isolated solution of the equation (1). We assume that κ, q ∈
Cd([−1, 1]2) and ψ0, ψ1 ∈ Cd[−1, 1], with d ≥ 2n > n ≥ r ≥ 2. Then, for n sufficiently large,
the iterated discrete Legendre modified-collocation solution x̃Cn given by (15), satisfies

∥x0 − x̃Cn ∥∞ = O
(
n−2r

)
. (51)

Moreover, we have the following superconvergence result for xCn at the collocation points
max
0≤i≤n

|x0(τi)− xCn (τi)| = O
(
n−2r

)
. (52)

Proof. Consider

∥KN ′

m (x0)[K(x0)−KM
n (x0)]∥∞ = ∥KN ′

m (x0)Q
C
n [K(x0)−KN

m(x0)]∥∞+

+∥KN ′

m (x0)(I − QC
n )[K(x0)−KD

n (x0)]∥∞. (53)
By using the estimates (10) and (20), we obtain

∥KN ′

m (x0)Q
C
n [K(x0)−KN

m(x0)]∥∞ ≤

≤
( m∑
i=1

ωi[q0(s, ti)]
2
) 1

2
( m∑
i=1

ωi

{
QC
n

[
K(x0)(ti)−KN

m(x0)(ti)
]}2) 1

2
=

= ∥q0(s, .)∥L 2

∥∥QC
n

[
K(x0)−KN

m(x0)
]∥∥

L 2 ≤

≤
√
2p∥q0(s, .)∥∞∥K(x0)−KN

m(x0)∥∞ ≤
{√

2pc2ζ3Ψd∥κ∥d,∞
}
n−d. (54)

For the second term in (53), by applying (11) and the Cauchy-Bunyakovsky-Schwarz inequali-
ty, we can write
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∣∣∣KN ′

m (x0)(I − QC
n )[K(x0)−KD

n (x0)](s)
∣∣∣ = ∣∣∣〈q0(s, .), (I − QC

n )[K(x0)−KD
n (x0)]

〉
m

∣∣∣ ≤
≤ ∥q0(s, .)∥L 2∥(I − QC

n )[K(x0)−KD
n (x0)]∥L 2 ≤

≤
√
2c1n

−r∥q0(s, .)∥∞∥[K(x0)−KD
n (x0)]

(r)∥L 2 ≤ 2c1ζ3n
−r∥[K(x0)−KD

n (x0)]
(r)∥∞. (55)

Therefore, using (40) we deduce that

∥KN ′

m (x0)(I − QC
n )[K(x0)−KD

n (x0)]∥∞ = O
(
exp{−min{2r, r + d− 1} lnn}

)
.

Now using the above estimate and (54) in the estimate (53), we obtain

∥KN ′

m (x0)[K(x0)−KM
n (x0)]∥∞ = O

(
exp{−min{2r, r + d− 1, d} lnn}

)
. (56)

Combining (20), (37), (45) and (56), the estimate (51) is proved. We recall from (19), that
the solutions xCn and x̃Cn agree at the collocation node points, and therefore (52) comes from
(51) and this concludes the proof.

Remark 4. If the assumptions of Remark 2 holds, the hyperinterpolation operator QG
n

reduces to the interpolatory projection operator QC
n and consequently the iterated discrete

Legendre modified collocation-type approximation exhibits the following superconvergence
rate ∥x0 − x̃Cn ∥∞ = O

(
exp{−min{4r, d} lnn}

)
, with d ≥ 2n > n ≥ r ≥ 2.

Remark 5. The parameter r in the error estimates plays the role of a regularity index
that reflects the smoothness of the exact solution. Although the optimal convergence rate is
achieved when r = n, keeping r as a free parameter allows the analysis to cover a broader
class of solutions with different smoothness levels. Similarly, while the choice d = 2n yields
optimal accuracy, we prefer to adopt the more general condition d ≥ 2n, which is standard in
the literature on discrete projection methods (see, e.g., [5,16,22]). This formulation provides
greater flexibility without altering the validity of the theoretical results.
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