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The main goal of this paper is to give some perturbation results and some relations between
the essential pseudospectra of the sum of two multivalued linear operator and the essential
pseudospectra of each of these multivalued linear operator.

1. Introduction. Spectral theory is an important topic of functional analysis. It has nu-
merous applications in many parts of mathematics and physics including matrix theory,
complex analysis, differential and integral equations, control theory and quantum physics.
In recent years, spectral theory has witnessed an explosive development.

There are many types of spectra, both for one or serval commuting operators, with
important applications, for example the approximate points spectrum, Taylor spectrum,
essential spectrum, etc.

Recently, the concept of demicompactness with respect to a closed densely defined li-
near operator, as a generalization of the class of demicompact operator introduced by
Petryshyn in [18]. This description involved the use of notions that were originally developed
for demicompactness in linear spaces by W. Chaker, A. Jeribi, and B. Krichen [11] and
systematically treated in the context of the bundle operator in [16] by B. Krichen. Lately,
in [9] A. Ammar, H. Daoud and A. Jeribi defined the demicompact of a linear relation
by T : D(T ) ⊆ X → X is said to be demicompact if for every bounded sequence {xn} in
D(T ) such that QI−T (I − T )xn → y ∈ X/(I − T )(0), there is a convergent subsequence of
{QTxn}. Then, we generalize some results given in [11] to multivalued linear operators. An
important direction we are concerned with the extension of the concept of pseudospectra. In
[21] J. M. Varah introduced the first idea of pseudospectra. In [22] J. H. Wilkinson came wi-
th the modern interpretation of pseudospectrum where he defined it for an arbitrary matrix
norm induced by a vector norm and has been employed by other authors [15, 17, 19, 20].
In [9, 10], A. Ammar, H. Daoud and A. Jeribi defined the pseudospectra of a linear relation
T by

σε(T ) := σ(T ) ∪
{
λ ∈ C : ∥(λ− T )−1∥ >

1

ε

}
,

where ε > 0 and σ(T ) is the spectrum of linear relation T . By convention we write ∥(λ −
T )−1∥ = ∞ if (λ− T )−1 is unbounded or nonexistent, i.e., if λ is in σ(T ), and we define the
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notion of Weyl pseudospectra of a closed linear relation in a Banach space by:

σw,ε(T ) :=
∩

K∈KT (X)

σε(T +K)

where KT (X) := {K ∈ KR(X) : D(K) ⊃ D(T ) and K(0) ⊂ T (0)}.
In this paper, the symbols X, Y stand for infinite dimensional Banach spaces over the

same field K (K being R or C). A multivalued linear operator or linear relation is a mapping
T ⊂ X×Y which goes from a subspace D(T ) ⊂ X called the domain of T, into the collection
of nonempty subsets of Y such that T (α1x1 + α2x2) = α1T (x1) + α2T (x2) for all nonzero
scalars α1, α2 with x1, x2 ∈ D(T ). For x ∈ X\D(T ) we define Tx = ∅. With this convention,
we have

D(T ) =
{
x ∈ X : Tx ̸= ∅

}
.

The collection of linear relations as defined above will be denoted by LR(X,Y ). A linear
relation T ∈ LR(X, Y ) is uniquely determined by and identified with its graph, G(T ), defined
by

G(T ) =
{
(x, y) ∈ X × Y : x ∈ D(T ), y ∈ Tx

}
.

The inverse of T ∈ LR(X, Y ) is the linear relation T−1 defined by

G(T−1) =
{
(y, x) ∈ Y ×X : (x, y) ∈ G(T )

}
.

Let T, S ∈ LR(X, Y ). Then their algebraic sum T + S is also a linear relation defined by

G(T + S) := {(x, u+ v) : (x, u) ∈ G(T ), (x, v) ∈ G(S)}. Similarly, if T ∈ LR(X, Y ) and
S ∈ LR(Y, Z), then their product ST is also a linear relation defined by

G(ST ) := {(x, z) ∈ X × Z : (x, y) ∈ G(T ) and (y, z) ∈ G(S) for some y ∈ Y }.
If M is a subspace of X such that M ∩ D(T ) ̸= ∅, then T|M∩D(T ) := T|M is defined by

G(T|M) := {(x, y) ∈ G(T ) : x ∈ M}.
The quotient map from Y onto Y/T (0) is denoted by QT . It is easy to see that QTT is

single valued so that we can define

∥Tx∥ := ∥QTTx∥ for all x ∈ D(T ) and ∥T∥ := ∥QTT∥.

Let T ∈ LR(X, Y ). The range of T is the subspace R(T ) := {y : (x, y) ∈ G(T )} and T
is called surjective if R(T ) = Y . The subspace T−1(0) is denoted by N(T ) and T is called
injective if N(T ) = {0}. If T is both injective and surjective, then we say that T is bijective.
Observe that Tx = y + T (0), for any y ∈ Tx.

We say that T ∈ LR(X,Y ) is continuous if ∥T∥ < ∞; bounded if it is continuous and
D(T ) = X; open if T−1 is continuous; equivalent if its minimum modulus γ(T ) is a positive
number, where

γ(T ) := sup
{
λ ≥ 0: λd(x,N(T )) ≤ ∥Tx∥, x ∈ D(T )

}
,

where d(x,N(T )) the distance between x and N(T ). A linear relation T is said to be closed
if its graph is closed. Similarly, T is called closable if T is an extension of T where the closure
of T, T , is defined by G(T ) := G(T ). We denote the class of all bounded linear relations from
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X to Y by BR(X, Y ). The collection of all closed linear relations from X to Y is denoted
by CR(X,Y ). We denote the class of compact linear relations from X to Y by KR(X, Y ).
For T ∈ LR(X,Y ), we write α(T ) := dimN(T ), β(T ) := dimY/R(T ), β(T ) := dimY/R(T )
and the index of T is the quantity i(T ) := α(T ) − β(T ) provided that α(T ) and β(T ) are
not both infinite.

We say T is upper semi-Fredholm, if there exists a finite codimensional subspace M of
D(T ) for which T/M is injective and open (this is equivalent to the corresponding property
for QTT ). T is called lower semi-Fredholm if T ′ is upper semi-Fredholm. If T is both upper
semi-Fredholm and lower semi-Fredholm, we say that T is Fredholm. We denote the class
of upper semi-Fredholm, lower semi-Fredholm and Fredholm linear relations from X into Y
by F+(X, Y ), F−(X, Y ) and F(X,Y ), respectively. If X = Y then F+(X, Y ), F−(X, Y ),
F±(X,Y ) and F(X, Y ) are replaced by F+(X), F−(X), F±(X) and F(X), respectively.

A closed linear relation T acts from a Banach space X into Y . The set of upper semi-
Fredholm relations is defined by:

Φ+(X, Y ) =
{
T ∈ C(X, Y ) : α(T ) < ∞ and R(T ) is closed in Y

}
,

and the set of lower semi-Fredholm relations is defined by:

Φ−(X,Y ) =
{
T ∈ C(X,Y ) : β(T ) < ∞ and R(T ) is closed in Y

}
.

Φ(X, Y ) := Φ+(X, Y ) ∩ Φ−(X, Y ) denotes the set of Fredholm relations from X into Y
and Φ±(X, Y ) := Φ+(X, Y ) ∪ Φ−(X,Y ) denotes the set of semi-Fredholm relations from X
into Y . If X = Y then Φ+(X, Y ), Φ−(X,Y ), Φ±(X, Y ) and Φ(X,Y ) are replaced by Φ+(X),
Φ−(X), Φ±(X) and Φ(X), respectively. The paper is organized as follows. Section 2 contains
preliminary and auxiliary properties that we will need to prove the main results about linear
relations in Banach spaces. In the last section we establish some perturbation results for
essential spectra.

2. Preliminaries.

Lemma 1 ([13]). Let X and Y be two vector spaces and let T ∈ LR(X,Y ). Then

(i) D(T−1) = R(T ) and D(T ) = R(T−1).

(ii) T injective if and only if T−1T = ID(T ).

(iii) T is single valued if and only if T (0) = {0}.
(iv) TT−1y = y + T (0) and T−1Tx = x+ T−1(0).

Lemma 2 ([3], Lemma 2.5). Let S, T,A ∈ LR(X, Y ). If S(0) ⊂ T (0) and D(T ) ⊂ D(S),
then T − S + S = T.

Lemma 3 ([12], Lemma 2.4). Let T ∈ LR(X,Y ) and S,R ∈ LR(Y, Z). If T (0) ⊂ N(S) or
T (0) ⊂ N(R) then (R + S)T = RT + ST.

Proposition 1. Let R, S, T ∈ LR(X). Then,

(i) ([13, Proposition I.4.2(d)]) (R + S)T ⊂ RT + ST with equality if T is single valued.

(ii) ([13, Proposition I.4.2(e)]) T (R+S) is an extension of TR+TS and TR+TS = T (R+S)
if D(T ) is the whole space.
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Proposition 2 ([5], Proposition 3.1). Let S, T ∈ LR(X) be such that S(0) ⊂ T (0), D(T ) ⊂
D(S). If T ∈ CR(X) and S is continuous, then S + T ∈ CR(X).

Lemma 4 ([14], Corollary 3.2). Let S, T ∈ LR(X). Suppose that D(S) = X and T, S have
finite indices. Then, ST has a finite index and i(ST ) = i(S) + i(T )− dim(T (0) ∩ S−1(0)).

Lemma 5 ([5], Theorem 2.2). Let X be a Banach space and let S, T ∈ CR(X). Then

(i) T ∈ Φ+(X) if and only if QTT ∈ Φ+(X). In such case i(T ) = i(QTT ).

(ii) T ∈ Φ−(X) if and only if QTT ∈ Φ−(X). In such case i(T ) = i(QTT ).

(iii) If S, T ∈ Φ+(X), then ST ∈ Φ+(X) and TS ∈ Φ+(X).

(iv) If S, T ∈ Φ−(X) with TS (respectively ST ) closed, then TS ∈ Φ−(X) (respectively
ST ∈ Φ−(X)).

(v) If S and T are everywhere defined and TS ∈ Φ+(X), then S ∈ Φ+(X).

Definition 1 ([6], Definition 2.1). Let S ∈ LR(X, Y ) be continuous.

(i) S is called a Fredholm perturbation if T + S ∈ Φ(X,Y ) whenever T ∈ Φ(X, Y ) with
dim(S(0)) < ∞ and S(0) ⊂ T (0).

(ii) S is called an upper semi-Fredholm perturbation if T + S ∈ Φ+(X, Y ) whenever T ∈
Φ+(X, Y ) with dim(S(0)) < ∞ and S(0) ⊂ T (0).

(iii) S is called a lower semi-Fredholm perturbation if T + S ∈ Φ−(X, Y ) whenever T ∈
Φ−(X, Y ) with dim(S(0)) < ∞ and S(0) ⊂ T (0).

We denote by P(X) the set of Fredholm perturbations, by P+(X) the set of upper semi-
Fredholm perturbations, and by P−(X) the set of lower semi-Fredholm perturbations.

Proposition 3 ([6], Proposition 2.2). Let T ∈ LR(X, Y ) be closed and S ∈ LR(X,Y ) be
continuous. We have

(i) If T ∈ Φ+(X,Y ) and S ∈ P+(X,Y ), then T + S ∈ Φ+(X, Y ) and i(T + S) = i(T ).

(ii) If T ∈ Φ−(X, Y ) and S ∈ P−(X, Y ), then T + S ∈ Φ−(X,Y ) and i(T + S) = i(T ).

(iii) If T ∈ Φ(X,Y ) and S ∈ P(X,Y ), then T + S ∈ Φ(X, Y ) and i(T + S) = i(T ).

Lemma 6 ([14], Corollary 3.2). Let S, T ∈ LR(X). Suppose that D(S) = X and T, S have
finite indices. Then, ST has a finite index and i(ST ) = i(S) + i(T )− dim(T (0) ∩ S−1(0)).

Theorem 1 ([13], Theorem V.10.3). Let T ∈ LR(X). Then the following are equivalent:

(i) T ∈ Φ+(X);

(ii) There exists A ∈ B(X) and a finite rank projection K such that AT = I −K.

3. Some perturbation results. In this section, we define the essential pseudospectra of
a closed linear relation, study some properties and establish some results of perturbation on
the context of linear relations.

Definition 2 ([7]). Let ε > 0 and T ∈ CR(X). We define the essential pseudospectra of T
by:

σe1,ε(T ) := C\
{
λ ∈ C : λ− T − S ∈ Φ+(X), for all S ∈ JT (X)

}
,
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σe2,ε(T ) := C\
{
λ ∈ C : λ− T − S ∈ Φ−(X), for all S ∈ JT (X)

}
,

σe3,ε(T ) := C\
{
λ ∈ C : λ− T − S ∈ Φ±(X), for all S ∈ JT (X)

}
,

σe4,ε(T ) := C\
{
λ ∈ C : λ− T − S ∈ Φ(X), for all S ∈ JT (X)

}
,

where

JT (X) :=
{
S ∈ LR(X) is continuous : ∥S∥ < ε, S(0) ⊂ T (0) and D(S) ⊃ D(T )

}
.

Proposition 4. Let T, S ∈ BR(X) be such that S(0) ⊂ T (0) and ε > 0.
(i) If D ∈ BR(X) such that ∥D∥ < ε, D(0) ⊂ S(0) ⊂ N(T ) and T (S +D) ∈ P+(X), then

σe1,ε(T + S) ⊂ σe1(T ) ∪ σe1,ε(S).

If, further, (S +D)T ∈ P+(X) and T (0) ⊂ N(S) or T (0) ⊂ N(D) we get

σe1,ε(T + S) = σe1(T ) ∪ σe1,ε(S).

(ii) If D ∈ BR(X) such that ∥D∥ < ε, D(0) ⊂ S(0) ⊂ N(T ) and T (S +D) ∈ P+(X), then

σe2,ε(T + S) ⊂ σe2(T ) ∪ σe2,ε(S).

If, further, (S +D)T ∈ P+(X) and T (0) ⊂ N(S) or T (0) ⊂ N(D) we get

σe2,ε(T + S) = σe2(T ) ∪ σe2,ε(S).

(iii) If D ∈ BR(X) such that ∥D∥ < ε, D(0) ⊂ S(0) ⊂ N(T ) and T (S + D) ∈ P+(X) ∩
P−(X), then

σe3,ε(T + S) ⊂
[
(σe3(T ) ∪ σe3,ε(S)) ∪ (σe3(T ) ∪ σe2,ε(S)) ∪ (σe2(T ) ∪ σe1,ε(S))

]
.

If, further, (S +D)T ∈ P+(X) ∩ P−(X) and T (0) ⊂ N(S) or T (0) ⊂ N(D) we get

σe3,ε(T + S) =
[
(σe3(T ) ∪ σe3,ε(S)) ∪ (σe3(T ) ∪ σe2,ε(S)) ∪ (σe2(T ) ∪ σe1,ε(S))

]
.

(iv) If D ∈ BR(X) such that ∥D∥ < ε, D(0) ⊂ S(0) ⊂ N(T ) and T (S +D) ∈ P(X), then

σe4,ε(T + S) ⊂ σe4(T ) ∪ σe4,ε(S).

If, further, (S +D)T ∈ P(X) and T (0) ⊂ N(S) or T (0) ⊂ N(D) we get

σe4,ε(T + S) = σe4(T ) ∪ σe4,ε(S).

Proof. (i) Let λ ∈ C. Since D(T ) = X, by Proposition 1 we have

(λ− T )(λ− S −D) = λ(λ− S −D)− T (λ− S −D).

Since D(T ) = X, by using Proposition 1 the linear relation (λ−T )(λ−S−D) can be written
in the form

(λ− T )(λ− S −D) = λ2 − λS − λD − λT + TS + TD = λ(λ− S −D − T ) + T (S −D).
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Suppose that λ ̸∈ σe1(T ) ∪ σe1,ε(S), then (λ− T ) ∈ Φ+(X) and λ− S −D ∈ Φ+(X) for all
D ∈ BR(X) such that ∥D∥ < ε and D(0) ⊂ S(0) we deduce that (λ−T )(λ−S−D) ∈ Φ+(X).
When combined with the fact that

T (S +D)(0) = TS(0) ⊂ TT−1(0) = T (0) = (λ− S −D − T )(0) = T (0).

Applying Proposition 1, we have

(λ− T )(λ− S −D) + T (S −D) = λ(λ− S −D − T )− T (S −D) + T (S −D) =

= λ(λ− S −D − T ).

In fact, (λ−T )(λ−S−D) ∈ Φ+(X) and T (S+D) ∈ P+(X). This implies that λ−S−D−T ∈
Φ+(X) for all D ∈ BR(X) such that ∥D∥ < ε and D(0) ⊂ S(0). Therefore, λ ̸∈ σe1,ε(T +S),

σe1,ε(T + S) ⊂ σe1(T ) ∪ σe1,ε(S).

Conversely suppose that λ ̸∈ σe1,ε(T +S), then λ−S −D− T ∈ Φ+(X) for all D ∈ BR(X)
such that ∥D∥ < ε and D(0) ⊂ S(0). Since T, S,D ∈ BR(X) by Proposition 1 we have

(λ− S −D)(λ− T ) = λ(λ− T )− S(λ− T )−D(λ− T ) = λ2 − λT − λS + ST − λD +DT.

Since T (0) ⊂ N(S) or T (0) ⊂ N(D), by Lemma 3 we get

(λ− S −D)(λ− T ) = λ(λ− T − S −D) + (S +D)T.

The relationships (S+D)T ∈ P+(X) and λ−T −S−D ∈ Φ+(X) yield (λ−S−D)(λ−T ) ∈
Φ+(X). Likewise T (S+D) ∈ P+(X) and λ−T −S−D ∈ Φ+(X), then (λ−T )(λ−S−D) ∈
Φ+(X). By Theorem 5 (iv), we get (λ − T ) ∈ Φ+(X) and (λ − S − D) ∈ Φ+(X) for all
D ∈ BR(X) such that ∥D∥ < ε and D(0) ⊂ S(0). Hence, λ ̸∈ σe1(T ) ∪ σe1,ε(S). We can
deduce that

σe1,ε(T + S) = σe1(T ) ∪ σe1,ε(S).

(ii) This proof is similar to that of (i).
(iii) By using the equalities σe3(T ) = σe1(T ) ∩ σe2(T ), σe3,ε(S) = σe1,ε(S) ∩ σe2,ε(S) and
σe3,ε(T + S) = σe1,ε(T + S) ∩ σe2,ε(T + S) from the assertions (i) and (ii) the Proposition is
proved.
(iv) Combining the assertion (i) and (ii).

Theorem 2. Let T ∈ LR(X) such that dimT (0) < ∞. If T is demicompact, then I − T ∈
Φ+(X).

Theorem 3 ([8], Theorem 3.3). Let T ∈ CR(X) and dimT (0) < ∞. If 1
µ
T is demicompact

for each µ ∈ [1,+∞[, then µ− T ∈ Φ(X).

Let T ∈ CR(X). We define the sets ΛT (X), ΥT (X) and ΨT (X) by:

ΛT (X) =
{
J ∈ LR(X) : µJ is demicompact for every µ ∈ [0, 1]

}
,

ΥT,ε(X) =


K ∈ LR(X) : ∀µ ∈ ρε(T +K), D(T ) ⊂ D(K),

K(0) ⊂ T (0) and
−(µ− T − S −K)−1K ∈ ΛT (X) ∀S ∈ JT (X)

 ,

We denote
σr,ε(T ) :=

∩
K∈ΥT (X)

σε(T +K).
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Theorem 4. Let ε > 0 and T ∈ LR(X). Then

σe4,ε(T ) ⊂ σr,ε(T ).

Proof. Let T ∈ CR(X). Show that σe4,ε(T ) ⊂ σr,ε(T ). Indeed, let µ ̸∈ σr,ε(T ). Then µ ̸∈∩
K∈ΥT (X) σε(T +K). Therefore, µ ∈ ∪K∈ΥT (X)ρε(T +K). Hence, there exists K ∈ ΥT (X)

such that µ ∈ ρε(T + K). Furthermore, for all S ∈ JT (X) we get µ ∈ ρ(T + K + S). We
conclude that −(µ−T −S−K)−1K is demicompact and µ−T −S−K is bijective. Hence,
µ−T−K−S ∈ Φ(X) and by applying Theorem 3.2, we get I+(µ−T−K−S)−1K ∈ Φ(X).
Since D(T ) ⊂ D(S +K) and S(0) +K(0) ⊂ T (0), by Lemma 2 we get

µ− T − S = µ− T − S −K +K.

Let x ∈ D(T ). Since D(T ) contains the ranges of (µ− T − S −K)−1K,

(µ− T − S −K)(x+ (µ− T − S −K)−1Kx)

= (µ− T − S −K)x+ (µ− T − S −K)(µ− T − S −K)−1Kx.

By Lemma 1 (iv), we have (µ− T − S −K)x + (µ− T − S −K)(µ− T − S −K)−1Kx =
(µ − T − S − K)x + Kx + (µ − T − S − K)(0) = (µ − T − S − K)x + Kx. Therefore,
(µ − T − S −K)(I + (µ − T − S −K)−1K) = µ − T − S. Hence, applying Theorem 5, we
get µ− T − S ∈ Φ(X) for all S ∈ JT (X).

Corollary 1. Let T ∈ CR(X), and let I(X) be a subset of ΥT,ε(X) (resp. ΨT,ε(X)) contai-
ning KR(X). Then σe4,ε(T ) ⊂

∩
K∈I(X) σε(T +K).

Proof. Since I(X) ⊂ ΥT,ε(X). We infer that∩
K∈ΥT,ε(X)

σε(T +K) ⊂
∩

K∈I(X)

σε(T +K).

It follows from Theorem 4 that σe4,ε(T ) ⊂
∩

K∈I(X) σε(T +K).

Theorem 5. Let T, S ∈ BR(X). If for every λ ̸∈ σe1,ε(T ) there exists Aλ a left inverse
modulo compact of (λ − T − D) for all D ∈ JT (X) such that SAλ is demicompact and
dim(SAλ(0)) < ∞, then

σe1,ε(T + S) ⊂ σe1,ε(T ).

Proof. Let λ ̸∈ σe1,ε(T ). Then λ− T −D ∈ Φ+(X) for all D ∈ JT (X). By Theorem 1, there
exist Aλ ∈ B(X) and a finite rank projection K such that Aλ(λ − T − D) = I −K. Since
S(0) ⊂ D(0)+T (0) = T (0) and D(SK) = D(T ) = X, by Lemma 2 we have λ−T −D−S =
λ− T −D − S + SK − SK. By using Proposition 1 (ii), we get

λ− T −D − S + SK − SK = λ− T −D − S(I −K)− SK =

= λ− T −D − SAλ(λ− T −D)− SK.

Using Lemma 3 we get λ−T −S−D = (I−SAλ)(λ−T −D)−SK. As SAλ is demicompact
and dim(SAλ(0)) < ∞, it follows from Theorem 2 that (I − SAλ) ∈ Φ+(X) and we have
(λ− T −D) ∈ Φ+(X). Then by Theorem 5 we get (I − SAλ)(λ− T −D)− SK ∈ Φ+(X).
Since SK ∈ P(X), by Proposition 3 we have λ − T − S −D ∈ Φ+(X) where D ∈ JT (X),
hence λ ̸∈ σe1,ε(T + S). We conclude that σe1,ε(T + S) ⊂ σe1,ε(T ).
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Theorem 6. Let T, S ∈ BR(X). If for every λ ̸∈ σej,ε(T ), where j ∈ {4, 5}, there exists Aλ

a left inverse modulo compact of (λ − T − D) for all D ∈ JT (X) such that SAλ ∈ ΛT (X)
and dim(SAλ(0)) < ∞, then σe4,ε(T + S) ⊂ σe4,ε(T ).

Proof. Let λ ̸∈ σe4,ε(T ). Then λ−T −D ∈ Φ+(X) for all D ∈ JT (X). Since Aλ a left inverse
modulo compact operator of (µ− T −D) such that SAλ ∈ ΛT (X) and dim(SAλ(0)) < ∞,

λ− T − S −D = (I − SAλ)(λ− T −D)− SK.

As, SAλ ∈ ΛT (X), then by Theorem 3 we get I−SAλ ∈ Φ(X). By using Lemma 5 we obtain
(I−SAλ)(λ−T −D) ∈ Φ(X). According to Proposition 3, we conclude that λ−T −S−D ∈
Φ(X) where D ∈ JT (X). Then λ ̸∈ σe4,ε(T + S).

Theorem 7. Let T, S ∈ LR(X) and λ− T − S −D ∈ Φ+(X) for all D ∈ JT (X).
(H1) If there exists Hλ a left inverse modulo compact of (λ−T −S−D) such that −λ−1(T +
D)SHλ is demicompact, then[

σe1,ε(T + S)
]
\{0} ⊂

[
σe1,ε(T ) ∪ σe1(S)

]
\{0}.

(H2) Moreover, if there exists Gλ a left inverse modulo compact of (λ − T − S − D) such
that −λ−1S(T +D)Gλ is demicompact, then

[σe1,ε(T ) ∪ σe1(S)]\{0} = [σe1,ε(T + S)]\{0}.

Proof. (i) Let λ ∈ C\{0}. If there exists Hλ a left inverse modulo compact of (λ−T −S−D)
for all D ∈ JT (X), then by Theorem 1 we get

Hλ(λ− T − S −D) = I −K where K ∈ K(X).

Since T ∈ BR(X) and D ∈ JT (X), by Proposition 1 (ii) we have
(λ− T −D)(λ− S) = λ(λ− T −D)− (λ− T −D)S. From Lemma 3, it follows that

λ(λ− T −D)− (λ− T −D)S = λ(λ− T −D)− λS + (T +D)S =

= λ(λ− T − S −D) + (T +D)S.

Hence, (T +D)SK(0) = (T +D)S(0) ⊂ (λ(λ − T − S −D) + (T +D)S)(0) and D(λ(λ −
T − S −D) + (T +D)S) = D((T +D)SK). Then by Lemma 2 we get

(λ− T −D)(λ− S) = λ(λ− T − S −D) + (T +D)S + (T +D)SK − (T +D)SK.

Clearly, D((T +D)S) = X, then

(λ− T −D)(λ− S) = λ(λ− T − S −D) + (T +D)S(I −K) + (T +D)SK =

= λ(λ− T − S −D) + (T +D)SHλ(λ− T − S −D) + (T +D)SK.

By using Lemma 3, we get λ(λ − T − S) + (T +D)SHλ(λ − T − S −D) + (T +D)SK =
λ(I + λ−1(T +D)SHλ)(λ− T − S −D) + (T +D)SK. We conclude

(λ− T −D)(λ− S) = λ
(
I + λ−1(T +D)SHλ

)
(λ− T − S −D) + (T +D)SK.
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Since D((T +D)SK) = D(λ(I + λ−1(T +D)SHλ)(λ− T − S −D)) and (T +D)SK(0) ⊂
λ(λ− T − S −D) + (T +D)S(I −K)(0), we obtain

(T +D)SK(0) ⊂ λ
(
I + λ−1(T +D)SHλ

)
(λ− T − S −D)(0).

Using Lemma 2, we prove that

(λ− T −D)(λ− S)− (T +D)SK = λ
(
I + λ−1(T +D)SHλ

)
(λ− T − S −D).

Let λ ̸∈ [σe1,ε(T ) ∪ σe1(S)]\{0}, then λ − T − D ∈ Φ+(X) for all D ∈ JT (X) and λ −
S ∈ Φ+(X). Hence, (T + D)SK ∈ P(X). By Lemma 5 (iii) and Proposition 3 we get
(λ − T −D)(λ − S) − (T + D)SK ∈ Φ+(X). Again, by using Lemma 5 (v), we show that
λ− T − S −D ∈ Φ+(X) for all D ∈ JT (X). We deduce that, λ ̸∈ [σe1,ε(T + S)]\{0}.
(ii) Continuing in the same way, we can find

(λ− S)(λ− T −D) = λ(λ− T − S −D)
(
I + λ−1S(T +D)Gλ

)
+ S(T +D)K.

Let λ ̸∈ [σe1,ε(T + S)]\{0}. Then λ − T − S − D ∈ Φ+(X) for all D ∈ JT (X). Since
−λ−1(T + D)SHλ and −λ−1S(T + D)Gλ are demicompact, by Theorem 2 we have I +
λ−1(T +D)SHλ and I + λ−1S(T +D)Gλ are upper semi-Fredholm. Therefore, by Lemma 5
we have λ(λ−T −S−D)(I+λ−1(T +D)SHλ) and λ(I+λ−1(T +D)SHλ)(λ−T −S−D)+
(T +D)SK) are upper semi-Fredholm. Consequently, (T +D)SK, S(T +D)K ∈ P(X), then
(λ− T −D)(λ− S) and (λ− S)(λ− T −D) are upper semi-Fredholm. Applying Lemma 5
we conclude λ − T −D ∈ Φ+(X) for all D ∈ JT (X) and λ − S ∈ Φ+(X). We deduce that
λ ̸∈ [σe1,ε(T ) ∪ σe1(S)]\{0}.

4. Pseudospectrum of 2× 2 block matrices of multivalued linear operator. In this
section we investigate the pseudospectrum of 2×2 block matrices multivalued linear operator
of the form

L =

(
A B
C D

)
,

where the linear relation A acts on X and has the domain D(A), D is defined on D(D) and
acts on the Banach space X, and the intertwining B (resp. C) is defined on the domain
D(B) (resp. D(C)) and acts on X (resp. on X).

Remark 1 ([7], Remark 4.1). Let

T =

(
T1 0
0 T2

)
where T1, T2 ∈ LR(X). Defining the norm of the multivalued linear operator matrix T as

∥T ∥ = max{∥T1∥, ∥T2∥}.

Theorem 8 ([7], Theorem 4.1). Let A,B ∈ LR(X) and C ∈ BR(X). Consider the multi-

valued linear operator matrix MC =

(
A C
0 B

)
. Then for all λ ∈ C we have:

(i) λ−MC − T =

(
I 0
0 λ−B − T2

)(
I −C
0 I

)(
λ− A− T1 0

0 I

)
.
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(ii) Let C1 be a selection of C and D
[(

I 0
0 λ−B − T2

)]
containing the ranges of both(

λ− A− T1 −C1

0 I

)
and

(
0 C − C
0 0

)
, then

λ−MC − T =

(
I 0
0 λ−B − T2

)(
I −C1

0 I

)(
λ− A− T1 0

0 I

)
+

+

(
0 C − C
0 (λ−B − T2)(C − C)

)
.

Theorem 9 ([7], Theorem 4.2). (i) If (A + B + T1)(0) ⊂ N(C), then for all λ ∈ C\{0} we
have

λ− L− T = −1

λ

(
0 0

C(A+ T1) CB

)
+

(
I 0

−1

λ
C I

)(
λ− A− T1 −B

0 λ−D − T2

)
.

(ii) Let C1 be a selection of C. If (A+B + T1)(0) ⊂ N(C), then for all λ ∈ C\{0} we have

λ− L− T = −1

λ

(
0 0

C(A+ T1) CB

)
+

(
I 0

−1

λ
C1 I

)(
λ− A− T1 −B

0 λ−D − T2

)
.

(iii) Let C1 (resp. B1) be a selection of C (resp. B). If (A+B+ T1)(0) ⊂ N(C), then for all
λ ∈ C\{0} we have

λ− L− T =

(
I 0

−1

λ
C1 I

)(
λ− A− T1 −B1

0 λ−D − T2

)
−

−1

λ

(
0 λ(B −B)

C(A+ T1) CB + C1(B −B)

)
.

Theorem 10. Let A,B,C ∈ BR(X), λ ∈ C\{0} and C1 be a selection of C. Suppose that
for every λ ̸∈ σe1(A) there exists Aλ a left inverse modulo compact of (λ−A) such that T1Aλ

is demicompact and dim(T1Aλ(0)) < ∞ for all T1 ∈ JT (X). Assume that(
0 C − C
0 (λ−B − T2)(C − C)

)
∈ P+(X ×X),

then σe1,ε(MC) ⊂ σe1(A) ∪ σe1,ε(B).

Proof. Let T1, T2 ∈ LR(X) and consider T =

(
T1 0
0 T2

)
such that ∥T ∥ = max{∥T1∥,

∥T2∥} < ε where T1(0) ⊂ A(0), T2(0) ⊂ B(0), D(A) ⊂ D(T1) and D(B) ⊂ D(T2). By
Theorem 8 (ii), we have

λ−MC − T =

(
I 0
0 λ−B − T2

)(
I −C1

0 I

)(
λ− A− T1 0

0 I

)
+

(
0 C − C
0 (λ−B − T2)(C − C)

)
.
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By Proposition 2, we have λ − A − T1 and λ − B − T2 is closed. Let λ ̸∈ σe1(A). Then
λ−A ∈ Φ+(X). By Theorem 1, there exists Aλ ∈ B(X) and a finite rank projection K such
that Aλ(λ − A) = I −K. Since T1(0) ⊂ A(0) and D(T1K) = D(A) = X, by Lemma 2 we
have

λ− A− T1 = λ− A− T1 + T1K − T1K.

By using Proposition 1 (ii) we get

λ− A− T1 + T1K − T1K = λ− A− T1(I −K)− T1K = λ− A− T1Aλ(λ− A)− T1K.

By Lemma 3 we get λ − A − S − T1 = (I − SAλ)(λ − A) − T1K. As SAλ is demicompact
and dim(T1Aλ(0)) < ∞, it follows from Theorem 2 that (I − T1Aλ) ∈ Φ+(X) and we have
(λ− A) ∈ Φ+(X). Then by Theorem 5 we get

λ− A− T1 = (I − T1Aλ)(λ− A)− T1K ∈ Φ+(X).

Let λ ̸∈ σe1(A) ∪ σe1,ε(B) and ∥T ∥ = max{∥T1∥, ∥T2∥} < ε,

T
(
0
0

)
=

(
T1(0)
T2(0)

)
⊂
(
A(0)
B(0)

)
= MC

(
0
0

)
,

D(MC) = D(A)× [D(C) ∩ D(B)] ⊂ D(T1)×D(T2) = D(T ). Therefore λ− A− T1 ∈ Φ(X)
and λ−B − T2 ∈ Φ+(X2). This let us conclude that(

I 0
0 λ−B − T2

)
,

(
λ− A− T1 0

0 I

)
∈ Φ+(X ×X).

We claim that
(
I −C1

0 I

)
is invertible and

(
0 C − C
0 (λ−B − T2)(C − C)

)
∈ P+(X ×X),

then λ−MC − T ∈ Φ+(X×X2) for all ∥T ∥ < ε,

T
(
0
0

)
=

(
T1(0)
T2(0)

)
⊂
(
A(0)
B(0)

)
= MC

(
0
0

)
and D(MC) = D(A) × [D(C) ∩ D(B)] ⊂ D(T1) × D(T2) = D(T ). We conclude that λ ̸∈
σe1,ε(MC).

Remark 2. Let ε > 0 and A,B ∈ CR(X), C ∈ L(X). Suppose that for every λ ̸∈ σe1(A)
there exists Aλ a left inverse modulo compact of (λ − A) such that T1Aλ is demicompact
and dim(T1Aλ(0)) < ∞ for all T1 ∈ JT (X). We consider the multivalued matrix operator

MC =

(
A C
0 B

)
. Then we have

σe1,ε(MC) ⊂ σe1,ε(A) ∪ σe1,ε(B).
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Theorem 11. Let A,B,C ∈ BR(X), λ ∈ C\{0} and C1 be a selection of C.

(i) Let for every λ ̸∈ σe4(A) there exist Aλ a left inverse modulo compact of (λ − A) such
that T1Aλ ∈ ΛT (X) and dim(T1Aλ(0)) < ∞ for all T1 ∈ JT (X). Assume that(

0 C − C
0 (λ−B − T2)(C − C)

)
∈ P+(X ×X),

then σe4,ε(MC) ⊂ σe4(A) ∪ σe4,ε(B).

(ii) Let for every λ ̸∈ σe5(A) there exist Aλ a left inverse modulo compact of (λ − A) such
that T1Aλ ∈ ΛT (X) and dim(T1Aλ(0)) < ∞ for all T1 ∈ JT (X). Assume that(

0 C − C
0 (λ−B − T2)(C − C)

)
∈ P+(X ×X)

and
dim

[(
λ− A− T1 0

0 I

) (
0
0

)
∩N

((
I 0
0 λ−B − T2

)(
I −C1

0 I

))]
= 0,

then

σe5,ε(MC) ⊂ σe5(A) ∪ σe5,ε(B).

Proof. (i) Let λ ̸∈ σe4(A) be such that λ − A ∈ Φ+(X). Since Aλ is a left inverse modulo
compact operator of (µ− A) such that T1Aλ ∈ ΛT (X) and dim(T1Aλ(0)) < ∞,

λ− A− T1 = (I − T1Aλ)(λ− A− T1)− T1K.

As, T1Aλ ∈ ΛT (X), then by Theorem 3 we get I − T1Aλ ∈ Φ(X). By using Lemma 5 we get
(I−T1Aλ)(λ−A) ∈ Φ(X). According to Proposition 3, we conclude that λ−A−T1 ∈ Φ(X)
where T1 ∈ JT (X). Let λ ̸∈ σe4(A) ∪ σe4,ε(B)

∥T ∥ = max{∥T1∥, ∥T2∥} < ε, T
(
0
0

)
=

(
T1(0)
T2(0)

)
⊂
(
A(0)
B(0)

)
= MC

(
0
0

)
,

and D(MC) = D(A)×[D(C)∩D(B)] ⊂ D(T1)×D(T2) = D(T ). Therefore λ−A−T1 ∈ Φ(X)
and λ−B−T2 ∈ Φ(X2). This let us conclude that λ−MC −T ∈ Φ(X×X2) for all ∥T ∥ < ε,

T
(
0
0

)
=

(
T1(0)
T2(0)

)
⊂
(
A(0)
B(0)

)
= MC

(
0
0

)
and D(MC) = D(A)× [D(C) ∩ D(B)] ⊂ D(T1)×D(T2) = D(T ). We conclude that

λ ̸∈ σe1,ε(MC).

(ii) Let λ ̸∈ σe5(A). Then for all T1 ∈ JT (X) such that λ − A ∈ Φ+(X) and i(λ − A) = 0.
Since Aλ is a left inverse modulo compact operator of (µ−A) such that T1Aλ ∈ ΛT (X) and
dim(T1Aλ(0)) < ∞, by Theorem 3 we get

I − T1Aλ ∈ Φ(X) and i(I − T1Aλ) = 0.

By using Lemma 5, we get (I − T1Aλ)(λ − A) ∈ Φ(X) and by Lemma 6 we have i((I −
T1Aλ)(λ − A)) = 0. According to Proposition 3, we conclude that λ − A − T1 ∈ Φ(X) and
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i(λ− A− T1) = 0 where D ∈ JT (X).
Let λ ̸∈ σe5(A) ∪ σe5,ε(B), ∥T ∥ = max{∥T1∥, ∥T2∥} < ε,

T
(
0
0

)
=

(
T1(0)
T2(0)

)
⊂
(
A(0)
B(0)

)
= MC

(
0
0

)
,

and D(MC) = D(A)× [D(C) ∩ D(B)] ⊂ D(T1)×D(T2) = D(T ). Therefore λ−A ∈ Φ(X),
i(λ− A) = 0 and λ−B − T2 ∈ Φ(X), i(λ−B − T2) = 0. This let us conclude that

λ−MC − T ∈ Φ(X ×X) (1)

for all ∥T ∥ < ε, T
(
0
0

)
=

(
T1(0)
T2(0)

)
⊂
(
A(0)
B(0)

)
= MC

(
0
0

)
and D(MC) = D(A)× [D(C) ∩

D(B)] ⊂ D(T1)×D(T2) = D(T ). Hence, i(λ− A− T1) = 0, then i

[(
λ− A− T1 0

0 I

)]
= 0

and i

[(
I 0
0 λ−B − T2

)]
= 0. By using Proposition 3, we get

i(MC) = i

((
λ− A− T1 0

0 I

)(
I 0
0 λ−B − T2

)(
I −C1

0 I

))
.

By applying Lemma 6, we obtain

i(λ−MC − T ) = i

((
λ− A− T1 0

0 I

))
+ i

((
I 0
0 λ−B − T2

))(
I −C1

0 I

)
+

+dim

[(
λ− A− T1 0

0 I

)(
0
0

)
∩N

((
I 0
0 λ−B − T2

)(
I −C1

0 I

))]
,

= i

(((
I 0
0 λ−B − T2

))
+ i

((
I −C1

0 I

))
+

+dim

[
N

((
I 0
0 λ−B − T2

))
∩
((

I −C1

0 I

)(
0
0

))
.

Since C1 is single valued, we get (
I −C1

0 I

)(
0
0

)
=

(
0
0

)
We claim that

(
I −C1

0 I

)
is invertible, then i

((
I −C1

0 I

))
= 0. Therefore,

i(λ−MC − T ) = 0. (2)

It follows immediately from (1) and (2) that

σe5,ε(MC) ⊂ σe5(A) ∪ σe5,ε(B).

Remark 3. Let ε > 0 and A,B ∈ BR(X), C ∈ L(X).

(i) Let for every λ ̸∈ σe5(A) there exist Aλ a left inverse modulo compact of (λ − A) such
that T1Aλ ∈ ΛT (X) and dim(T1Aλ(0)) < ∞ for all T1 ∈ JT (X). We consider the multivalued

matrix operator MC =

(
A C
0 B

)
, then we have

σe4,ε(MC) ⊂ σe4(A) ∪ σe4,ε(B).
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(ii) Let for every λ ̸∈ σe5(A) there exist Aλ a left inverse modulo compact of (λ − A) such
that T1Aλ ∈ ΛT (X) and dim(T1Aλ(0)) < ∞ for all T1 ∈ JT (X). Assume that

dim

[(
λ− A− T1 0

0 I

)(
0
0

)
∩N

((
I 0
0 λ−B − T2

)(
I −C
0 I

))]
= 0,

then
σe5,ε(MC) ⊂ σe5(A) ∪ σe5,ε(B).

Theorem 12. Let C1 be a selection of C and (A + B + T1)(0) ⊂ N(C). Then for all
λ ∈ C\{0}. Let for every λ ̸∈ σe1(A) there exist Aλ a left inverse modulo compact of (λ−A)
such that T1Aλ is demicompact and dim(T1Aλ(0)) < ∞ for all T1 ∈ JT (X). Assume that(

0 λ(B −B)
C(A+ T1) CB + C1(B −B)

)
∈ P+(X ×X),

then
σe1,ε(L)\{0} ⊂ [σe1(A) ∪ σe1,ε(D)]\{0}.

Proof. Let T =

(
T1 0
0 T2

)
such that ∥T ∥ < ε,

T
(
0
0

)
=

(
T1(0)
T2(0)

)
⊂
(
A(0)
B(0)

)
=

(
A B1

0 D

)(
0
0

)
and

D
((

A B1

0 D

))
= D(A)× [D(B1) ∩ D(D)] ⊂ D(T1)×D(T2) = D(T ).

If λ ̸∈ σe1(A) ∪ σe1,ε(D) ∪ {0}, then by Remark 2 we get

λ ̸∈ σe1,ε

[(
A B1

0 D

)]
.

We infer that λ−
(
A B1

0 D

)
− T ∈ Φ+(X ×X) for all ∥T ∥ < ε,

T
(
0
0

)
=

(
A B1

0 D

)(
0
0

)

and D
((

A B1

0 D

))
= D(T ). This is equivalent to

(
λ− A− T1 −B1

0 λ−D − T2

)
∈ Φ+(X ×X).

Using the fact that (
0 λ(B −B)

C(A+ T1) CB + C1(B −B)

)
∈ P+(X ×X),
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we ensure that(
λ− A− T1 −B1

0 λ−D − T2

)
+

(
0 λ(B −B)

C(A+ T1) CB + C1(B −B)

)
∈ Φ+(X ×X).

By using Lemma 9 (iii), we get λ− L− T ∈ Φ+(X ×X) for all ∥T ∥ < ε,

T
(
0
0

)
=

(
A B1

0 D

)(
0
0

)
, D

((
A B1

0 D

))
= D(T ).

This let us conclude that
λ ̸∈ σe1,ε(L).
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