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The main goal of this paper is to give some perturbation results and some relations between
the essential pseudospectra of the sum of two multivalued linear operator and the essential
pseudospectra of each of these multivalued linear operator.

1. Introduction. Spectral theory is an important topic of functional analysis. It has nu-
merous applications in many parts of mathematics and physics including matrix theory,
complex analysis, differential and integral equations, control theory and quantum physics.
In recent years, spectral theory has witnessed an explosive development.

There are many types of spectra, both for one or serval commuting operators, with
important applications, for example the approximate points spectrum, Taylor spectrum,
essential spectrum, etc.

Recently, the concept of demicompactness with respect to a closed densely defined li-
near operator, as a generalization of the class of demicompact operator introduced by
Petryshyn in [18|. This description involved the use of notions that were originally developed
for demicompactness in linear spaces by W. Chaker, A. Jeribi, and B. Krichen [11| and
systematically treated in the context of the bundle operator in [16] by B. Krichen. Lately,
in [9] A. Ammar, H. Daoud and A. Jeribi defined the demicompact of a linear relation
by T: D(T) € X — X is said to be demicompact if for every bounded sequence {z,} in
D(T) such that Q;-r(I —T)x, — y € X/(I —T)(0), there is a convergent subsequence of
{Qrx,}. Then, we generalize some results given in [11]| to multivalued linear operators. An
important direction we are concerned with the extension of the concept of pseudospectra. In
[21] J. M. Varah introduced the first idea of pseudospectra. In [22] J. H. Wilkinson came wi-
th the modern interpretation of pseudospectrum where he defined it for an arbitrary matrix
norm induced by a vector norm and has been employed by other authors [15, 17, 19, 20].
In [9, 10|, A. Ammar, H. Daoud and A. Jeribi defined the pseudospectra of a linear relation
T by

o(T) = oMU {reC: [ -T)7) > é}

where ¢ > 0 and o(7T) is the spectrum of linear relation 7. By convention we write |[(A —
T)7Y| = oo if (A = T)~! is unbounded or nonexistent, i.e., if A is in o(T), and we define the
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notion of Weyl pseudospectra of a closed linear relation in a Banach space by:

oue(T) = () o0(T+K)
KG’CT(X)

where Kr(X) :={K € KR(X) : D(K) > D(T) and K(0) C T(0)}.

In this paper, the symbols X, Y stand for infinite dimensional Banach spaces over the
same field K (K being R or C). A multivalued linear operator or linear relation is a mapping
T C X xY which goes from a subspace D(T') C X called the domain of T', into the collection
of nonempty subsets of Y such that T'(a1x; + aoxs) = ayT(x1) + aT'(z5) for all nonzero
scalars aq, ag with x1, o € D(T). For x € X\D(T) we define Tz = @. With this convention,
we have

D(T) = {xEX: Tx#@}.

The collection of linear relations as defined above will be denoted by LR(X,Y"). A linear
relation T € LR(X,Y) is uniquely determined by and identified with its graph, G(T"), defined
by

G(T) = {(x,y) EXxY:zeD), ye T:v}.

The inverse of T € LR(X,Y) is the linear relation T~! defined by
G(T™) = {(y,:z:) eY xX: (z,y) € G(T)}.

Let T, S € LR(X,Y). Then their algebraic sum 7'+ S is also a linear relation defined by

G(T+S)={(zr,u+v): (z,u) € G(T), (x,v) € G(S)}. Similarly, if T" € LR(X,Y) and
S € LR(Y, Z), then their product ST is also a linear relation defined by

G(ST) :={(x,2) e X x Z: (z,y) € G(T) and (y, z) € G(S) for some y € Y'}.
If M is a subspace of X such that M ND(T') # &, then Tjrqp(r) := Tjar is defined by
G(Tim) = A{(z,y) e G(T): x € M}.

The quotient map from Y onto Y/T'(0) is denoted by Q7. It is easy to see that Q7T is
single valued so that we can define

|Tx| == ||QrTz|| forall z € D(T) and ||T :=|QrT].

Let T € LR(X,Y). The range of T is the subspace R(T) :={y: (z,y) € G(T)} and T
is called surjective if R(T) = Y. The subspace T!(0) is denoted by N(T) and T is called
injective if N(7T") = {0}. If T" is both injective and surjective, then we say that 7" is bijective.
Observe that Tz = y + T(0), for any y € T'z.

We say that T' € LR(X,Y) is continuous if ||T'|| < oo; bounded if it is continuous and
D(T) = X; open if T~ is continuous; equivalent if its minimum modulus (7) is a positive
number, where

+(T) = sup {)\ > 0: Ad(z, N(T)) < |Tz||, € D(T)},
where d(x, N(T)) the distance between x and N(7T'). A linear relation 7" is said to be closed

if its graph is closed. Similarly, 7" is called closable if T is an extension of T where the closure
of T, T, is defined by G(T') := G(T"). We denote the class of all bounded linear relations from
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X to Y by BR(X,Y). The collection of all closed linear relations from X to Y is denoted
by CR(X,Y). We denote the class of compact linear relations from X to Y by KR(X,Y).
For T € LR(X,Y), we write a(T) := dim N(T), 3(T) := dim Y/R(T), B(T) := dim Y/R(T)
and the index of T is the quantity i(T") := «(T) — B(T') provided that «(7") and (T are
not both infinite.

We say T is upper semi-Fredholm, if there exists a finite codimensional subspace M of
D(T') for which T}y, is injective and open (this is equivalent to the corresponding property
for QrT). T is called lower semi-Fredholm if T is upper semi-Fredholm. If T' is both upper
semi-Fredholm and lower semi-Fredholm, we say that 7' is Fredholm. We denote the class
of upper semi-Fredholm, lower semi-Fredholm and Fredholm linear relations from X into Y
by Fi(X,Y), F_(X,Y) and F(X,Y), respectively. If X =Y then F (X,Y), F_(X,Y),
Fi(X,Y) and F(X,Y) are replaced by F,(X), F_(X), F+(X) and F(X), respectively.

A closed linear relation T acts from a Banach space X into Y. The set of upper semi-
Fredholm relations is defined by:

P, (X,Y)={T €C(X,Y): o(T) < oo and R(T) is closed in Y},
and the set of lower semi-Fredholm relations is defined by:
P_(X,Y)={T €C(X,Y): B(T) < oo and R(T) is closed in Y}.

O(X,Y) = &, (X,Y)NP_(X,Y) denotes the set of Fredholm relations from X into Y
and ¢4 (X,Y) = o, (X,Y)UP_(X,Y) denotes the set of semi-Fredholm relations from X
into Y. If X =Y then &, (X,Y), d_(X,Y), P.(X,Y) and ®(X,Y) are replaced by &, (X),
¢_(X), L(X) and P(X), respectively. The paper is organized as follows. Section 2 contains
preliminary and auxiliary properties that we will need to prove the main results about linear
relations in Banach spaces. In the last section we establish some perturbation results for
essential spectra.

2. Preliminaries.

Lemma 1 ([13]). Let X and Y be two vector spaces and let T' € LR(X,Y'). Then
(i) D(T~') = R(T) and D(T) = R(T™).

(i) T injective if and only if T'T = Ip(p).

(iii) T is single valued if and only if T'(0) = {0}.

(iv) TT 'y =y +T(0) and T"'Tx = z + T~(0).

Lemma 2 ([3], Lemma 2.5). Let S, T, A € LR(X,Y). If S(0) C T(0) and D(T) C D(S),
thenT — S+ S ="1T.

Lemma 3 ([12|, Lemma 2.4). Let T € LR(X,Y) and S,R € LR(Y,Z). If T(0) C N(S) or
T(0) C N(R) then (R+ S)I' = RT + ST.
Proposition 1. Let R, S, T € LR(X). Then,

(i) (|13, Proposition 1.4.2(d)|) (R+ S)T C RT + ST with equality if T is single valued.

(ii) (|13, Proposition 1.4.2(e)|) T(R+S) is an extension of TR+TS and TR+TS = T(R+S)
if D(T) is the whole space.
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Proposition 2 ([5], Proposition 3.1). Let S, T' € LR(X) be such that S(0) C T(0), D(T) C
D(S). If T'€ CR(X) and S is continuous, then S+ T € CR(X).

Lemma 4 ([14], Corollary 3.2). Let S,T € LR(X). Suppose that D(S) = X and T, S have
finite indices. Then, ST has a finite index and i(ST) = i(S) + «(T) — dim(7'(0) N .S~1(0)).
Lemma 5 ([5], Theorem 2.2). Let X be a Banach space and let S,T € CR(X). Then

(i) T € & (X) if and only if QrT € ®,(X). In such case i(T) = i(QrT).

(ii)) T € ®_(X) if and only if QrT € ®_(X). In such case i(T) = i(QrT).

(iii) If S,T € &, (X), then ST € ¢, (X) and T'S € ¢, (X).

(iv) If S,T € ®_(X) with TS (respectively ST) closed, then T'S € ®_(X) (respectively
ST € ¢_(X)).

(v) If S and T are everywhere defined and T'S € ®,(X), then S € &, (X).

Definition 1 ([6], Definition 2.1). Let S € LR(X,Y") be continuous.

(i) S is called a Fredholm perturbation if T+ S € ®(X,Y) whenever T' € ®(X,Y) with
dim(S(0)) < oo and S(0) C T'(0).

(i) S is called an upper semi-Fredholm perturbation if T + S € &, (X,Y) whenever T €
¢, (X,Y) with dim(S(0)) < oo and S(0) C T'(0).

(iii) S is called a lower semi-Fredholm perturbation if T + S € ®_(X,Y) whenever T €
¢_(X,Y) with dim(S(0)) < oo and S(0) C T'(0).

We denote by P(X) the set of Fredholm perturbations, by P, (X) the set of upper semi-
Fredholm perturbations, and by P_(X) the set of lower semi-Fredholm perturbations.

Proposition 3 ([6], Proposition 2.2). Let T € LR(X,Y) be closed and S € LR(X,Y) be
continuous. We have

(1) {Te® (X,)Y)and S € P.(X,Y), thenT + S € &, (X,Y) and i(T + S) = i(T).
(i) T e®_ (X,Y)and S € P_(X,Y), then T+ S € ®_(X,Y) and i(T + S) = (T).
(13i) If T € ®(X,Y) and S € P(X,Y), then T+ S € ®(X,Y) and (T + S) = i(T).
Lemma 6 ([14], Corollary 3.2). Let S,T € LR(X). Suppose that D(S) = X and T, S have
finite indices. Then, ST has a finite index and i(ST) = i(S) + i(T) — dim(7'(0) N S~1(0)).
Theorem 1 ([13]|, Theorem V.10.3). Let T' € LR(X). Then the following are equivalent:
(i) T € ®(X);
(ii) There exists A € B(X) and a finite rank projection K such that AT =1 — K.

3. Some perturbation results. In this section, we define the essential pseudospectra of
a closed linear relation, study some properties and establish some results of perturbation on
the context of linear relations.

Definition 2 (|7]). Let ¢ > 0 and 7' € CR(X). We define the essential pseudospectra of T’
by:

01 o(T) = C\{/\ €C: A\—T—Sed,(X), forall S e jT(X)},
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Y

Gero(T) = (C\{/\ €C: A\-T—-Sed (X), forall § e JT(X)},
Gese(T) i= C\{/\ €C: A\—T—Sed,(X), forall S e JT(X)}
01 o(T) = C\{A € C: A =T =S € a(X), for all S € Fr(X)},

where
Ir(X) = {S € LR(X) is continuous: ||S|| <&, S(0) C T(0) and D(S) > D(T)}.

Proposition 4. Let T, S € BR(X) be such that S(0) C T'(0) and ¢ > 0.
(i) If D € BR(X) such that ||D|| < e, D(0) C S(0) C N(T') and T'(S + D) € P+(X), then

Tere(T + ) Coea(T) Uoere(5).
If, further, (S 4+ D)T € P, (X) and T(0) C N(S) or T(0) C N(D) we get
Oe1e(T+S) =0 (T) Uoer(5).
(i1) If D € BR(X) such that | D|| < e, D(0) € S(0) € N(T) and T(S + D) € P,(X), then
Oz (T +S) C oea(T) U e (S).
If, further, (S + D)T € P, (X) and T(0) C N(S) or T(0) C N(D) we get
Oeac(T+S) = 02(T)Uoea(S).

iii) If D € BR(X) such that ||D|| < e, D(0) C S(0) C N(T) and T(S + D) € P(X) N
P_(X), then

0 (T +8) € [(066(T) U03.2(8)) U (005(T) U 02(8)) U (00a(T) U 01 2(5))|.
If, further, (S + D)T € P, (X) NP_(X) and T(0) C N(S) or T(0) C N(D) we get

Oso(T + 8) = |(03(T) U 03(9)) U (005(T) U 022(5)) U (022(T) U e (S)) |.
(iv) If D € BR(X) such that |D|| < £, D(0) C S(0) € N(T) and T(S + D) € P(X), then

Tt (T + S) C 0e(T) U oeno(S).
If, further, (S + D)T € P(X) and T(0) C N(S) or T(0) C N(D) we get
Gese(T + 8) = 0a(T) U 0eao(9).
Proof. (i) Let A € C. Since D(T') = X, by Proposition 1 we have
A=T)A=S—D)=XA—S8—D)—T(A\—S— D).

Since D(T') = X, by using Proposition 1 the linear relation (A—T)(A—S— D) can be written
in the form

A=T)A=S—D)=XN=AS—AD - AT +TS+TD=AA=S8—D—T)+T(S—D).
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Suppose that A € 0.1 (T) U 01 .(S), then (A —T) € &, (X) and A\— S — D € &, (X) for all
D € BR(X) such that || D|| < ¢ and D(0) C S(0) we deduce that (A—=T)(A—-S—D) € &, (X).
When combined with the fact that

T(S+ D)(0)=TS(0) c TT*(0) =T(0) = (A\— S — D —T)(0) = T(0).
Applying Proposition 1, we have
A=T)AN=S-D)+T(S-—D)=AX\N=S—-D-T)-T(S—D)+T(S—D) =
=\XA=S-D-T).

In fact, (A=T)(A=S—D) € ¢, (X) and T'(S+D) € P (X). This implies that \—S—D—-T €
¢, (X) for all D € BR(X) such that ||D|| < ¢ and D(0) C S(0). Therefore, A & o1 (T +.5),

Uel,s(T + S) C 0'61<T) U 0'6175(5).

Conversely suppose that A € 0.1 (T +5), then A\—= S —D —T € &, (X) for all D € BR(X)
such that |D|| < e and D(0) C S(0). Since T, S, D € BR(X) by Proposition 1 we have

A=S—DYA=T)=XA=T)—S\—T)—=D\—T) =X - XTI —\S + ST — AD + DT.
Since T'(0) € N(S) or T'(0) C N(D), by Lemma 3 we get
A=S—DYA=T) = M\A=T—S—D)+(S+D)T.

The relationships (S+D)T € Py (X) and A\—=T—-S—D € &, (X) yield A—=S—D)(A\-T) €
¢, (X). Likewise T'(S+D) €e P (X)and A\—=T—-S—-D € &, (X), then( -TY(A—=S—-D) e
¢, (X). By Theorem 5 (iv), we get (A — 1) € &, (X) and (A — D) € &, (X) for all
D € BR(X) such that ||D| < ¢ and D(0) C S(0). Hence, A & 061( ) U 0e1:(S). We can
deduce that

0'6175(T + S) = O'el(T) U Uel,e(S)~
(72) This proof is similar to that of (7).
(173) By using the equalities o.3(T) = 01 (1) N 0e2(T), 0e3(S) = 0e1(S) N 0ea(S) and
Oe3(T+S) = 0e1(T+ S)N0eae (T + S) from the assertions (i) and (ii) the Proposition is
proved.
(17v) Combining the assertion (i) and (7). O
Theorem 2. Let T' € LR(X) such that dim7T'(0) < oo. If T' is demicompact, then I — T €
P, (X).
Theorem 3 ([8], Theorem 3.3). Let T' € CR(X) and dimT'(0) < oco. If iT is demicompact
for each p € [1,+o0[, then up —T € ¢(X).

Let T € CR(X). We define the sets Ap(X), T7r(X) and Ur(X) by:
Ar(X) = {J € LR(X ,uJ is demicompact for every p € |0, 1]}
K e LR(X Vu € p.(T+ K), D(T) C D(K),
Tr(X) = K(0) c T(0) and ,
—(p—T—-8S—K)'K € Ar(X) VS € Jr(X)
We denote

0e(T) = (] 0:(T+K).

KeTr(X)



ON SOME CLASSES OF DEMICOMPACT LINEAR RELATION 201
Theorem 4. Let ¢ > 0 and T' € LR(X). Then

Oe1(T) C 0, (T).

Proof. Let T € CR(X). Show that 0.4 .(T) C 0,.(T). Indeed, let u & o,.(T). Then pu ¢
ﬂKGTT(X) 0.(T + K). Therefore, 1 € Ugev,(x)p<(T + K). Hence, there exists K € Tp(X)
such that p € p.(T + K). Furthermore, for all S € Jr(X) we get u € p(T + K + 5). We
conclude that —(u—T — S — K) 'K is demicompact and u—T — S — K is bijective. Hence,
pu—T—K—S € ®(X) and by applying Theorem 3.2, we get [+ (u—T—K—S)"'K € ®(X).
Since D(T) C D(S + K) and S(0) + K(0) C T(0), by Lemma 2 we get

W-T—-S=py—-T—-5—K+K.
Let x € D(T). Since D(T) contains the ranges of (u—T7 — S — K) 'K,

(w—T—-S—K)oz+(u—-T-S—K)'Kz)
=(u-T-S—Ka+u-T—-S-K)(u—-T-S5—-K) 'Kz

By Lemma 1 (iv), we have (u —T —S — K)z+(u—T—-S—K)(u—T—-S - K) 'Kz =
(u—T-S—-—K)jz+ Ko+ (p—-—T-5—-K)0) = (u—T-S8— K)r+ Kz. Therefore,
(w—T—-S—K)(I+(u—T-S-K)'K)=pu—T-—S. Hence, applying Theorem 5, we
get p—T —8 € d(X) forall Se Jp(X). O

Corollary 1. Let T € C'R(X), and let Z(X) be a subset of Tr.(X) (resp. Yr.(X)) contai-
ning KR(X). Then oese(T) C Nger(x) 0e(T + K).

Proof. Since Z(X) C Y7.(X). We infer that

N o(T+EK)c () oT+K)
KeYr (X) KeI(X)

It follows from Theorem 4 that oes(T') C (\gez(x) 0(T + K). O

Theorem 5. Let TS € BR(X). If for every A\ & 0.1 .(T) there exists Ay a left inverse
modulo compact of (A —T — D) for all D € Jr(X) such that SA, is demicompact and
dim(SAx(0)) < oo, then

Oe1,e(T+S) Coe1(T).

Proof. Let A€ 0c1.(T). Then A\—T — D € &, (X) for all D € Jr(X). By Theorem 1, there
exist Ay € B(X) and a finite rank projection K such that Ay(A —T7 — D) = I — K. Since
S(0) € D(0)+T(0) =T(0) and D(SK) = D(T) = X, by Lemma 2 we have \—= T — D — S =
A—T—-D— S+ SK — SK. By using Proposition 1 (ii), we get

A—T—-D—-S+SK—-SK=A-T—-D-8(—-K)-SK =
=A—T—D—SA\(A\—T— D) — SK.

Using Lemma 3 we get \—=T —S—D = (I —SA)\)(A—-T—D)—SK. As SA, is demicompact
and dim(SA4,(0)) < oo, it follows from Theorem 2 that (I — SA,) € ®,.(X) and we have
(A—T —D) € &, (X). Then by Theorem 5 we get (I — SA\)(A—T — D) — SK € &, (X).
Since SK € P(X), by Proposition 3 we have A\ =T — S — D € ®,(X) where D € Jr(X),
hence A & 0.1 (T + S). We conclude that o1 (T + S) C ge1(T). O
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Theorem 6. Let T, S € BR(X). If for every X\ & o.;.(T), where j € {4,5}, there exists A
a left inverse modulo compact of (A —T — D) for all D € Jp(X) such that SA, € Ar(X)
and dim(SA(0)) < oo, then oey (T + S) C Oese(T).

Proof. Let A € 0eso(T). Then \—=T —D € & (X) for all D € Jr(X). Since A, a left inverse
modulo compact operator of (1 — T — D) such that SAy € Ar(X) and dim(SA,(0)) < oo,

A—T—-S—D = (I-SA)(\—T-D) - SK.

As, SA) € Ar(X), then by Theorem 3 we get I —SA, € ®(X). By using Lemma 5 we obtain
(I -SA\)(A=T—-D) € ®(X). According to Proposition 3, we conclude that \—T—S—D €
®(X) where D € Jp(X). Then A & 0oy (T + S). O

Theorem 7. Let T, S € LR(X) and A\—T — S —D € . (X) for all D € Jr(X).
(Hy) If there exists Hy a left inverse modulo compact of (\—T — S — D) such that —\~'(T +
D)SH, is demicompact, then

[ael,E(T + S)] \{0} C [o—el,g(T) Uoa(S)]\{0}.

(Hy) Moreover, if there exists G a left inverse modulo compact of (A —1T — S — D) such
that —\"*S(T + D)G, is demicompact, then

[0e1,6(T) U 0er(S)\ {0} = [oer(T + S)\{0}.

Proof. (i) Let A € C\{0}. If there exists H) a left inverse modulo compact of (A—T7—S— D)
for all D € Jr(X), then by Theorem 1 we get

H\AN=T—-S—-D)=1—- K where K € K(X).

Since T'€ BR(X) and D € Jr(X), by Proposition 1 (i) we have
A=T—-D)A=S)=AXA—T—-D)—(A=T —D)S. From Lemma 3, it follows that

AN=T=D)—(A=T —D)S=AA—T—=D)—A\S+ (T +D)S =
= MA—T—5—D)+ (T +D)S.

Hence, (T + D)SK(0) = (T + D)S(0) C (AA—T — S — D) + (T + D)S)(0) and DOA(A —
T—-S—-D)+(T'+D)S)=D(T + D)SK). Then by Lemma 2 we get

A=T—-D)YA=S)=XA-T-S-D)+(T+D)S+(T'+D)SK — (I'+ D)SK.
Clearly, D((T 4+ D)S) = X, then

A=T—=D)A=8)=AXA=T =S —D)+(T+D)S(I — K)+ (T + D)SK =
= MA—T—=S5—D)+(T+D)SH\A—T -5 — D)+ (T + D)SK.

By using Lemma 3, we get A(A =17 —S8)+ (I'+ D)SH\AN-T —-S—-D)+ (T + D)SK =
MI+X"YT+ D)SH\)(A\—T —S— D)+ (T + D)SK. We conclude

Q—T—DX%ﬁﬁ:AO+XWT+DWHOQ—T—S—D%HT+DWK
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Since D((T + D)SK) = DI + A"N(T + D)SH\)(A — T — S — D)) and (T + D)SK(0) C
AMA=T—-S—-D)+(I'+ D)S(I — K)(0), we obtain

(T + D)SK(0) C )\(I FATYT D)SHA> (A\—T — S — D)(0).
Using Lemma 2, we prove that
(A\—T - D)(\— S) — (T + D)SK = A<I+)\‘1(T+D)SHA>(/\—T—S—D).

Let A € [0e1(T) U0 (S)\{0}, then A =T — D € &,(X) for all D € Jr(X) and X\ —
S € &,.(X). Hence, (T'+ D)SK € P(X). By Lemma 5 (iii) and Proposition 3 we get
A=T—-D)(A—=S8)—(T+ D)SK € ®,(X). Again, by using Lemma 5 (v), we show that
A=T—-S5—De€®,(X)for all D € Jr(X). We deduce that, A & [o.1.(T + S)]\{0}.

(77) Continuing in the same way, we can find

(A= S)A—T — D) = )\()\—T—S—D)<I+/\‘1S(T+D)GA) +S(T + D)K.

Let A & [oe1(T 4+ S)]\{0}. Then A\ =T — S —D € &,(X) for all D € Jp(X). Since
—\"YT + D)SHy and —\"'S(T + D)G) are demicompact, by Theorem 2 we have I +
A YT+ D)SH, and I + X\"'S(T + D)G) are upper semi-Fredholm. Therefore, by Lemma 5
we have \(A=T —S —D)I+ XY (T+D)SH),) and \(I +\"Y(T+ D)SH)\)(A\—T—S—D)+
(T'+ D)SK) are upper semi-Fredholm. Consequently, (T'+ D)SK,S(T'+ D)K € P(X), then
(A=T —D)(A—=S8) and (A — S)(A =T — D) are upper semi-Fredholm. Applying Lemma 5
we conclude A\ =T — D € &, (X) for all D € Jp(X) and A — S € ®,(X). We deduce that
A Q/ [UGI,E(T) U 0'81<S)]\{0} [

4. Pseudospectrum of 2 x 2 block matrices of multivalued linear operator. In this
section we investigate the pseudospectrum of 2 x 2 block matrices multivalued linear operator

of the form )
B
= (¢ b).

where the linear relation A acts on X and has the domain D(A), D is defined on D(D) and
acts on the Banach space X, and the intertwining B (resp. C) is defined on the domain
D(B) (resp. D(C)) and acts on X (resp. on X).

(T, 0
7= (0 Tz)
where 71, Ty € LR(X). Defining the norm of the multivalued linear operator matrix 7 as
171} = max{ |73 ][, 1721}

Theorem 8 (|7], Theorem 4.1). Let A, B € LR(X) and C € BR(X). Consider the multi-
A C

valued linear operator matrix Mg = 0 B/ Then for all A € C we have:

Q A_MC_T:(é A—g—Tg) (é _IC) (A_%_Tl ?)

Remark 1 ([7], Remark 4.1). Let
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- . 1 0
(17) Let Cy be a selection of C' and D {(O A—B-T,

A—A-T1 —-C; 0 C-C
( 0 I )and (0 0 ),then

(T 0 I =G\ (A—A-Ty 0
AmMe =T = <o )\—B—TQ) (o I )( 0 1>+

+(8 (A—B(i;g)czo—o))'

Theorem 9 ([7|, Theorem 4.2). (i) If (A+ B+ T1)(0) C N(C), then for all A\ € C\{0} we

have

I 0
1 0 0 A—A-T ~B
)‘_E_T__X<C(A+T1) CB)JF(—%C 1)( 0 )\—D—T2>'

(i1) Let Cy be a selection of C. If (A+ B + T1)(0) C N(C), then for all A € C\{0} we have

1 0 0 I 0\ /x—a-1 -B
A"C‘T__X(C(Awl) 03)*(—%01 1)( 0 A—D—T2>'

(i73) Let Cy (resp. By) be a selection of C' (resp. B). If (A+ B +1T1)(0) C N(C), then for all
A € C\{0} we have

I 0
B A—A-T,  -B; \ _
A_E_T_<—%01 1)( 0 A—D—Tz)

)} containing the ranges of both

1 0 \B — B)
D) (C(A +T,) CB+Cy(B— B)) ‘

Theorem 10. Let A, B,C € BR(X), A € C\{0} and C} be a selection of C'. Suppose that
for every A & o.1(A) there exists Ay a left inverse modulo compact of (A— A) such that Ty A,
is demicompact and dim(77A,(0)) < oo for all Ty € Jr(X). Assume that

0 Cc-C
(0 (A= B—Ty)(C - 0)) € P(X x X),
then ey o(Mc) C 0e1(A) Uoer(B).

Proof. Let Ty,T, € LR(X) and consider T = Tol T such that [|7| = max{|/Ti],
2

T3]} < e where T1(0) C A(0), T2(0) € B(0), D(A) € D(Ty) and D(B) C D(T»). By
Theorem 8 (i7), we have

(1 0 I -C\\ (A-A-Ty 0
A=Me=T = <o )\—B—TQ) (o I )( 0 I>

+(8 (A—B(j;ziC—C))‘
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By Proposition 2, we have A\ — A — T} and A\ — B — T is closed. Let A ¢ 0.1(A). Then
A—A e P, (X). By Theorem 1, there exists A, € B(X) and a finite rank projection K such
that Ax(A — A) = I — K. Since T1(0) C A(0) and D(T1K) = D(A) = X, by Lemma 2 we
have

A—A—T = A—A-T, +T\K — T\ K.

By using Proposition 1 (i) we get
By Lemma 3 we get \— A— S —T, = (I — SA\)(A—A) —T1 K. As SA, is demicompact

and dim(77A4,(0)) < oo, it follows from Theorem 2 that (I — T1Ay) € ¢, (X) and we have
(A—A) € &, (X). Then by Theorem 5 we get

A—A—T = (I —TiA)A— A) — TLK € ,(X).

Let A € 01(A) Uoer(B) and || T|| = max{||T1], |Z2]|} < e,

0\ (Ti(0) A0)\ 0
() = (2i) < (5io)) = (5):
D(Mc) = D(A) x [D(C)ND(B)] € D(Ty) x D(Ty) = D(T). Therefore A — A — T} € (X))
and A\ — B — Ty € ®,(X3). This let us conclude that

I o AN—A-T 0
(OA—B—R)( 0 _JGQAXXX)

We claim that <é _1.01> is invertible and

c C—-C

O(A—B—BNC—Q)EPNXXX%

then A\ — Mo — T € & (X« X,) for all |T] <e,

7(0) = () = (i) =+ (o)
and D(M¢) = D(A) x [D(C)ND(B)] € D(Ty) x D(Tz) = D(T). We conclude that \ &
Uel,a(MC)- O

Remark 2. Let ¢ > 0 and A, B € CR(X), C € L(X). Suppose that for every A & g.1(A)
there exists A, a left inverse modulo compact of (A — A) such that 7} A, is demicompact
and dim(71A4,(0)) < oo for all T} € Jr(X). We consider the multivalued matrix operator

A C
Me = (O B)' Then we have

0e1,5<MC) C Uel,a(A) U Uel,a(B)-
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Theorem 11. Let A, B,C € BR(X), A € C\{0} and C; be a selection of C.

(1) Let for every A & oe4(A) there exist Ay a left inverse modulo compact of (A — A) such
that T1 Ay € Ar(X) and dim(7T1A4,(0)) < oo for all T} € Jr(X). Assume that

(O c-C

O(A—B—EXC—@)GPAXXX%

then ooy o(Mc) C 0ea(A) Uess(B).

(17) Let for every \ & o.5(A) there exist Ay a left inverse modulo compact of (A — A) such
that Ty Ay € Ar(X) and dim(7T1A5(0)) < oo for all Ty € Jr(X). Assume that

0 c-C
Q (A= B —T)(C —C)

[ O a2 )

065,6(/\/{0) C UeB(A) ) UeS,e(B)'

Proof. (i) Let A & 0.4(A) be such that A — A € ¢, (X). Since A, is a left inverse modulo
compact operator of (1 — A) such that T} Ay € Ar(X) and dim(77A4,(0)) < oo,

) € Pi(X x X)

then

A—A-Ty = (I-TiA)N—A—T) —T\K.

As, T1 Ay € Ar(X), then by Theorem 3 we get I —T1 A, € ®(X). By using Lemma 5 we get
(I —T1A\)(A—A) € &(X). According to Proposition 3, we conclude that A—A—T} € ¢(X)
where T7 € Jr(X). Let A & 0e4(A) U oes(B)

171 =max{izil 1720} <, 7 (o) = (7260)) © (5i0)) = e (o)

and D(M¢) = D(A)x[D(C)ND(B)] € D(T1) xD(Ty) = D(T). Therefore \— A—T; € ®(X)
and A\ — B —Ty € ®(X5). This let us conclude that A\ — Mg —T € &(X, X) for all | T < ¢,

0\ [T1(0) A0)) 0
()= (20) < () =< ()
and D(M¢) = D(A) x [D(C)ND(B)] C D(Ty) x D(1Tz) = D(T). We conclude that
)\ g O-el,s(MC>‘

(17) Let A & 0e5(A). Then for all 71 € Jr(X) such that A — A € ¢, (X) and (A — A) = 0.
Since A, is a left inverse modulo compact operator of (i — A) such that 71 A, € Ap(X) and
dim(77A,(0)) < oo, by Theorem 3 we get

[ —TiAy € ®(X) and i(] — T1Ay) = 0.

By using Lemma 5, we get (I — T1A,)(A — A) € ®(X) and by Lemma 6 we have i((I —
T1A\) (A — A)) = 0. According to Proposition 3, we conclude that A — A — T € ®(X) and
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i(A\—A—T;) =0 where D € Jp(X
Let A & 0e5(A) U 0eso(B), || T|| = max{||T1|], | T3]} <,

T(6) - (5) = (56) -2 3)

and D(M¢) = D(A) x [D(C)ND(B)] € D(Ty) x D(Ty) = D(T). Therefore A — A € (X),
iAN=—A)=0and A\— B—T, € ®(X), i(A — B —T) = 0. This let us conclude that

A= Mc—T € d(X x X) (1)

for all ||| <&, T (8) = @ESD C (ﬁ%) = M¢ (8) and D(M¢) = D(A) x [D(C) N

D(B)] € D(Ty) x D(Ty) = D(T). Hence, i(A — A —T}) = 0, then i KA B %_ h ?)} =0
and ¢ {([ 0 >] = (0. By using Proposition 3, we get
- — 42

o (AT ()G )

By applying Lemma 6, we obtain

oo = (57 ) (o aesn)) 0 1)
+dim{(A‘%‘Tl )() Y0 0-5-n)lo 7))
= (6 a-p-n))
e V(5 1= 5-m)) 0 (é "))

Since (1 is single valued, we get

We claim that <é —]C1> is invertible, then ¢ <(é —101)> = 0. Therefore,
iAN=Mc—-T)=0. (2)
It follows immediately from (1) and (2) that
Oesc(Mc) C 0es(A) U oeso(B). O

Remark 3. Let ¢ > 0 and A, B € BR(X), C € L(X).

(1) Let for every A & oe5(A) there exist Ay a left inverse modulo compact of (A — A) such
that 71 Ay € Ap(X) and dim(77.4,(0)) < oo for all Ty € Jr(X). We consider the multivalued

A C
0 B)’ then we have

Ue4,s<MC) - 064(14) U 064,6(B)‘

matrix operator Mg = (
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(17) Let for every \ & o.5(A) there exist Ay a left inverse modulo compact of (A — A) such
that 71 Ay € Ar(X) and dim(77A4,(0)) < oo for all Ty € Jr(X). Assume that

w40 (b )6 D)

065,5<MC) - 065(14) U 085,6(B>’

then

Theorem 12. Let Cy be a selection of C' and (A + B + T1)(0) € N(C). Then for all
A € C\{0}. Let for every A & 0.1(A) there exist Ay a left inverse modulo compact of (A — A)
such that Ty Ay is demicompact and dim(77A,(0)) < oo for all Ty € Jr(X). Assume that

0 A\(B — B)
(C(A+T1) CB+01(B—B)) € Po(X x X),

then

e1,-(L)\{0} C [oe1(A) U der(D)]\{0}.

) such that [T < e,
()= (o) < (o) - (6 ) ()
)-

((A Bl) D(4) x [D(B:) N D(D)] € D(Th) x D(T2) = D(T).

Proof. Let T = (

and

IfXNEoe1(A)Uoe(D)U{0}, then by Remark 2 we get

e (28]

) — T €d, (X xX) for all |T] <e,

- 50

and D ((A Bl)) = D(T). This is equivalent to

A B

We infer that A\ — (0 D

0 D

()\—A—Tl -B;

0 A_D_T2>€‘I)+(XXX)'

Using the fact that

0 A(B — B)
(C(A+T1) CB+Cl(B—B)) € P (X x X),
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we ensure that

A—A-T, -B 0 AB - B)
( 0 A—D—T2)+<0(A+T1> CB+01(B—B))€(I)+(XXX)‘

By using Lemma 9 (iii), we get A\ — L —T € &,(X x X) for all |T|| <e,

7(0)=(0 5) () 2(( 5)) =27

This let us conclude that

10.

11.

12.

13.
14.

15.

16.

17.

18.

)\ Q Uel,s(£)-
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