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We prove some vector-valued inequalities for a rough maximal operator on Lebesgue spaces.
These results are an extension of Fefferman–Stein (1971) and Sawano (2006) since the rough
maximal operator is a generalization of the Hardy–Littlewood maximal operator and also a
fractional maximal operator, respectively. We also establish some vector-valued inequalities for
a rough maximal operator on Morrey spaces.

1. Introduction. Let f be a measurable function on Rn. Let also Ω be a homogeneous
function of degree zero on Rn. For α ∈ [0, n), the rough maximal operator MΩ,α maps the
function f to the rough maximal function MΩ,αf which is given by

MΩ,αf(x) := sup
r>0

rα−n

∫
B(x,r)

|Ω(x− y)||f(y)|dy, x ∈ Rn

where B(x, r) denotes the open ball centered in x with radius r > 0. For α ∈ (0, n), the
operator M1,α is known as a fractional maximal operator. The operator M1,0 is well known
as the Hardy–Littlewood maximal operator.

We write f to denote a sequence of measurable functions {fj}∞j=1 on Rn. We also write
MΩ,αf to denote the rough maximal function sequence {MΩ,αfj}∞j=1. We use a . b to indicate
that there exists c > 0 such that a ≤ cb. We express Fefferman–Stein maximal inequalities
using this notations as follows.

Proposition 1 ([5], Theorem 1). Let u ∈ (1,∞). Then, for p ∈ (1,∞)

∥M1,0f∥Lp(ℓu) : = ∥ ∥M1,0f(·)∥ℓu∥Lp =

 ∫
Rn

(
∞∑
j=1

M1,0fj(x)

) p
u

dx

 1
p

. ∥f∥Lp(ℓu) , (1)

and

∥M1,0f∥WL1(ℓu) := ∥ ∥M1,0f(·)∥ℓu∥WL1 = sup
τ>0

τ

 ∫
{x∈Rn;∥M1,0f(x)∥ℓu>τ}

dx

 . ∥f∥L1(ℓu) . (2)
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For any j ∈ N, we have
|fj(x)| ≤ sup

j∈N
|fj(x)| = ∥f(x)∥ℓ∞

for almost every x ∈ Rn. Therefore,

∥M1,0f(x)∥ℓ∞ ≤ ∥M1,0∥f(·)∥ℓ∞(x)∥ℓ∞ = M1,0(∥f(·)∥ℓ∞)(x). (3)

Hence, inequality (1) and (2) hold for u = ∞ due to inequality (3) and the boundedness of
M1,0 on Lebesgue spaces. However, inequality (1) and (2) do not hold for u = 1 (see [13]).

In 2006, Sawano proved the following fractional maximal inequalities.

Proposition 2 ([12], Theorem 2). Let u ∈ [1,∞], α ∈ (0, n), and 1
q
= 1

p
− α

n
. Then for

p ∈ (1, n
α
),

∥M1,αf∥Lq(ℓu) . ∥f∥Lp(ℓu) , ∥M1,αf∥WL
n

n−α (ℓu)
. ∥f∥L1(ℓu) .

Our main aim is to prove the vector-valued inequality for the rough maximal operator
MΩ,α as an extension of Proposition 1 and Proposition 2. We use a .Ω b to express that
there exists c > 0 which depends on Ω such that a ≤ cb. In Section 2, we prove the following
inequalities.

∥MΩ,αf∥Lq(ℓu) .Ω ∥f∥Lp(ℓu) , (4)

and
∥MΩ,αf∥WL

n
n−α (ℓu)

.Ω ∥f∥L1(ℓu) . (5)

Note that if f = {fj}∞j=1 with f1 = f , fj = 0 for j > 2, then both inequalities (4) and
(5) mean the boundedness of MΩ,α in Lebesgue spaces (see [10, Theorem 2] and [6, Section
5.2.3]). For such f , the Calderón–Zygmund decomposition and the covering property are
main keys to prove inequality (5), which are applied to ∥f∥ℓu = |f | ∈ L1. In more general
cases of f , although the covering property applies directly to ∥f∥ℓu ∈ L1, the Calderón–
Zygmund decomposition does not apply directly to ∥f∥ℓu . To obtain the desired result, we
apply Calderón–Zygmund decomposition to each fj ∈ f instead (see Theorem 3).

Let Sn−1 = {x ∈ Rn; |x| = 1}. If Ω ∈ L∞(Sn−1), then MΩ,αf(x) .Ω M1,αf(x); which
means MΩ,αfj(x) .Ω M1,αfj(x) for any j ∈ N. Thus, for Ω ∈ L∞(Sn−1), we have inequality
(4) and (5) immediately from Proposition 1 or Proposition 2. Therefore, we consider a weaker
condition than Ω ∈ L∞(Sn−1).

Furthermore, we extend inequality (4) and (5) onto Morrey space in Section 3. Let us
recall the definition of a Morrey spaces. For p ∈ [1,∞) and λ ∈ [0, n), the Morrey norm is
defined as

∥f∥Lp,λ := sup
B(x,r)⊂Rn

r−λ/p∥f∥LpB(x,r).

The collection of any measurable function f such that ∥f∥Lp,λ < ∞ is called the Morrey
space Lp,λ [9]. In case of λ = 0, the Morrey space Lp,0 is equivalent, by norm value, to the
Lebesgue space Lp. The weak Morrey space WLp,λ is the set of measurable function f such
that

∥f∥WLp,λ := sup
B(x,r)

r−
λ
p ∥f∥WLp(B(x,r)) < ∞.

Let |f | = {|fj|}∞j=1, and
∫
Rn f(x)dx = {

∫
Rn fj(x)dx}∞j=1. For u ∈ [1,∞], one can observe

that for any function f ∈ L1(ℓu), we have obvious inequality

∥∥f∥L1∥ℓu ≤ ∥f∥L1(ℓu). (6)
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2. Extension on Lebesgue spaces. Let us begin this section with the definition of a rough
integral operator TΩ,α. Let α ∈ [0, n), Ω be a homogeneous function of degree zero. The rough
integral operator TΩ,α is defined as

TΩ,αf(x) =

∫
Rn

Ω(x− y)

|x− y|n−α
f(y)dy.

For α ∈ (0, n), the operator T1,α is known as the fractional integral operator. The operator
TΩ,0 is known as the singular integral operator. A boundedness property is known.

Proposition 3 ([10], Theorem 2). Let α ∈ (0, n), p ∈ (1, n
α
), and 1

q
= 1

p
− α

n
. The operator

TΩ,α is bounded from Lp to Lq if Ω ∈ Ls(Sn−1) where s ≥ n
n−α

.

Let TΩ,αf be a function sequence {TΩ,αfj}∞j=1. It is clear that MΩ,αf(x) ≤ T|Ω|,α(|f |)(x).
Under the same argument to obtain inequality (3), we have

∥MΩ,αf(x)∥ℓ∞ ≤ MΩ,α(∥f(·)∥ℓ∞)(x). (7)

Hence, by inequality (6) and (7), for any u ∈ [1,∞]

∥MΩ,αf(x)∥ℓu ≤ T|Ω|,α (∥f(·)∥ℓu) (x). (8)

With the relation between MΩ,α and TΩ,α, we can work on inequality (4) and have the
following result.

Theorem 1. Let α ∈ [0, n), p ∈ (1, n
α
), 1

q
= 1

p
− α

n
, and Ω ∈ Ls(Sn−1) with s ≥ n

n−α
. Then,

for α ∈ (0, n) and u ∈ [1,∞], inequality (4) holds. Moreover, for α = 0 and u ∈ (1,∞],
inequality (4) holds.

Proof. By inequality (8) and Proposition 3, we can verify the case of α ∈ (0,∞) as follows.

∥MΩ,αf∥Lq(ℓu) ≤ ∥T|Ω|,α (∥f(·)∥ℓu) ∥Lq .Ω ∥f∥Lp(ℓu).

We now need to clarify the case of α = 0. For each j ∈ N, we have

MΩ,0fj(x) ≤
∫

Sn−1

|Ω(θ)|Mθfj(x)dσ(θ) (9)

where

Mθfj(x) = sup
r>0

r−1

r∫
0

|fj(x−Rθ)|dR.

By the rotation method and Proposition 1 we obtain

∥Mθf∥Lp(ℓu) . ∥f∥Lp(ℓu) (10)

Using inequalities (9) and (6), we get

∥MΩ,0f(x)∥ℓu ≤

 ∫
Sn−1

|Ω(θ)| ∥Mθf(x)∥ℓu dσ(θ)

 . (11)
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By the Minkowski inequality, and inequality (10), we proceed as follows

∥MΩ,0f∥Lp(ℓu) ≤

∥∥∥∥∥∥
 ∫

Sn−1

|Ω(θ)| ∥Mθf(·)∥ℓu dσ(θ)

∥∥∥∥∥∥
Lp

≤

 ∫
Sn−1

|Ω(θ)| ∥Mθf∥Lp(ℓu) dσ(θ)

 .Ω ∥f∥Lp(ℓu) .

This completes the proof of Theorem 1.

We can also work on inequality (5) for α ∈ (0, n) with the relation between MΩ,α and
TΩ,α as follows.

Theorem 2. Let α ∈ (0, n), and u ∈ [1,∞]. If Ω ∈ Ls(Sn−1) with s ≥ n
n−α

, then inequa-
lity (5) holds.

Proof. We can rewrite the function TΩ,αf as KΩ,α ∗ f where KΩ,α(x) = Ω(x)|x|α−n. Since
Ω ∈ L

n
n−α (Sn−1), we have KΩ,α ∈ WL

n
n−α (see [1, p. 224]). By Young’s inequality, the

operator TΩ,α is bounded from L1 to WL
n

n−α due to

∥TΩ,αf∥WL
n

n−α
≤ ∥KΩ,α∥WL

n
n−α

∥f∥L1 .

Therefore, by inequality (8),

∥MΩ,αf∥WL
n

n−α (ℓu)
≤ ∥T|Ω|,α (∥f(·)∥ℓu) ∥WL

n
n−α

.Ω ∥f∥L1(ℓu).

The function Ω is said to satisfy L1-Dini condition if Ω ∈ L1(Sn−1) and

1∫
0

w(δ)

δ
dδ < ∞

where
w(δ) = sup

h∈Rn, |h|≤δ

∫
Sn−1

|Ω(θ + h)− Ω(θ)|dσ(θ).

Proposition 4 ([3], Theorem 1.5). MΩ,0 is bounded from L1 to WL1 if Ω satisfies L1-Dini
condition.

We borrow some notations from [3, proof of Theorem 1.5]. Let ϕ be a nonnegative,
radial, radially decreasing C∞-function such that ϕ(x) = 1 for |x| ≤ 1, and ϕ supported in
{x ∈ Rn; |x| < 3

2
}. Let also ϕr(x) = r−nϕ

(
x
r

)
. For Ω ≥ 0 and f ≥ 0, we have MΩ,0f(x) ≤

MΩ,0,ϕf(x) where

MΩ,0,ϕf(x) = sup
r>0

∣∣∣∣∣∣
∫
Rn

ϕr(x− y)Ω(x− y)f(y)dy

∣∣∣∣∣∣ . (12)

Suppose that Ac := Rn \A for any A ⊂ Rn. From [3, proof of Theorem 1.5], we can conclude
the following corollary.
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Corollary 1. Suppose f is supported in a cube Q with center y0 such that
∫
f = 0. Then,

MΩ,0,ϕf(x) .
∫

|x−y|≤2|y−y0|

(
|Ω(x− y)|
|x− y|n

+
|Ω(x− y0)|
|x− y0|n

)
|f(y)|dy+

+

∫
|x−y|>2|y−y0|

|Ω(x− y)− Ω(x− y0)|
|x− y|n

|f(y)|dy+

+

∫
|x−y|>2|y−y0|

|y − y0|
|x− y0|n+1

|Ω(x− y0)| |f(y)|dy = F1(f)(x) + F2(f)(x) + F3(f)(x).

Let Q̃ with the same center as cube Q, such that the sides of Q̃ are parallel to the sides of Q,
and the side-length ℓ(Q̃) = 2ℓ(Q). If Ω satisfies L1-Dini condition, then for each i ∈ {1, 2, 3}∫

Q̃c

|Fi(f)(x)|dx .Ω ∥f∥L1 .

We now can prove inequality (5) for α = 0.

Theorem 3. For α = 0, and u ∈ (1,∞], if Ω satisfies L1-Dini condition, then inequality (5)
holds.

Proof. The case of u = ∞ is clear by Proposition 4 and inequality (7).

∥MΩ,0f∥WL1(ℓ∞) ≤ ∥MΩ,0(∥f(·)∥ℓ∞)∥WL1 .Ω ∥f∥L1(ℓ∞).

What is left is the case of u ∈ (1,∞).
Without loss of generality, we may suppose Ω ≥ 0 and f ≥ 0 where 0 is the zero function

sequence. Fix λ > 0. Since ∥f(·)∥ℓu ∈ L1, by applying the covering property (see [4, Theorem
2.11]), we have a collection of dyadic cubes {Qk} (may be empty) such that

(i) ∥f(x)∥ℓu ≤ λ for almost every x /∈ Ψ =
∪

k Qk.

(ii) |Ψ| < 1
λ
∥f∥L1(ℓu).

(iii) λ < 1
|Qk|

∫
Qk

∥f(y)∥ℓudy ≤ 2nλ.

We decompose f = {fj} = {gj}+ {bj} = g + b where

gj = fjχΨc +
∑
k

χQk

|Qk|

∫
Qk

|fj(y)|dy

and bj =
∑

k bj,k with

bj,k = fjχQk
− χQk

|Qk|

∫
Qk

|fj(y)|dy.

We write b = {bj} =
∑

k{bj,k} =
∑

k bk. Let us take a look on behavior of g and b. By
inequality (6), (i) and (iii)

∥g∥uLu(ℓu) =

∫
Ψc

∥g(x)∥uℓudx+
∑
k

∫
Qk

∥g(x)∥uℓudx ≤
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≤
∫
Ψc

∥f(x)∥uℓudx+
∑
k

∫
Qk

1

|Qk|u

 ∫
Qk

∥f(y)∥ℓudy

u

dx . λu−1∥f∥L1(ℓu). (13)

For any k, we have
∫
bj,k = 0. Moreover, by inequality (6)∑

k

∥bk∥L1(ℓu) . ∥f∥L1(ℓu). (14)

Since MΩ,0f(x) ≤ MΩ,0,ϕf(x) (see (12)), we now only need to show∣∣∣∣{x ∈ Rn; ∥MΩ,0,ϕg(x)∥ℓu >
λ

2

}∣∣∣∣ .Ω
1

λ
∥f∥L1(ℓu) (15)

and ∣∣∣∣{x ∈ Rn; ∥MΩ,0,ϕb(x)∥ℓu >
λ

2

}∣∣∣∣ .Ω
1

λ
∥f∥L1(ℓu) . (16)

First, let us prove inequality (15). By Chebychev’s inequality, inequality (6), Minkowski’s
inequality, inequalities (10) and (13), we have∣∣∣∣{x ∈ Rn; ∥MΩ,0,ϕg(x)∥ℓu >

λ

2

}∣∣∣∣ . 1

λu
∥MΩ,0,ϕg∥uLu(ℓu) .

. 1

λu

 ∫
Sn−1

|Ω(θ)| ∥Mθg∥Lu(ℓu) dσ(θ)

u

.Ω
1

λu
∥g∥uLu(ℓu) .

1

λ
∥f∥L1(ℓu) .

Recall Q̃ from Corollary 1. Suppose that Ψ̃ =
∪

k Q̃k. From (ii), we have∣∣∣Ψ̃∣∣∣ . |Ψ| ≤ 1

λ
∥f∥L1(ℓu). (17)

Since we have inequality (17), we can get inequality (16) once we show the following.∣∣∣∣{x ∈ Ψ̃c; ∥MΩ,0,ϕb(x)∥ℓu >
λ

2

}∣∣∣∣ .Ω
1

λ
∥f∥L1(ℓu) .

By Chebychev’s inequality and Minkowski’s inequality∣∣∣∣{x ∈ Ψ̃c; ∥MΩ,0,ϕb(x)∥ℓu >
λ

2

}∣∣∣∣ . 1

λ

∫
Ψ̃c

∥MΩ,0,ϕb(x)∥ℓu dx ≤

≤ 1

λ

∑
k

∫
Ψ̃c

∥MΩ,0,ϕbk(x)∥ℓu dx. (18)

Let us consider a fixed bj,k which is supported in Qk. Suppose that y0 is the center of Qk.
Since the integral of bj,k is zero, by Corollary 1

MΩ,0,ϕbj,k(x) . F1(bj,k)(x) + F2(bj,k)(x) + F3(bj,k)(x).
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By inequality (6), and the boundedness of Fi for each i ∈ {1, 2, 3} from Corollary 1, we can
conclude that

∫
Ψ̃c

(
∞∑
j=1

|Fi(bj,k)(x)|u
) 1

u

dx ≤
∫

Q̃k
c

Fi(∥bk(·)∥ℓu)(x)dx .Ω ∥bk∥L1(ℓu).

Hence, from inequality (18), and (14),∣∣∣∣{x ∈ Ψ̃c; ∥MΩ,0,ϕb(x)∥ℓu >
λ

2

}∣∣∣∣ .Ω
1

λ

∑
k

∥bk∥L1(ℓu) .
1

λ
∥f∥L1(ℓu).

Thus, inequality (16) is verified. This completes the proof of Theorem 3.

3. Extension on Morrey spaces. Let us start this section with some properties of the
rough integral operator TΩ,α. Let p′ be the exponent conjugate to p where p′ = p

p−1
.

Proposition 5 ([11], Lemma 3.2). Let α ∈ [0, n), λ, µ ∈ [0, n), p ∈ (1, n−λ
α

), and n−µ
q

=
n−λ
p

− α. Let also Ω ∈ Ls(Sn−1) with s ≥ p′. Then for any z ∈ Rn and r > 0

r−
µ
q ∥TΩ,α(fχBc(z,2r))∥Lq(B(z,r)) .Ω ∥f∥Lp,λ .

Lemma 1. Let α ∈ [0, n), s ∈ (1,∞), p ∈ [1,∞), λ ∈ [0, n − np
s
− αp), µ ∈ [0, n), and

n−µ
q

= n−λ
p

− α. Let also Ω ∈ Ls(Sn−1). Then for any z ∈ Rn and r > 0

r−
µ
q ∥TΩ,α(fχBc(z,2r))∥Lq(B(z,r)) .Ω ∥f∥Lp,λ .

Proof. For any x ∈ B(z, r) we have B(x, t) ⊂ B(z, 2t) for t > r. By Fubini’s theorem,

|TΩ,α(fχBc(z,2r))(x)| ≤
∫

Bc(z,2r)

|Ω(x− y)|
|x− y|n−α

|f(y)|dy .

.
∫

Bc(z,2r)

|Ω(x− y)||f(y)|
∞∫

|x−y|

tα−n−1dtdy ≤
∞∫
r

tα−n−1

∫
B(x,t)

|Ω(x− y)||f(y)|dydt ≤

≤
∞∫
r

tα−n−1

∫
B(z,2t)

|Ω(x− y)||f(y)|dydt. (19)

Since y ∈ B(z, 2t), B(z, r) ⊂ B(y, 4t) for t > r. Since λ < n− np
s
− αp and n−µ

q
= n−λ

p
− α,

we have s > q. Applying inequality (19), Minkowski and Hölder inequalities, we have

r−
µ
q ∥TΩ,α(fχBc(z,2r))∥Lq(B(z,r))

≤ r−
µ
q

∞∫
r

tα−n−1

∫
B(z,2t)

|f(y)|

 ∫
B(z,r)

|Ω(x− y)|qdx


1
q

dydt .
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. r
n−µ
q

−n
s

∞∫
r

tα−n−1

∫
B(z,2t)

|f(y)|

 ∫
B(z,r)

|Ω(x− y)|sdx


1
s

dydt ≤ (20)

≤ r
n−µ
q

−n
s

∞∫
r

tα−n−1

∫
B(z,2t)

|f(y)|

 ∫
B(y,4t)

|Ω(x− y)|sdx


1
s

dydt .Ω

.Ω r
n−µ
q

−n
s

∞∫
r

tα−n+n
s
−1

∫
B(z,2t)

|f(y)|dydt .Ω

. r
n−µ
q

−n
s

∞∫
r

tα−
n
p
+n

s
−1∥f∥Lp(B(z,2t))dt ≤ ∥f∥Lp,λr

n−µ
q

−n
s

∞∫
r

tα−
n−λ
p

+n
s
−1dt.

Since λ < n− np
s
− αp, we get the desired result.

We note that the proof of Lemma 1 is similar to Guliyev’s result in [7, p. 217]. Guliyev
used ∥Ω(·−y)∥Ls(B(z,r)) ∼ r

n
s ∥Ω∥Ls(Sn−1). However, we can not simply do the same way since

∥Ω(·−y)∥Ls(B(z,r)) depends on y. Therefore, we instead treat inequality (20) by the fact that
B(z, r) ⊂ B(y, 4t), and

∥Ω(· − y)∥Ls(B(y,4t)) = ∥Ω∥Ls(B(0,4t)) ∼ t
n
s ∥Ω∥Ls(Sn−1).

We have two following boundedness properties of TΩ,α.

Proposition 6 ([11], Theorem 3.3). Let α ∈ (0, n), 0 ≤ λ ≤ µ < n, p ∈ (1, n−λ
α

), and
n−µ
q

= n−λ
p

− α. Let Ω ∈ Ls(Sn−1) where s ≥ p′. Then TΩ,α is bounded from Lp,λ to Lq,µ.

Theorem 4. Let α ∈ (0, n), p, s ∈ (1,∞), λ ∈ [0, n−np
s
−αp), µ ∈ [λq

p
, n), and n−µ

q
= n−λ

p
−α.

Let also Ω ∈ Ls(Sn−1). Then TΩ,α is bounded from Lp,λ to Lq,µ.

Proof. Since µ ≥ λq
p

, we have q1 ≥ q with 1
q1

= 1
p
− α

n
. Fix z ∈ Rn and r > 0. We define

f1 = fχB(z,2r) and f2 = f − f1. By the Hölder inequality and Proposition 3, we have

r−
µ
q ∥TΩ,αf1∥Lq(B(z,r)) . r

n−µ
q

− n
q1 ∥TΩ,αf1∥Lq1 (B(z,r)) .Ω

.Ω r
n−µ
q

−n
v ∥f1∥Lp(B(z,2r)) . ∥f∥Lp,λ . (21)

Due to inequality (21) and Lemma 1, we have

r−
µ
q ∥TΩ,αf∥Lq(B(z,r)) ≤ r−

µ
q (∥TΩ,αf1∥Lq(B(z,r)) + ∥TΩ,αf2∥Lq(B(z,r))) .Ω ∥f∥Lp,λ .

By the properties of TΩ,α, we can extend inequality (4) onto Morrey spaces as follows.

Theorem 5. Let α ∈ [0, n), 0 ≤ λ ≤ µ < n, p ∈ (1, n−λ
α

), n−µ
q

= n−λ
p

−α, and Ω ∈ Ls(Sn−1)

with s ≥ p′. Then, for α ∈ (0, n) and u ∈ [1,∞],

∥MΩ,αf∥Lq,µ(ℓu) :=
∥∥∥MΩ,αf(·)∥ℓu

∥∥
Lq,µ .Ω ∥f∥Lp,λ(ℓu) . (22)

Moreover, for α = 0 and u ∈ (1,∞], inequality (22) holds.
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Theorem 6. Let α ∈ [0, n), p ∈ (1,∞), s ∈ (1,∞), λ ∈ [0, n − np
s
− αp), µ ∈ [λq

p
, n),

n−µ
q

= n−λ
p

− α, and Ω ∈ Ls(Sn−1). Then, for α ∈ (0, n) and u ∈ [1,∞], inequality (22)
holds. For α = 0 and u ∈ (1,∞], inequality (22) holds.

Proof of Theorem 5 and Theorem 6. The case of α ∈ (0, n) is verified by inequality (8),
Proposition 6 (for Theorem 5), and Theorem 4 (for Theorem 6).

∥MΩ,αf∥Lq,µ(ℓu) ≤ ∥T|Ω|,α (∥f(·)∥ℓu) ∥Lq,µ .Ω ∥f∥Lp,λ(ℓu).

Let us now treat the case of α = 0. Fix B(z, r) ⊂ Rn. Suppose that f = {fj} = {fj,(0) +
fj,(1)} = f(0) + f(1), where fj,(0) = fjχB(z,2r) and fj,(1) = fj − fj,(0). Since MΩ,0 is a sublinear
operator, we have

∥MΩ,0f(x)∥ℓu ≤
∥∥MΩ,0f(0)(x)

∥∥
ℓu
+
∥∥MΩ,0f(1)(x)

∥∥
ℓu
. (23)

For the first term on the right-hand side of inequality (23), we use the Hölder inequality with
order p/q and Theorem 1 to obtain

r−
µ
q

∥∥∥∥MΩ,0f(0)(·)
∥∥
ℓu

∥∥
Lq(B(z,r))

. r−
n
p
+n−µ

q

∥∥∥∥MΩ,0f(0)(·)
∥∥
ℓu

∥∥
Lp(B(z,r))

.Ω ∥f∥Lp,λ(ℓu) .

Now, we treat the second term. By virtue of inequality (8), Proposition 5 (for Theorem 5),
and Lemma 1 (for Theorem 6), we have

r−
µ
q

∥∥∥∥MΩ,0f(1)(·)
∥∥
ℓu

∥∥
Lq(B(z,r))

≤ r−
µ
q ∥T|Ω|,α

(∥∥f(1)(·)∥∥ℓu) ∥Lq(B(z,r)) .Ω ∥f∥Lp,λ(ℓu) .

This completes the proof of both Theorem 5 and Theorem 6.

We also can extend inequality (5) onto weak Morrey spaces as follows.

Theorem 7. Let α ∈ [0, n), q = n−µ
n−λ−α

< s, λ ∈ [0, n− n
s
−α), and µ ∈ [λq, n). For α ∈ (0, n)

and u ∈ [1,∞], if Ω ∈ Ls(Sn−1), then

∥MΩ,αf∥WLq,µ(ℓu) :=
∥∥∥MΩ,αf(·)∥ℓu

∥∥
WLq,µ .Ω ∥f∥L1,λ(ℓu) . (24)

For α = 0 and u ∈ (1,∞], if Ω ∈ Ls(Sn−1) satisfies L1-Dini condition, then inequality (24)
holds.

Proof. Since µ > λq, we have q1 =
n

n−α
> q. We use the same decomposition as in inequality

(25). For the first term of right-hand side in inequality (23), we use the Hölder inequality
with the exponent q1/q, Theorem 2 (for α ∈ (0, n)) and Theorem 3 (for α = 0) to obtain

r−
µ
q

∥∥∥∥MΩ,αf(0)(·)
∥∥
ℓu

∥∥
WLq(B(z,r))

. r
n−µ
q

− n
q1

∥∥∥∥MΩ,αf(0)(·)
∥∥
ℓu

∥∥
WLq1 (B(z,r))

.Ω ∥f∥L1,λ(ℓu) .

Let us now treat the second term. For any γ > 0, by Chebychev’s inequality, inequality (8),
and Lemma 1, we have

r−
µ
q

∣∣{x ∈ B(z, r);
∥∥MΩ,αf(1)(x)

∥∥
ℓu

> γ
}∣∣ 1q ≤

≤ r−
µ
q

γ

∥∥T|Ω|,α
(∥∥f(1)(·)∥∥ℓu)∥∥Lq(B(z,r))

.Ω
1

γ
∥f∥L1,λ(ℓu) .

This completes the proof of Theorem 7.
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4. Remarks. To the best of our knowledge, there is still no proof for Ω ∈ L1(Sn−1) to be
sufficient condition for boundedness of MΩ,0 from L1 to WL1. Moreover, there is still no
counterexample such that MΩ,0 : L

1 → WL1 is not bounded under Ω ∈ L1(Sn−1) either.
Therefore, possibility of removing Dini-condition from Theorem 3 and Theorem 6 is still
an open problem. Furthermore, the necessary condition (in term of Ω) for inequality (4),
inequality (5), inequality (22), or inequality (24) to hold is still open .
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