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We prove some vector-valued inequalities for a rough maximal operator on Lebesgue spaces.
These results are an extension of Fefferman—Stein (1971) and Sawano (2006) since the rough
maximal operator is a generalization of the Hardy—Littlewood maximal operator and also a
fractional maximal operator, respectively. We also establish some vector-valued inequalities for
a rough maximal operator on Morrey spaces.

1. Introduction. Let f be a measurable function on R". Let also {2 be a homogeneous
function of degree zero on R™. For a € [0,n), the rough mazimal operator Mg, maps the
function f to the rough maximal function Mg, f which is given by

Moo f(@)=supr ™ [ |06 = lFwldy, = € R
r>0 Blor)

where B(z,r) denotes the open ball centered in x with radius » > 0. For a@ € (0,n), the

operator M, , is known as a fractional maximal operator. The operator M o is well known

as the Hardy—Littlewood maximal operator.

We write f to denote a sequence of measurable functions {f;}32, on R". We also write
Mg of to denote the rough maximal function sequence { Mg . f;}52,. We use a < b to indicate
that there exists ¢ > 0 such that a < c¢b. We express Fefferman—Stein maximal inequalities
using this notations as follows.

Proposition 1 (|5], Theorem 1). Let u € (1,00). Then, for p € (1,00)

[

b

i~

[ Miof || oy = = I MaoE () llen]l 1 = /ZMl,ofj(x) dr | Sy, (1)
R j=1
and
M of |y 1 gy = ||||M1,of(-)||euHWL1ZSI;IST / dr [ Sl ey - (2)

{2 €R™ || M of (@) ¢u >}
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For any 5 € N, we have
i (@)] < sup | f(x)] = [[f(2)]e=
JjeN

for almost every x € R". Therefore,
[ My of ()] oo < [ M0l () o0 ()] g0 = Mo ([IE()[]eoe ) (). (3)

Hence, inequality (1) and (2) hold for u = oo due to inequality (3) and the boundedness of
M o on Lebesgue spaces. However, inequality (1) and (2) do not hold for u =1 (see [13]).
In 2006, Sawano proved the following fractional maximal inequalities.

Proposition 2 ([12], Theorem 2). Let u € [1,00], « € (0,n), and é = -~ — 2. Then for

pe(L,2),

1
p
1M ofll Loy S WE oy s IMuafllyy peza gy S TElLr ey

Our main aim is to prove the vector-valued inequality for the rough maximal operator
Mg, as an extension of Proposition 1 and Proposition 2. We use a S b to express that
there exists ¢ > 0 which depends on 2 such that a < ¢b. In Section 2, we prove the following
inequalities.

1Mo.ofl| ooy S IEll Loy (4)
and
1Mool g 2 oy o0 [y (5)

Note that if £ = {f;}32, with fi = f, f; = 0 for j > 2, then both inequalities (4) and
(5) mean the boundedness of Mg, in Lebesgue spaces (see |10, Theorem 2] and [6, Section
5.2.3]). For such f, the Calderén—Zygmund decomposition and the covering property are
main keys to prove inequality (5), which are applied to ||f| = |f| € L'. In more general
cases of f, although the covering property applies directly to ||f||;« € L', the Calderén—
Zygmund decomposition does not apply directly to ||f]|,. To obtain the desired result, we
apply Calderén-Zygmund decomposition to each f; € f instead (see Theorem 3).

Let S"' = {z € R |z| = 1}. If Q € L>(S™!), then Mg f(z) Sq M f(x); which
means Mgq o f;(x) S Miofj(x) for any j € N. Thus, for Q € L>(S™!), we have inequality
(4) and (5) immediately from Proposition 1 or Proposition 2. Therefore, we consider a weaker
condition than Q € L>®(S"1).

Furthermore, we extend inequality (4) and (5) onto Morrey space in Section 3. Let us
recall the definition of a Morrey spaces. For p € [1,00) and A € [0,n), the Morrey norm is
defined as

1Fllen = sup P\ fllionan-
B(z,r)CR™

The collection of any measurable function f such that ||f]|;»» < oo is called the Morrey
space LP* [9]. In case of A = 0, the Morrey space LP? is equivalent, by norm value, to the
Lebesgue space LP. The weak Morrey space W LP* is the set of measurable function f such
that

_A
| fllwres = BS(up)T P || fllwre () < oo

Let [f| = {[f;}52,, and [, f(z)dz = { [g. fi(x)dz}32,. For u € [1,00], one can observe
that for any function f € L*(¢*), we have obvious inequality

Nzl < (112 oy (6)



ON ROUGH MAXIMAL INEQUALITIES 187

2. Extension on Lebesgue spaces. Let us begin this section with the definition of a rough
integral operator Tq . Let a € [0,n), €2 be a homogeneous function of degree zero. The rough
integral operator T, is defined as

TQ a.f / ’.Z' ’n a )dy

For a € (0,n), the operator T}, is known as the fractional integral operator. The operator
To, is known as the singular integral operator. A boundedness property is known.
Proposition 3 ([10], Theorem 2). Let o € (0,n), p € (1, %), and % =
To,a is bounded from LP to L7 if Q € L*(S"~') where s > —I—

1 _ 2 The operator
P n

Let Toof be a function sequence {To . f;}52;. It is clear that Mg f(z) < T« (|f]) (7).
Under the same argument to obtain inequality (3), we have

[ Mo,of(2)] o < Moa(([£()[|e=) (). (7)

Hence, by inequality (6) and (7), for any u € [1, 0]

1Moot (@)l < Tiat,a (IEC) o) ()- (8)

With the relation between Mg, and Tq ., we can work on inequality (4) and have the
following result.

Theorem 1. Let a € [0,n), p € (1,2), % =
for « € (0,n) and u € [1,00], inequality (4
inequality (4) holds.

— 2 and Q € L¥(S" ') with s > —"—. Then,
holds. Moreover, for « = 0 and u 6 (1 o0,

—S |

Proof. By inequality (8) and Proposition 3, we can verify the case of a € (0,00) as follows.
1Mo .ofl| Loy < 1 Tiaga (1)) 20 So IEllzr@e-

We now need to clarify the case of & = 0. For each j € N, we have

Maof;(x / 126)| Mo f; (2)dor(6) (9)

where

r>0

My f;(z) = sup rt / |fi(x — RO)|dR.
0

By the rotation method and Proposition 1 we obtain
[ Mof || ooy S NIl ooy (10)

Using inequalities (9) and (6), we get

| Maof (@), < / 0| | Mo (@) do(0) | - (11)
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By the Minkowski inequality, and inequality (10), we proceed as follows

Mot < || [ 196 186800 d(®)

Lr
/IQ(Q)II\MefIILp(gu>dU(9) Se Il Lo -

This completes the proof of Theorem 1. O

We can also work on inequality (5) for o € (0,n) with the relation between Mg , and
To,o as follows.

Theorem 2. Let o € (0,n), and u € [1,00]. If @ € L¥(S"") with s > I~ then inequa-
lity (5) holds.

Proof. We can rewrite the function T . f as Kqq * f where Kqo(z) = Q(z)|z|*™. Since
Q € L= (S"1), we have Kq, € WLn—= (see |1, p. 224]). By Young’s inequality, the
operator T , is bounded from L' to WL#= due to

1Toaflly e < 1 Kaally,pzze 1]l

Therefore, by inequality (8),

[1Ma,ofll w2z gy < I Tiate (IO e ly m2s So €]z

The function ( is said to satisfy L'-Dini condition if Q € L*'(S"!) and

1

/@d5<oo
)

0

where

w(d) = sup /mem Q(8)[do(6).

heRn, |h|<(5

Proposition 4 ([3], Theorem 1.5). Mg is bounded from L' to W L' if Q satisfies L*-Dini
condition.

We borrow some notations from [3, proof of Theorem 1.5|. Let ¢ be a nonnegative,
radial, radially decreasing C'*°-function such that ¢(z) = 1 for |z| < 1, and ¢ supported in
{z € R |z| < 3}. Let also ¢,(z) = r"¢ (£). For @ > 0 and f > 0, we have Mqqf(z) <
Mg 0.4 f(x) where

Moo f(z —SUP /cbr r—y)Qx —y)f(y)dy| . (12)

Suppose that A¢:=R"\ A for any A C R". From [3, proof of Theorem 1.5|, we can conclude
the following corollary.
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Corollary 1. Suppose f is supported in a cube ) with center yo such that [ f = 0. Then,

1z — )| 10 — o)l
lz—y|<2|y—yo|
+ B == )+
z —y|
|z—y|>2|y—yol
+ % 1z — 9o)| [/ (v)|dy = Fu(f)(@) + Fa(f) () + Fs(f) ().
|z—y|>2|y—yo|

Let Q with the same center as cube Q, such that the sides of Q are parallel to the sides of Q,

and the side-length £(Q) = 20(Q). If Q satisfies L'-Dini condition, then for each i € {1,2,3}

/ F(f)(@)ldz Sa 1]l
Qc

We now can prove inequality (5) for a = 0.

Theorem 3. For a =0, and u € (1,00], if Q satisfies L'-Dini condition, then inequality (5)
holds.

Proof. The case of u = oo is clear by Proposition 4 and inequality (7).

| Ma,of [ wri ey < | Mao([[£C) o) lwrr S lIfll2reee)-

What is left is the case of u € (1,00).

Without loss of generality, we may suppose 2 > 0 and f > 0 where 0 is the zero function
sequence. Fix A > 0. Since ||f(-)|l¢« € L', by applying the covering property (see [4, Theorem
2.11]), we have a collection of dyadic cubes {Qx} (may be empty) such that

(i) [[f(z)]|ew < A for almost every z ¢ ¥ = |, Q.
(i) 9] < L€z

(i) A< 1y o, IEledy < 200

We decompose f = {f;} = {g;} + {b;} = g + b where

v XQx ()d
g = fixw +Zk:|Qk|Q{|f]<y)| y

and bj = Zk bj,k: with
X
b= Fixa, — 1o / o
Qrk

We write

b = {b;} = >, {bjx} = >, br. Let us take a look on behavior of g and b. By
inequality (6), (i)

and (iii)

gl = [ g@lids+ 3 [ lo)lde <
be 4o



190 D. SALIM, W. S. BUDHI, Y. SOEHARYADI

1 _
< / £ [ade + 3 / o / 1 W)lledy | de <N Ele.  (13)
e ka Qrk

For any k, we have [ b;), = 0. Moreover, by inequality (6)
> bl S Fl e (14)
k

Since Mqof(x) < Moo f(x) (see (12)), we now only need to show

. A 1
{o e R IMmos(@ll > 5 | S0 5 ¥l (15)
and
A 1
¢ € R Mo b(@) > 3 Y| S+ 8]0 (16

First, let us prove inequality (15). By Chebychev’s inequality, inequality (6), Minkowski’s
inequality, inequalities (10) and (13), we have

A
0>y
1

1 .
S / QO N Mogll ey do(0) | Se 15 1&lueny S 5 1l Loy -
A A )\
Sn—1

L“(f“‘) §

{x € B™; | Moo o8(2)

S % || 20,68

u

Recall Q from Corollary 1. Suppose that ¥ = U, Q. From (ii), we have
~ 1
B S 1)< Sl (17)

Since we have inequality (17), we can get inequality (16) once we show the following.

A 1
{o € TiMm0b@l > 3 ] 50 5 1

By Chebychev’s inequality and Minkowski’s inequality

- A 1
Hx € V% [[Mao¢b(z)|,. > 5}' < X / | Ma,0,6b(2)]|,. dz <
1
<32 | [IMapgbi()],. dr. (18)
k =z
\I]C

Let us consider a fixed b, which is supported in Q);. Suppose that y, is the center of Q.
Since the integral of b;, is zero, by Corollary 1

Ma,6bjk(®) S Fi(bjn)(x) + Fa(bjr) () + F3(bjx)(2).
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By inequality (6), and the boundedness of F; for each i € {1,2,3} from Corollary 1, we can
conclude that

/ (Z!Fxbj,k)(x)w)u do < [ FIbOlle)@)de So bl
Te N Q'

Hence, from inequality (18), and (14),

~ A 1 1
{x € U | Moeb(2)]| . > 5}‘ <o X Z bl zreny S <l 21 (ew)-
k

Thus, inequality (16) is verified. This completes the proof of Theorem 3. ]

3. Extension on Morrey spaces. Let us start this section with some properties of the

rough integral operator Tg . Let p’ be the exponent conjugate to p where p’ = ]%.

Proposition 5 ([11], Lemma 3.2). Let o € [0,n), A, € [0,n), p € (1,222), and =& =

q
"T? — a. Let also Q € L*(S™') with s > p/. Then for any z € R" and r > 0

r qHTQa(fXBC(z2r )HL‘I (z,r) NQ HfHLP/\

Lemma 1. Let o € [0,n), s € (1,00), p € [1,00), A € [0,n — 22 —ap), u € [0,n), and

noE =822 A — a. Let also Q € L*(S™'). Then for any z € R" and > 0

_n
T HTQ,a(fXBC(z,2r))||Lq(B(z,r)) Sa HfHLP’A'

Proof. For any x € B(z,r) we have B(z,t) C B(z,2t) for t > r. By Fubini’s theorem,

Qz
Toalfxmea)@l < [ Sl <
Be(z,2r)
s [ e-ulse) [ e taa s [e [ee -l <
Be(z,2r) |z—y] r B(z,t)
< et [ 106 -yl )y (19)
r B(z,2t)
Since y € B(z,2t), B(z,r) C B(y,4t) for t > r. Since A <n — "2 —ap and £ = =2 — q,

we have s > ¢. Applying inequality (19), Minkowski and Holder 1nequahtles We have

_ Kk
9 | To,a(fXBe(z20) || La(B )

oo 4

<t femt [l [ 106 - e | e s

T B(z,2t) B(z,r)



192 D. SALIM, W. S. BUDHI, Y. SOEHARYADI

sewt [ [yl | [ e - yede | dyae < (20)
r (2,2t) B(z,r)
1
<t e [ pl | [ - plde | dude <o
r B(z,2t) B(y,4t)
v [ [yt o
r B(z,2t)
< n-p_n a—ngn_q n—p_n a—n=An_q
N K t p s HfHLP(B(Z’Qt))dtS HfHLp,AT‘ a s t p s dt.
Since A <n — 2 — ap, we get the desired result. n

We note that the proof of Lemma 1 is similar to Guliyev’s result in [7, p. 217|. Guliyev
used || = y)|| 2+ (Besy) ~ 75 ||| £s(sn-1). However, we can not simply do the same way since

192(- = y) ||+ (B(2,r)) depends on y. Therefore, we instead treat inequality (20) by the fact that
B(z,r) C B(y,4t), and
120 = Yl Lo Bwar) = 12 s 0.4t ~ (5n-1)-

We have two following boundedness properties of T§, ,.

Proposition 6 ([11], Theorem 3.3). Let « € (0,n), 0 < A < p < n, p € (1,=2), and
b= ”p)‘ a. Let Q € L*(S"1) where s > p/. Then T, is bounded from LP* to L%*,
Theorem 4. Leta € (0,n),p,s € (1,00), A € [0,n—"2—ap), u € [%,n), and £ = ”Tj’\—oz.
Let also Q € L*(S"1). Then Tq, is bounded from LP to L9H.

Proof. Since p > %, we have ¢; > ¢ with q% = % — 2. Fix 2 € R" and 7 > 0. We define
fi = [XB(2r) and fo = f — fi. By the Holder inequality and Proposition 3, we have

0 | Toafill Lo(se ><rq i | Toafill oo (e So
f1HLP(B(z2r NHfHpr (21)

Due to inequality (21) and Lemma 1, we have

—u

<QT q v

r | Toafllrasem < 70 (I Toafilsowen + 1 Toaflvamen) So llflla:
O
By the properties of T ,, we can extend inequality (4) onto Morrey spaces as follows.

Theorem 5. Let a € [0,n), 0 <A< p<n,pe (1,222), nE = ”%/\—a, and Q € L¥(S™1)
with s > p'. Then, for a € (0,n) and u € [1, o],

”Mﬂ,afHLq,u(eu) = HHMQ,af(')HZUHLq,u 59 ||f||Lp,)\(£u)~ (22>

Moreover, for o = 0 and u € (1, 00|, inequality (22) holds.
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Theorem 6. Let o € [0,n), p € (1,00), s € (1,00), A € [0,n — "2 —ap), p € [%,n),
R = ”p)‘ —«, and Q € L*(S"'). Then, for « € (0,n) and u € [1,00], inequality (22)
ho]ds For a = 0 and u € (1, 00|, inequality (22) holds.

Proof of Theorem 5 and Theorem 6. The case of a € (0,n) is verified by inequality (8),
Proposition 6 (for Theorem 5), and Theorem 4 (for Theorem 6).

1M af | Loy < | Tiapa (EC) ) [zon Sa 1E]lzrae).

Let us now treat the case of @ = 0. Fix B(z,7) C R". Suppose that f = {f;} = {fj©0) +
iy} = fo) + £y, where f; ) = fixp@2r and f; ) = f; — fi0)- Since Mg is a sublinear
operator, we have

[Mo,of (2) ]| < || Ma,of(o) (2) (23)

v + ||M970f(1) (x)ng :

For the first term on the right-hand side of inequality (23), we use the Holder inequality with
order p/q and Theorem 1 to obtain

| Moo ) T

' ||€“HL<I(B(z,r)) ~ H ”Mﬂ of(0)

||KUHL1>(B(Z7T)) 59 “fHLp,A(gu)-

Now, we treat the second term. By virtue of inequality (8), Proposition 5 (for Theorem 5),
and Lemma 1 (for Theorem 6), we have

r H HMQ,Of(l)(')HéuHLq(B(z,r)) = 7‘7% 1 Tio o (Hf Heu) lzaBEm) S Hf“LP»A(zu)'
This completes the proof of both Theorem 5 and Theorem 6. O

We also can extend inequality (5) onto weak Morrey spaces as follows.

Theorem 7. Let a € [0,n), ¢ = =~ <5, A€ [0,n—2—a), and ju € [A\g,n). Fora € (0,n)

n—A—«

and u € [1,00], if Q € L*(S"!), then
”MQ,afHWLq,u(gu) = HHMQ,af(')“eu

For « = 0 and u € (1,00], if Q € L*(S™™') satisfies L'-Dini condition, then inequality (24)
holds.

WLk rgQ ||f||L1a)‘(€“) * (24>

Proof. Since j1 > Aq, we have ¢, = -~ > q. We use the same decomposition as in inequality
(25). For the first term of right-hand side in inequality (23), we use the Hélder inequality
with the exponent ¢;/q, Theorem 2 (for a € (0,n)) and Theorem 3 (for a = 0) to obtain

“o [ 1Moot < || [[Maafe)

||£uHWLq (B(z,r)) HeuHWqu( B(z,r)) Se Hf”L“ (eu)

Let us now treat the second term. For any v > 0, by Chebychev’s inequality, inequality (8),

and Lemma 1, we have

v {2 € Bz r); | Moot (@)],. > 7}]" <

“

r oa
< == [Tiata (I Olle) oo ny 597||f||uwu)-

This completes the proof of Theorem 7. O]
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4. Remarks. To the best of our knowledge, there is still no proof for 2 € L'(S""1) to be
sufficient condition for boundedness of Mg from L' to WL'. Moreover, there is still no
counterexample such that Mqgo: L' — WL' is not bounded under Q € L!'(S™!) either.
Therefore, possibility of removing Dini-condition from Theorem 3 and Theorem 6 is still
an open problem. Furthermore, the necessary condition (in term of §2) for inequality (4),
inequality (5), inequality (22), or inequality (24) to hold is still open .
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