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The extremal problems in the space of meromorphic functions of order p > 1 in upper
half-plane are studed. The method for studying is based on the theory of Fourier coefficients
of meromorphic functions. The concept of just meromorphic function of order p > 1 in upper
half-plane is introduced. Using lemma on the Pélya peaks and the Parseval equality, sharp
estimate from below of the upper limits of relations Nevanlinna characteristics of meromorphic
functions in the upper half plane are obtained. An inequality related to an analogue of the
Nevanlinna problem for half-plane is proved.

1. Introduction. In this paper, we use the Fourier series method for the study of extremal
problems in the space of meromorphic functions of finite order p > 1 in the upper half-plane
C; = {z: Imz > 0}. This method was introduced by L. A. Rubel and B. A. Taylor [1].
Further the Fourier series method was used by J. B. Miles, D. P. Shea, A. A. Kondratyuk [2],
[3], [4], Ya. V. Vasyl’kiv and others. At the beginning of the 20th century, the first author of
this paper extended the results of L. A. Rubel, B. A. Taylor, J.B. Miles to delta-subharmonic
functions in the half-plane C, [5]. In 1973, J. B. Miles and D. P. Shea [6] considered
an extremal problem in value distribution theory of meromorphic functions. Let f be a
meromorphic function in complex plane and let

be the Nevanlinna counting function of poles (by) of the function f,

2w

1 " i0 . Jat=a, a>0,
m(r,f)—%/log |f(re™)| df, where a _{cﬁ:O, 0<0,
o 1/2
1 .
T ) =m(r )+ N D), malr )= oo [ oglrre®] | do
0
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Theorem MSh (Miles and Shea [6]). Let f be a meromorphic function in complex plane of
order p, 0 < p < co. Then

lim sup N(r,f)+ N(r,1/f) > | sin 7p| 2/<1 N sin27rp) ’
T—00 mZ(Tv f) ™p 27T,0

and this inequality is exact, i.e. for some meromorphic function f of order p equality holds.

We also give a corollary of Theorem MSh related to one Nevanlinna problem, which has
not yet been solved in the general case and consists in finding the exact lower bound for the
quantity

If f is an entire function then 6(0, f) = 1—3(f), where 6(0, f) is the Nevanlinna deficiency

at zero, i.e.
i em(r 1/ f)

The estimate of s(f) given below is the best known |7, p. 63].
Corollary MSh (Miles and Shea). Let f be a meromorphic function in the complex plane
of order p, 1 < p < co. Then
| sinp|

I+p

#(f) > 0.9

We prove a similar statements for functions defined in the upper half-plane. We denote
by C(a,r) the open disk of radius r with the center at a, and by Q, the intersection of a set
Q with the half-plane C,.: Q,=QNC,.

A function f is called just analytic function in C, if f is analytic function in C, and
limsup log |f(2)| < 0 for any ¢t € (—o0,00). By JA we denote the space of just analytic

z—t,2€C
functions in C,..

Let AK [8] be the space of analytic functions in C; such that log|f(z)| has a positive
harmonic majorant in any bounded domain in C,. The functions f of the space AK have
the following properties:

a) log|f(z)| has non-tangential limit log|f(¢)| almost everywhere on the real axis such
that log |f(t)| € Li,.(—00, 00);

loc

b) for any f € AK there exists

b
Tim, / log | £(t + iy)| dt = v([a, )

where v is a signed measure on the real axis, a,b € (—o00,4+00) \ Ef, Ef is a countable
set. The measure v is called the boundary measure of the function f;

c) dv(t) =log|f(t)| dt+do(t), where the measure o is singular with respect to the Lebesgue
measure.
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For the function f € AK, following [8], we define the complete measure \ of f as

AE) = A (8) =27 [ TmCaia(€) = v(K),

C4NK
where pif is the Riesz measure of the function log|f(z)|. The measure A has the following
properties:

1) X is a finite measure on each compact subset K of C;
2) A is a positive measure outside R;
3) A is a zero measure on the half-plane C_ = {z: Imz < 0}.

Conversely, if a measure A with properties 1)-3) is given, then there exists a function
f € AK such that X is the complete measure of f.

The space JM of just meromorphic functions in Cy is defined as JA/JA. It is true [8]:
JAC AK and JM = AK/AK.

For a fixed measure A let

A (C) = Sisil—mffml dA(C) (g - Teiv’) (1) = Am (c(o, r)) ,

where Sisri‘Tmf is defined for ¢ = 0, 7 by continuity.
Let f € JM and let A = Ay be the corresponding complete measure of f. The next
relation is the Carleman’s formula in Grishin’s notations [8]:

- . [ At 1] .
5 [oslsesinpdp = [ 2480 i+ [ o8| ) simkode. keN (1)
0 0

T0

where rg > 0 is an arbitrary (usually fixed) positive number (we can set o = 1).
In particular, for £ = 1 we have

™

1 . / 17 .
;/10g|f(7"ew)|sin<pd<p:/%dt—i—T—/log\f(roewﬂsingodgp (2)
0
0

0 o

for all » > ry.
For f € JM, let A\ :== A = Ay — A_ be the Jordan decomposition of A\;. We set up
following notations and terminology

. T ‘ ' r )\7(&

m(r, f) = — [ log" [f(re'?)[sinpdp, N(r, f,ro) := dt,
ro/ ! 3
T(T,f,?"o)3:m(7’,f)+N(7’,f,7’0)+m(7"0,%), 7’>7’0,

where ry is an arbitrary fixed positive number, which we shall drop in the notations (provided
that this cannot lead to confusion; for instance, we shall write T'(r, f) in place of T'(r, f, 7o)
and so on).
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In this notation the Carleman’s formula (2) can be written as follows:

1600 =1 (n7) )
f

Definition 1. A function f € JM is said to be a function of finite order if there exists a
positive constant 3 > 1 such that the inequality T'(r, f) < r®~! is valid for all sufficiently
large values of r (i.e r > 1¢(5)).

The greatest lower bound p of such numbers (3 is called the order of the function f € JM.
It is clear that p > 1.

It follows from this definition that if p is the order of the function f € JM, and if ¢ is
an arbitrary positive number, then

PP < T(r, f) < rPiE (4)

where the inequality on the right is satisfied for all sufficiently large values of r, and the
inequality on the left holds for some sequence {r,} of values of r, tending to infinity. It is
easy to verify that condition (4) is equivalent to the equation

log T
» = limsup 22 L f)

+1.
r—00 log r

The space of such functions is denoted by JM(p). By JA(p) C JM(p) we denote the
subspace of just analytic functions in C,.

It follows from (3) and the definition of the space JM p): if p is the order of the function
f € JM, and if ¢ is an arbitrary positive number, then for all sufficiently large values of
r > ro(e)

m(r, f) <rP7 e m (r, %) < ppirE (5)
and
N(r, f)<rftte N <7“, %) < pPite, (6)

It follows from (6), if € is an arbitrary positive number then for all values of r > ry(e)

2r

(2r)P~ e > N (2r, f) > //\_t—fgt)dt > A_(r)

s s

2r
dt  3\_(r)

3 8r2

From this and similar inequality for A, (r) we obtain asymptotic inequalities
Ay (r) < rPte X (r) < pPtiEE (7)

Let my(r, f) be Ly-norm of the function f on the semicircle of {re?: 0 <6 < r}:

x 1/2

ma(rf) =4+ [ ogl (e o
0

The main result is following theorem.
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Theorem 1. Let f € JM(p), p > 1. Then

(8)

r—00 mQ(T, f) B p -1 27Tp

lim sup r(N(r f) + N, 1/f)) ]sm ud \/ / sin 27Tp) ’

and this inequality is sharp, i. e. for some meromorphic function f, f € JM(p), p > 1,
equality (8) holds.
Corollary. Let f € JM(p), p > 1. Then

T N(r,f)+ N(r,1/f) _ 5|sinmp|
AN =l =y P e

(9)

1. Fourier coefficients of a function. The Fourier coefficients of a function f € JM are
defined as usual [5]:

™

cx(r, f) = %/logyf(rewnsmkede, kEEN.

0

From (1) we obtain the following expressions for the Fourier coefficients for r > rq:

Ak( )
t2k‘+1

ce(r, f) = —I— —

To

dt, keN, (10)

where ay = 5 e (ro, v).
Applying the formula of integration by parts to the integral in (10), we obtain

k
c( f)—akT + — kr%’“ // sir;gpk )

C+(0 ro) (11)
// sin k(p // sin kyp AN, € = re
=T
Tk Im( Tkﬂ'k} ’
7‘0<|C‘<T C4(0,r)

where the kernel Ts,inh’;‘pc is extended by continuity to the points on the real axis.

The following theorem is a corollary of Theorem 4 from [9].

Theorem 2. Let f € JM(p) be a just meromorphic function of finite order p > 1, p = [p].
Let \ be the complete measure of the function f(z), Ay be the restriction of A to the disc
C(0,1), and Ay = X\ — A;. Then there exist real numbers {dy}}_, such that

p
g 1£(2)| = 5 [ [ Ko=) an(O) + 52 [ [ Kl (O + Y ditm e, p= o,
k=1
where
! z—( =211 B
Kp(z,C)—mRe logz_c+;?(g—g>], p=1,2,....
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2. Fourier coefficients of a pair. Let here and below throughout this section A be a
non-negative measure in C,. For £ € N and the measure A\, we denote

B smk<p sin ke ok
Si(rik) =S4 (r;k, A) T Tk // TkIm( 7Tk:r // Im ¢ ZAOF

ro<[¢|<r

Si(ry,re; k) = Sy (ry,ra; k, A) = Sy (re; k) — S+(r1, k:), r1 < 7o,

T

, , 7k sin ko A1)
S (rik) = S, (rik, A) = WW // T N0, N(r,)\)._/t—3dt,

C+(0,r) ro

where ¢ = 7¢'%, 1y > 0 is a fixed number.
Lemma 2. The following inequality holds:
2N (2r, \)r

1S4 (k)| < S

Proof. The proof is provided by the inequalities

S A 2 A 2 [A®) o M), . 2N@rA)r
|[SL(rik)l < —= = —— / 3 _37/ " d(t)_%/ () = =

Definition 2. A measure A has finite p-density if for any € > 0 there exists 1o = r¢(g) such
that
N(r,\) < rPite, (12)

for all r > rg.

Definition 3. A measure A has finite order p if for any € > 0 there exists ro = ro(¢) such
that
A(r) :== XC(0,7)) < rrtite, (13)

for all r > rg.

Lemma 3. If A is measure of finite p-density, then it is measure of finite order p.

Proof. The proof is provided by the inequalities

2r 2r
A(t A(t A
N(@2r\) = thz/ t(g)dtz Sgg)
70 r

]

Definition 4. A measure A is said to be p-admissible if for any ¢ > 0 there exists ro = 7o(¢)
such that

p+€ 7ap+€
1S (1,9 k, )| < + i_k k=2,3,..., (14)
1 2

for all 7o > ry > ry and it has finite p-density.
The following lemma is true.

Lemma 4. Let measure A\ have finite p-density. Then the following properties are equivalent:
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(1) X is p-admissible;

(2) there exists a sequence of real numbers 3 = {(;} such that for alle > 0 and k € N we

have
T.p—i-e

|8 + S (rs b, A)| <

-~ (15)

for all 7 > 1o = 19(€).

Proof. Lemma 4 is a consequence of Theorem 3 from [5].
Properties (14) of the measure A and have finite p-density are independent. Note that the
condition of finite p-density is equivalent to (14) for k = 1. In fact, let (14) hold for k = 1.

Then it follows from
d )\ P+€ rPte
o / / T

0 7‘0<|C|<7’

T

A(r) _ Alro) 2/A(lf)
+ dt =

2
r TS ™

that A has finite p-density.
Conversely, let A have finite p-density and let € > 0 be any number. Using (13) we obtain

(¢ dXt) A A) 2 ]2/\(15)
= — — e <
‘S+(T1,’r2,17)\ // 7'{'/ t2 7’% T‘% + - t3 dt_

1"1<|C|<?“2 1
@“_Avﬁ+zjﬁﬁ4ﬁ wpte=2+2 B mlpte-2+2 Ar)
Ty r? T m(p+e—1) o m(p+e—1) r?
O
Definition 5. Let § = {f;} be a some sequence of real numbers. The functions
en(ri X B) = B+ Su ik ) b - 8Lk N, R EN, (16)

is called Fourier coefficients of the pair (X, 3).

Definition 6. A pair (), 3) is said to be p-admissible if for any € > 0 there exists rq = ro(¢)
such that

for all » > rqg = ry and the measure A has finite p-density.

Lemma 5. A measure \ is p-admissible if and only if there exists a sequence 3 such that
the pair (\, ) is p-admissible.

Proof. Let A be p-admissible measure. Then by Lemma 4 property (2) holds and we can take
for 5 the sequence in (15). The relation (17) follows for £ € N from the inequality

ex(rs A, )| < r*

B+ Sy V)| +

S (rik, N

Lemma 3 and our choice of S.
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Assume now that (17) holds and the measure A has finite p-density. Then for k € N we
have by Lemma 3

2N (2r, \)r
3 '
Thus, (15) holds. By Lemma 4 X is p-admissible measure. O

| B + S (i ks A)‘ = ‘Ck(r; X B) 4 S (rsk, N)| < 7Pt 4

The following lemma is a consequence of Theorem 1, Theorem 5 and Theorem 6 from [5].

Lemma 6. If a pair (), 5) is p-admissible then there exists only one function f € JA(p)
such that cy(r, ) = cx(r; A, B).

3. Proof of Theorem 1. Let us prove Theorem 1. Let f € JM(p), p > 1.
To prove this theorem, we need the following lemma.
Lemma 7. Let f € JM(p(r)), liin p(r) =p > 1, and let A\ = Ay — A_ be the complete
r——+o00

measure of f. Then for all k > p

sin k;go sin k¢ k ,
dA(¢C = 1€,
ok // Tk ImC Tkﬂ'k,‘ // (), C=re (18)

[¢|=r

Proof. By (11), we have

7,,

sin ke
a + 2k; // kd/\ Q)+ Si(rik, ) = Sy(rk, A<
k M) T (19)
+(0,70)

S |Ck(r7 f)| + |Si&-(ra ka )‘+ - Sii—(r7 ka /\—)>| )

We divide the inequality (19) by r*, k > p, and pass to the limit as 7 — co. Using the
inequalities |cx(r, f)| < 2T(r, f) and

, , 2r
1S4 (riky Ay — S (rik, A2))| < g(N(T, Ay) + N(r,Ao)),

we obtain that the right-part of (19) tends to zero. Then we obtain

sin k¢ Sk ' - |
wkr // e MO = =(Si(rocik Ar) = Si(+o0ik A)), k> p.

C+(0,r0)
Substituting this value in (11), we obtain (18). O

Let p be non-integer. In the case of integer p, the theorem is obvious.
We define the measure A by the equality A = |\ 7|. Without loss of generality, we can
suppose that the measure Ay does not load some neighborhood of zero. Denote by ¢ = [p],

B = {6k},

sin k
|ak |+)7T/{ZT‘ // Imgp kd)\f(C) , 1<k3<(]+1,
Bk: C4(0,r0)
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where

S, (4005 k,A) == lim Sy (r;k, A).

r—00

It is clear that A(r) = [\f|(r). For some A > 0, > 0, p+¢ < g+ 1, we have \(rr) < ArPti+e,
r > rg. Then for k£ > ¢ + 1 we obtain

sin kg T smk<p
(rs A B) = 1k //TkImC 7T]{]7“k // Im ¢ d)\ (©)-

<=7 C4(0,r)

From this .

N 1 IR T d(t)
A<k [eran s (B0 s g,
0 T

By integrating in parts, we obtain the estimate

- (k+1)r" [ A(t)
CAGRWEIRS . tk+2 f)di < 20)
4 0
kT pte
SM/thre—k—ldt:M E>qg+1.
) q
T m(k—p—ce)

T

That is
Ak + 1)rrte

n(k—p—c¢)’
Obviously, epy similar inequality holds for 1 < k < ¢ + 1. Thus the pair (5\, B) is p-
admissible. By Lemma 6, there exists the function F' € JA(p) such that c(r, F') = cx(r; A, §)

for all » > 0 and for all £ € N.
Set

[ex(r; A, B)] < k>q+1.

Ny(r) = Ni(r, F) :z/%dt.

The order of the function rN(r) is less than or equal to p. In fact, it is equal p, because
otherwise it follows from Theorem 2.3 [9] that this order of T'(r, f) is integer, but we excluded
this case.

By integrating by parts in (20), we obtain

T

atr, Py < BT / - [ranio =

T th—1 rkm
, o " (21)
k2 -1 £\ " A\ k 2%
= - - - = >
- /(T) Nl(t)dt+/<t> Ni(t)dt § = ZrNi(r), k= q+1.
0 r

And for 1 < k < ¢, we have

1
e (r, F)| <k tk 1d)\ + -
T

0 o
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From this, by double integration by parts, we obtain the inequality

lew(r, F)| < 1y + %er(r) + ’“2; ! / [(;)k - (;)k] Ni(tydt, 1<k<gq, (22

o

where
T0 ~

/tk_l dN(t) + Alro)

e = lak| + k1

gk nre

0
0

Besides, |c(r, /)| < ler(r, F)|, 1 < k < q, and |ex(r, )| < —ci(r, F), k > ¢+ 1. From this
mg(’f’, f) < mQ(Tv F) (2?))

Let ¢ > 0 be a fixed number. Applying the lemma of Pdélya peaks [10] for functions
rNi(r), rP7%, rP*¢ we find the sequence (r,,), lim r, = oo, [7, p. 62] such that
n—o0

¢ p—E ¢ pte
tNy(t) < (—) raN1(rn), 0 <t <, tNi(t) < (—) roNi(rn), t >r,.  (24)

Tn Tn

Using inequalities (21), (22), (24), we obtain

2k k2 —1
k
“W””§”%+?“M“0Q;;vfﬁ+9’1£ksm,

ern N1 < 2 (EZBEZD i) s .

Inequality (24) implies, in particular, that i = o(r,N1(r,,)) as n — oo, since for ¢ such

that o < ¢ and ¢/ Ny (') > (t')?~¢ for all r, > t’ the inequality

(25)

t'Ny(t)

q—e p—e p—E
ri <ok <rf (t’)P—E

S Tan (Tn) .

holds if 2e < p —q.
From this remark, arbitrariness ¢ and (25), it follows that

. |Ck(rn7f)| 2k 102 —1
1 IRGASE RS O e
el Ny () T T 1 — R

k=1,2,....

By the Parseval equality, we obtain the inequality
- 1/2
. ma(r, F) 2k* (p* — 1)
1 f———= < —_—— )
te rNy(r) {k;oo w2 |p? — k2|?

The sum on the right-hand side of this inequality can be easily found using residues [11].
It is equal to

[e.e]

Z 28 (p* =12 [ p*—1 2 ) sin 27p (26)
72 |p2 — k22 \sinmpl 2mp )

k=—00
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Since Ny(r) = N(r, f) + N(r,1/f), by (26) we get the statement of Theorem 1.
We show that the estimate (8) is sharp.

Example. By Theorem 2 the function

t° dt P dt
f(Z) = exp Zq+1 / m = exp Zq+1 / ? ) 1< P g N, q = [p]a

[t|>7o [t|>7r0

is an analytic function in Cy of order p > 1 with the complete measure A\s(t) = "™ =
AL(t) = A(t) if t € R, [t| > 1o, and dAf(2) =0 if 2z € C4 U (=1, 70),

-1 k
Ny(r) = N(r,1/f) = ;,,_ - - ﬁ, N(r, f) = 0, M(t) = %tw
By (20), we obtain
 2Mk(p+1) i bkt g, 2rPk(p+1)
Ck(raf)__m/t ldt_m, k> [p].

r

Then

celr f) _ 2r'k(p* = 1) 0 7 — 00
rN(r,1/f)  w(k2— p?) +o(1), — 00, k> [p]. (27)

By (11), we obtain further

" k
Ck(T,f)ZTk:V-i-%l [(%)k— (;) ] Pl dt =

T0

_ o 2rPk(p? — 1)
_ k
—T’Y—i-m-i-o(l), r—>oo,1§k§[p],

2k
g

T0 -
where 7 = ay, + 55 [ "1 dA(t).
0
From this and (27), we obtain

Gl ) 2
PR INGA)  we ) O

Thus, for f(z) the estimate (8) is sharp.
Theorem 1 is proved.

3. Analogue of the Nevanlinna problem for half-plane. Let us prove the corollary re-
lated to the analogue of the Nevanlinna problem for half-plane. By the Carleman formula (2),

we have
ma(r, f) = mi(r, f) = rim(r, f) + m(r,1/f)] =
=2rT(r, f) = r[N(r, f) + N(r,1/f) + m(ro, [) + m(ro, 1/ f)].

By (8) and inequality
1_ sin 27mp < 1+L7
2mp 4drp
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we obtain . | . . . |
sinp sinmp
> — — .
Af) = p?—1 (2+87rp+2(p2—1)>
Since . . _ 0 2 1 4 .
sSin T + +
L, 1, lsinmpl _2e+dntl
2 8mp  2(p*—1) 81
we obtain the inequality
8T sinp
f) = salr

T o224 dr+1 p2 -1
In conclusion, we note the inequality

o2 + 4w 4+ 1
—_— <

7
8T 5

which implies (9).
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