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In the present paper, we study diagonability of matrices over a duo ring. We prove that an
idempotent matrix over such a ring is diagonalizable under a similarity transformation.

Introduction and main results. The problem of diagonalization of idempotent matrices
is a classic one. The first results were obtained in 1946 by A. Foster [1]. He proved that
each idempotent matrix over a commutative ring R is diagonalizable under a similarity
transformation if and only if each idempotent matrix over R has a characteristic vector.

In 1966, Steger [4] used Foster’s result to prove the following theorem. Let R be a
commutative ring with identity and A be an n x n idempotent matrix over R. If there
exist invertible matrices P and @) such that PAQ is a diagonal matrix then there is an
invertible matrix U over R such that UAU ! is a diagonal matrix.

Later, the results Foster’s and Steger’s were extended to different classes of commutative
and non commutative rings [2], [3], [6], [7] and [§].

In the present paper, we prove that an idempotent matrix over such ring is diagonalizable
under a similarity transformation.

Everywhere in this paper R is a duo ring. Recall that a ring R is said to be a right (left)
duo-ring if every right (left) ideal of this ring is a 2-sided ideal. If a ring is both left and
right duo-ring, then it is called a duo-ring. Examples of an duo-ring are abelian regular ring,
directly sum fields.

We say that matrices A and B over a ring R are equivalent if there are unimodular
matrices P and () of appropriate size such that B = PAQ.

The matrices A and B are called similar, if there exists an invertible matrix U over ring
R of an appropriate size such that A = UBU~!. Remark that a square matrix is said to be
diagonalizable if it is similar to a diagonal matrix.

The ring R is PT (projective trivial) ring if every idempotent matrix over R is similar
to a diagonal matrix.

Recall that o = (aq,an, -+ ,a,) € R" is called a right unimodular vector if there exists
B = (B1,Pa, -, Pn) such that ay ) + agfs + -+ + ap B, = 1. A right unimodular vector
a=(ag,as, -+, ) € R™is completable if it is the row of some invertible matrix over R. o =
(v, (g, ..., () is a characteristic vector of A if & € R™ is a completable right unimodular

vector and A = Aa for some A € R (we call A the characteristic value of «).
Two elements x and y of R are called right associates if R = yR, left associates it
Rx = Ry, and associates if they are both right and left associates.
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Lemma 1. Let R be a duo ring and e = €2 be an idempotent element in R. Then ea = ae,
where a € R.

Proof. Since R is a duo ring, we have ea = a’e, where @’ € R. Then ea = a'e = d’e? = eae
) b

and ae = ed’ = e?d’ = eae. So ea = ae. ]

Lemma 2 ([5], Lemma 2.1). Let R is duo ring and b,e € R, where €? = e. IfbDR = eR, then
b and e is right associates.

Theorem 1. Let R be a duo ring and A be an n X n n idempotent matrix over R. If there
exist invertible matrices P and () such that PAQ) is a diagonal matrix, then there is an
invertible matrix U such that UAU ! is a diagonal matrix.

Proof. Suppose that there exist invertible matrices P and @ such that PAQ = diag(by,
by, ...,by). Denote B = PAQ and U = Q~'P~' = (u;;). Then

(BU)? = (PAP™Y)(PAQQ'P™") = PAQQ'P' = BU

and
BUB = PAP_lPAQ = PAQQ = PAQ = B.

Therefore we have b; = b;u;b;, bju; and u;b; are idempotents of R. Set e = b;u;;. Then
b; = eb; and thus b; = e¢(1 — e + b;). Note that

(1—e+b)(1—e+euy) =1—e+b;—e+e* —etuy + by — bie +beuy; = 1 —e+b; — be + beu;.
By Lemma 1, we obtain

l—e+b —ebj+ebu;=1—e+b—b+ee=1 (1—e+euy)(l—e+b)=1.
Then (1—e+b;)(1—e+eu;) =1=(1—e+eu;)(l —e+b;). Sol—e+b;is a unit, b; and

byu;; differs by a unit factor. Thus, we may assume that Q has been adjusted so that b7 = b;,
1=1,2,...,n. The matrix equality BUB = B means that

biui; = by, (1>
b,;u,»jbj = 072 %],Z,] = 1,2,...,71
Denote
1 blulg Ce bluln
D b27.l21 1 cen b2/l:52n
botnt bntpa ... 1

Then D? = 2D — I, so D is invertible. From 1 we obtain

2 2
b1 bl'U,lg Ce bluln bl b1u12 Ce bluln

b2u b ... biuy, bou b ... bouoy,
BD — 2.21 '2 . 2.2 _ 2'21 '2 . 2.2 ;

2 2
bnunl bnung bn bnunl bnung bn
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b1 bl'U,lg Ce bluln

bou b ... bougy,
DBU — 2 . 21 '2 2 . 2
bnunl bnung C bn

Then DBU = BD. Thus,
(DP)A(DP)™ = D(PAQQ~'P~)D™' = DBUD' = BDD"! = B.
0

Theorem 2. Let R be an PT ring. Then any right unimodular row a = (a1, as, .. .,a,) € R"
can be completed to an invertible matrix.

Proof. Suppose a = (aq, as, ..., q,) is right unimodular row. Then there exists such a right
unimodular row 3 = (51, B2, ..., Bn), that a1 51 + asfa + ... + a5, = 1. Denote A = (fa) =
Bij. Then A% = A.

Since R is a PT ring, there exists an invertible matrix P with PAP~'=diag(ey, eq, ..., €,).
Let X = (z1,%9,...,7,) = aP™ 1Y = (y1,y2,...,yn)! = PB. Then XY =1 and YX =
diag(eq, e, ..., €,). Since

n
Zl’iyi =1, yix; =¢,1 <1< n
i—1

and y;r; = 0,1 # j,1 <4,j < n, one has y;x;y; = yi, v:¥ivi = x5, 1 < i <n. So e; = y;z; and
fi = x;y; are idempotents. From Lemma 1 it follows

_ 2 _ _ _ .
e = € = YTy = Yi fivi = fiyivi = fies;
2 _ _ _
fi = fl = LYl = Ti€Y; = TYi€; = fiei-
n

n n
Soe; = fi and > x;y; = > y;w; = 1. This means that x = > z; is a unit of R. Denote
i=1 i=1 i=1

T1 T2 T3 Tn 100 ... 0
-1 1 0 0 110 ... 0
p_| -1 0 1 0 | p=| 101 0
-1 0 0 1 1 00 1
Then
r To9 T3 ... Tp
0o 1 0 ... 0
pp=10 0 1 ... 0
0 0 0 ... 1
So X = (z1,%9,...,7,) = P! is the first row of some invertible matrix A. This implies
that o is completable. O

Theorem 3. Let R be a duo ring. The following are equivalent
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1) R is PT ring;

2) Each idempotent matrix over R has a characteristic vector.

Proof. Suppose that R is PT ring and A be an n x n idempotent matrix. Then there is
an invertible matrix Q with QAQ™' = diag(xy,za,...,2,). If @« = (1,0,0,...,0) is any
right unimodular row, then «QAQ™! = (21,0,0,...,0) = xja. And if 8 = aQ is a right
unimodular row then A = aQA = (aQAQ™1)Q = x1aQ = x,3.

We assume A # 0. Let a be a characteristic vector of A and ay A = z1a4. In a coordinate

system x1, T, ..., T, in which z; lies along e;, the matrix A assumes the half reduced form
/ / /
Tl Ay, ayy ... aj,
/ / /
s 0 ay ay; ... ay, @)
/ !/ !/
0 Apy  Qps App,

Since (A')? = A’, we have z? = x; and

2

/ !/ !/ / / !/
(g Qg3 ... Aoy, Aoy Qg3 ... gy,
/ / / / / /

/ / / / !/ !/
Upy Qg - . Gy o Qg ... @,

We proceed by induction. The theorem is trivially true for n = 1. Assume it is valid for
n — 1. We will show its validity for n. In view of (2), (3) and our induction hypothesis, in
a coordinate system determined by a suitably chosen base ey, e, ..., e, the matrix A’ (and
hence A) is equivalent to a matrix A” of the form

r1 Ay ayy ... aly,
A” - . . . . . ) (4)
0O 0 O T
where (A”)? = A” implies
2=, 05 =1x9,...,02 =1,
aly(zy + 29 —1) =10
dha(1 + 3 = 1) =0 (5)

ay,(xy +x, —1)=0.

In the ey, e, . .., e, coordinate system, the vector e; = (1,0,...,0) is a characteristic vector
of A” belonging to the characteristic value x1. Now we show that: to each of the characteristic
values xo, 23, ..., x, of A” there exists a corresponding basal characteristic vector e}, €5,. .., e/,
respectively, where

(6)
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Since A”eq = (x17r9+a]y, x9,0,0,...,0) this is equivalent to show that A: there exist elements
r9,73,...,T, in R such that

Ti('rl _IZ) :a/h" (122737?71) (7>
The proof of A is given in three cases. In each case i = 2,3,...,n.

Case 1. If a; +a; —1 is a unity element of R, then a}; = 0, and any value of r; is a solution
of (7).

Case 2. If a; + a; — 1 = 0, then a; — a; is a unity, and r; = a/;(a; — a;)~
is a solution of (7).

Case 3. If a1 +a; —1 # 0 and a1 + a; — 1 is not a unity element of R. Then a; — a; divides
al;, and r; = ay;(2a; — 1) is a solution of (7).
Take into account (5), (6) and (7), we conclude that there exists an invertible matrix

b= ay(a — a;)

1 7y 13 Tn
0 1 0 0
pP= ,
0 0 O 1
such that PA" P~ = diag(xy, o, ..., Tn). O
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