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In the present paper, we study diagonability of matrices over a duo ring. We prove that an

idempotent matrix over such a ring is diagonalizable under a similarity transformation.

Introduction and main results. The problem of diagonalization of idempotent matrices
is a classic one. The first results were obtained in 1946 by A. Foster [1]. He proved that
each idempotent matrix over a commutative ring R is diagonalizable under a similarity
transformation if and only if each idempotent matrix over R has a characteristic vector.

In 1966, Steger [4] used Foster’s result to prove the following theorem. Let R be a
commutative ring with identity and A be an n × n idempotent matrix over R. If there
exist invertible matrices P and Q such that PAQ is a diagonal matrix then there is an
invertible matrix U over R such that UAU−1 is a diagonal matrix.

Later, the results Foster’s and Steger’s were extended to different classes of commutative
and non commutative rings [2], [3], [6], [7] and [8].

In the present paper, we prove that an idempotent matrix over such ring is diagonalizable
under a similarity transformation.

Everywhere in this paper R is a duo ring. Recall that a ring R is said to be a right (left)
duo-ring if every right (left) ideal of this ring is a 2-sided ideal. If a ring is both left and
right duo-ring, then it is called a duo-ring. Examples of an duo-ring are abelian regular ring,
directly sum fields.

We say that matrices A and B over a ring R are equivalent if there are unimodular
matrices P and Q of appropriate size such that B = PAQ.

The matrices A and B are called similar, if there exists an invertible matrix U over ring
R of an appropriate size such that A = UBU−1. Remark that a square matrix is said to be
diagonalizable if it is similar to a diagonal matrix.

The ring R is PT (projective trivial) ring if every idempotent matrix over R is similar
to a diagonal matrix.

Recall that α = (α1, α2, · · · , αn) ∈ Rn is called a right unimodular vector if there exists
β = (β1, β2, · · · , βn) such that α1β1 + α2β2 + · · · + αnβn = 1. A right unimodular vector
α = (α1, α2, · · · , αn) ∈ Rn is completable if it is the row of some invertible matrix over R. α =
(α1, α2, . . . , αn) is a characteristic vector of A if α ∈ Rn is a completable right unimodular
vector and αA = λα for some λ ∈ R (we call λ the characteristic value of α).

Two elements x and y of R are called right associates if xR = yR, left associates it
Rx = Ry, and associates if they are both right and left associates.
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Lemma 1. Let R be a duo ring and e = e2 be an idempotent element in R. Then ea = ae,
where a ∈ R.

Proof. Since R is a duo ring, we have ea = a′e, where a′ ∈ R. Then ea = a′e = a′e2 = eae
and ae = ea′ = e2a′ = eae. So ea = ae.

Lemma 2 ([5], Lemma 2.1). Let R is duo ring and b, e ∈ R, where e2 = e. If bR = eR, then
b and e is right associates.

Theorem 1. Let R be a duo ring and A be an n× n n idempotent matrix over R. If there
exist invertible matrices P and Q such that PAQ is a diagonal matrix, then there is an
invertible matrix U such that UAU−1 is a diagonal matrix.

Proof. Suppose that there exist invertible matrices P and Q such that PAQ = diag(b1,
b2, . . . , bn). Denote B = PAQ and U = Q−1P−1 = (uij). Then

(BU)2 = (PAP−1)(PAQQ−1P−1) = PAQQ−1P−1 = BU

and
BUB = PAP−1PAQ = PA2Q = PAQ = B.

Therefore we have bi = biuiibi, biuii and uiibi are idempotents of R. Set e = biuii. Then
bi = ebi and thus bi = e(1− e+ bi). Note that

(1−e+ bi)(1−e+euii) = 1−e+ bi−e+e2−e2uii+ bi− bie+ bieuii = 1−e+ bi− bie+ bieuii.

By Lemma 1, we obtain

1− e+ bi − ebi + ebiuii = 1− e+ bi − bi + ee = 1, (1− e+ euii)(1− e+ bi) = 1.

Then (1− e+ bi)(1− e+ euii) = 1 = (1− e+ euii)(1− e+ bi). So 1− e+ bi is a unit, bi and
biuii differs by a unit factor. Thus, we may assume that Q has been adjusted so that b2i = bi,
i = 1, 2, . . . , n. The matrix equality BUB = B means that

biuii = bi,
biuijbj = 0, i ̸= j, i, j = 1, 2, . . . , n

(1)

Denote

D =


1 b1u12 . . . b1u1n

b2u21 1 . . . b2u2n
...

... . . . ...
bnun1 bnun2 . . . 1


Then D2 = 2D − I, so D is invertible. From 1 we obtain

BD =


b1 b21u12 . . . b21u1n

b22u21 b2 . . . b22u2n
...

... . . . ...
b2nun1 b2nun2 . . . bn

 =


b1 b1u12 . . . b1u1n

b2u21 b2 . . . b2u2n
...

... . . . ...
bnun1 bnun2 . . . bn

 ;
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DBU =


b1 b1u12 . . . b1u1n

b2u21 b2 . . . b2u2n
...

... . . . ...
bnun1 bnun2 . . . bn

 .

Then DBU = BD. Thus,

(DP )A(DP )−1 = D(PAQQ−1P−)D−1 = DBUD−1 = BDD−1 = B.

Theorem 2. Let R be an PT ring. Then any right unimodular row a = (a1, a2, . . . , an) ∈ Rn

can be completed to an invertible matrix.

Proof. Suppose α = (α1, α2, . . . , αn) is right unimodular row. Then there exists such a right
unimodular row β = (β1, β2, . . . , βn), that α1β1+α2β2+ . . .+αnβn = 1. Denote A = (βα) =
βiαj. Then A2 = A.

Since R is a PT ring, there exists an invertible matrix P with PAP−1=diag(e1, e2, . . . , en).
Let X = (x1, x2, . . . , xn) = αP−1, Y = (y1, y2, . . . , yn)

t = Pβ. Then XY = 1 and Y X =
diag(e1, e2, . . . , en). Since

n∑
i=1

xiyi = 1, yixi = ei, 1 ≤ i ≤ n

and yixj = 0, i ̸= j, 1 ≤ i, j ≤ n, one has yixiyi = yi, xiyixi = xi, 1 ≤ i ≤ n. So ei = yixi and
fi = xiyi are idempotents. From Lemma 1 it follows

ei = e2i = yixiyixi = yifixi = fiyixi = fiei;
fi = f 2

i = xiyixiyi = xieiyi = xiyiei = fiei.

So ei = fi and
n∑

i=1

xiyi =
n∑

i=1

yixi = 1. This means that x =
n∑

i=1

xi is a unit of R. Denote

D =


x1 x2 x3 . . . xn

−1 1 0 . . . 0
−1 0 1 . . . 0
...

...
... . . . ...

−1 0 0 . . . 1

 , P =


1 0 0 . . . 0
1 1 0 . . . 0
1 0 1 . . . 0
...

...
... . . . ...

1 0 0 . . . 1


Then

DP =


x x2 x3 . . . xn

0 1 0 . . . 0
0 0 1 . . . 0
...

...
... . . . ...

0 0 0 . . . 1


So X = (x1, x2, . . . , xn) = αP−1 is the first row of some invertible matrix A. This implies
that α is completable.

Theorem 3. Let R be a duo ring. The following are equivalent
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1) R is PT ring;

2) Each idempotent matrix over R has a characteristic vector.

Proof. Suppose that R is PT ring and A be an n × n idempotent matrix. Then there is
an invertible matrix Q with QAQ−1 = diag(x1, x2, . . . , xn). If α = (1, 0, 0, . . . , 0) is any
right unimodular row, then αQAQ−1 = (x1, 0, 0, . . . , 0) = x1α. And if β = αQ is a right
unimodular row then βA = αQA = (αQAQ−1)Q = x1αQ = x1β.

We assume A ̸= 0. Let α be a characteristic vector of A and α1A = x1α1. In a coordinate
system x1, x2, . . . , xn in which x1 lies along e1, the matrix A assumes the half reduced form

A′ =


x1 a′12 a′13 . . . a′1n
0 a′22 a′23 . . . a′2n
...

...
... . . . ...

0 a′n2 a′n3 . . . a′nn

 (2)

Since (A′)2 = A′, we have x2
1 = x1 and

a′22 a′23 . . . a′2n
a′23 a′33 . . . a′3n
...

... . . . ...
a′n2 a′n3 . . . a′nn


2

=


a′22 a′23 . . . a′2n
a′23 a′33 . . . a′3n
...

... . . . ...
a′n2 a′n3 . . . a′nn

 (3)

We proceed by induction. The theorem is trivially true for n = 1. Assume it is valid for
n − 1. We will show its validity for n. In view of (2), (3) and our induction hypothesis, in
a coordinate system determined by a suitably chosen base e1, e2, . . . , en the matrix A′ (and
hence A) is equivalent to a matrix A′′ of the form

A′′ =


x1 a′12 a′13 . . . a′1n
0 x2 0 . . . 0
...

...
... . . . ...

0 0 0 . . . xn

 , (4)

where (A′′)2 = A′′ implies

x2
1 = x1, x

2
2 = x2, . . . , x

2
n = xn

a′12(x1 + x2 − 1) = 0
a′13(x1 + x3 − 1) = 0
. . . . . . . . . . . . . . . . . . . . .
a′1n(x1 + xn − 1) = 0.

(5)

In the e1, e2, . . . , en coordinate system, the vector e1 = (1, 0, . . . , 0) is a characteristic vector
of A′′ belonging to the characteristic value x1. Now we show that: to each of the characteristic
values x2, x3, . . . , xn of A′′ there exists a corresponding basal characteristic vector e′2, e′3,. . . , e′n
respectively, where

e′2 = (r2, 1, 0, 0 . . . , 0)
e′3 = (r3, 0, 1, 0 . . . , 0)
. . . . . . . . . . . . . . . . . . . . .
e′n = (rn, 0, 0, 0 . . . , 1)

(6)
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Since A′′e2 = (x1r2+a′12, x2, 0, 0, . . . , 0) this is equivalent to show that Λ: there exist elements
r2, r3, . . . , rn in R such that

ri(x1 − xi) = a′1i, (i = 2, 3, . . . , n) (7)

The proof of Λ is given in three cases. In each case i = 2, 3, . . . , n.
Case 1. If a1+ai−1 is a unity element of R, then a′1i = 0, and any value of ri is a solution

of (7).
Case 2. If a1 + ai − 1 = 0, then a1 − ai is a unity, and ri = a′1i(a1 − ai)

−1 = a′1i(a1 − ai)
is a solution of (7).

Case 3. If a1+ai−1 ̸= 0 and a1+ai−1 is not a unity element of R. Then a1−ai divides
a′1i, and ri = a1i(2ai − 1) is a solution of (7).
Take into account (5), (6) and (7), we conclude that there exists an invertible matrix

P =


1 r2 r3 . . . rn
0 1 0 . . . 0
...

...
... . . . ...

0 0 0 . . . 1


such that PA′′P−1 = diag(x1, x2, . . . , xn).
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