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For the system of stochastic differential equations with Markov switchings and impulse
disturbance in the conditions of Levy approximation of a single equilibrium point of the quality
criterion, limiting generators of the impulse process and dynamical system are constructed. In
particular, we discuss how the behavior of the boundary process depends on the pre-limiting
normalization of the stochastic evolutionary system in the ergodic Markov environment.

1. Introduction. We consider some pre-limit evolution models with a small normalizati-
on parameter. We find the form of the limit generators for the impulse processes and the
dynamical system in the schemes of the Lévy approximation, and the stochastic approximati-
on. Further, we provide conditions which ensure weak convergence of a controlled evolution
model with Markov switching and impulse perturbation (assuming uniqueness of the equi-
librium point for the quality criterion for which the stochastic approximation procedure is
given). It is important that the asymptotic behavior of the limit process is concluded with
the help of the analysis of parameters of the pre-limit system.

This work continues the direction of research carried out in papers [4], [6]–[8], in which the
asymptotic properties of evolution models were obtained under conditions of non-classical
approximation schemes.

2. Formulation of the problem. The stochastic evolution system in the ergodic Markovian
environment is given by a stochastic differential equation [7]

dyε(t) = C(yε(t), x(t/ε2))dt+ dηε(t, uε(t)), (1)

where yε(t) is a random evolution, x(t), t ≥ 0, is a uniformly ergodic Markovian process,
that is defined on a standard phase space (X,X) by the generator

Qφ(x) = q(x)

∫
E

P (x, dy)[φ(y)− φ(x)]
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on the Banach space B(X) of real valued bounded functions with the supremum norm

∥φ(x)∥ = sup
x∈X

|φ(x)|,

uε(t) is a control function that we define later.
A stochastic kernel P (x,B), x ∈ X, B ∈ X defines uniformly ergodic embedded Markovi-

an chain xn = x(τn), n ≥ 0 that has stationary distribution ρ(B), B ∈ X. A stationary
distribution π(B), B ∈ X is defined by relation [3]

π(dx)q(x) = qρ(dx)

where
q =

∫
X

π(dx)q(x).

We define R0 as a potential operator for generator Q by the relation

R0 = Π− (Π +Q)−1.

Here Πφ(x) =
∫
X

π(dy)φ(y)1(x) is a projector on the subspace NQ = φ : Qφ = 0 of zeros to

Q.

3. Impulse perturbation process under Levy’s approximation conditions. Under
Levy’s approximation scheme the impulse perturbation process (IPP) ηε(t), t ≥ 0, is given
by the relation

ηε(t, uε(t)) =

t∫
0

ηε(ds, uε(s), x(t/ε2)); (2)

where a set of processes with independent increments ηε(t, u, x), t ≥ 0, x ∈ X, u ∈ R is
determined by the generators

Γε(x)φ(u,w) = ε−2

∫
R

(φ(u,w + v)− φ(u,w))Γε(dv, x), x ∈ X (3)

and the following Levy’s approximation conditions are satisfied ([2,3]):

L1. Approximation of averages∫
R

vΓε(dv, x) = εa1(x) + ε2(a2(x) + θa(x)), θa(x) → 0, ε → 0,

and ∫
R

v2Γε(dv, x) = ε(b(x) + θb(x)), θb(x) → 0, ε → 0,

L2. Condition on the distribution function∫
R

g(v)Γε(dv, x) = ε2(Γg(x) + θg(x)), θg(x) → 0, ε → 0,
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for each g(v) ∈ C2(R) (space of bounded functions with values in R and g(v)/|v|2 → 0,
|v| → 0). Measure Γg(x) is bounded for each g(v) ∈ C2(R) and can be determined by
relation

Γg(x) =

∫
R

g(v)Γ0(dv, x), g(v) ∈ C2(R);

L3. Uniform quadratic integrability

sup lim
c→∞

∫
|v|>c

v2Γ0(dv, x) = 0;

4. Stochastic approximation procedure. Let the criterion of the process quality be
determined by the function G(y, x, u) that has a unique point of equilibrium u∗

x on interval
[τi, τi+1]. It follows from condition

G(y(t), x(t), u(t)) = 0. (4)

We note that the solution of stochastic equation (1) on [τi, τi+1] forms the Markov process
with non-random control.

For the problem (1), (4) we consider the stochastic approximation procedure

duε(t) = α(t)G(yε(t), x(t/ε2), uε(t))dt. (5)

where we assume that the function α(t) > 0 satisfies the following conditions

P1 :
∞∫
t0

α(t)dt = ∞, t0 > 0;

P2 :
∞∫
t0

α2(t)dt < ∞, t0 > 0.

Now we can formulate the main result of our paper.

Theorem 1. Let the balance condition

â1 :=

∫
X

π(dx)a1(x) = 0 (6)

and conditions L1–L3 hold. Then the weak convergence

(yε(t), uε(t), ηε(t)) ⇒ (ŷ(t), û(t), η̂(t)), ε → 0.

is true. The limit process (ŷ(t), û(t), η̂(t)) is determined by generator

Mφ(y, u, w) = Lφ(y, u, w) +Bφ(y, u, w), (7)

where

Lφ(y, u, w) = C(y)φ(y, u, w) + Γφ(y, u, w),

C(y)φ(y) = Ĉ(y)φ′(y), Ĉ(y) =

∫
X

π(dx)C(y, x),
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Γφ(u,w) = â2φ
′
w(u,w) +

1

2
σ2φ′′

ww(u,w) +

∫
R

[φ(u,w + v)− φ(u,w)]Γ̂0(dv),

â2 =

∫
X

π(dx)(a2(x)− a0(x)), σ2 =

∫
X

π(dx)(b(x)− b0(x)) + 2

∫
X

π(dx)a1(x)R0a1(x),

a0(x) =

∫
R

vΓ0(dv, x), b0(x) =

∫
R

v2Γ0(dv, x), Γ̂0(v) =

∫
X

Γ0(dv, x);

Bφ(y, u, w) = α(t)G(y, u)φ′
u(y, u, w); G(y, u) =

∫
X

G(y, x, u)π(dx).

Proof of Theorem 1. Firstly we investigate some properties of generators with independent
increments.

Lemma 1. Under conditions L1 – L3 generators with independent increments ηε(t, u, x),
t ≥ 0, x ∈ X, u ∈ R can be represented as follows

Γε(x)φ(u,w) = ε−1Γ1(x)φ(u,w) + Γ2(x)φ(u,w) (8)

on test functions φ(u,w) ∈ R× C3(R). Here

Γ1(x)φ(u,w) = a1(x)φ
′
w(u,w),

Γ2(x)φ(u,w) = (a2(x)− a0(x))φ
′
w(u,w) +

1

2
(b(x)− b0(x))φ

′′
ww(u,w)+

+

∫
R

[φ(u,w + v)− φ(u,w)]Γ0(dv, x).

Proof. We use the Taylor series of the function φ(u,w) and transform generator (3)

Γε(x)φ(u,w) = ε−2

∫
R

(φ(u,w + v)− φ(u,w))Γε(dv, x) =

= ε−2

∫
R

(φ(u,w + v)− φ(u,w)− vφ′
w(u,w)−

1

2
v2φ′′

ww(u,w))Γ
ε(dv, x)+

+ε−2

∫
R

vφ′
w(u,w)Γ

ε(dv, x) +
ε−2

2

∫
R

v2φ′′
ww(u,w))Γ

ε(dv, x) =

=

∫
R

(φ(u,w + v)− φ(u,w)− vφ′
w(u,w)−

1

2
v2φ′′

ww(u,w))Γ
0(dv, x)+

+ε−1a1(x)φ
′
w(u,w) + a2(x)φ

′
w(u,w) +

1

2
b(x)φ′′

ww(u,w) + γε(x)φ(u,w) =

= ε−1a1(x)φ
′
w(u,w) + (a2(x)− a0(x))φ

′
w(u,w) +

1

2
(b(x)− b0(x))φ

′′
ww(u,w)+

+

∫
R

(φ(u,w + v)− φ(u,w))Γ0(dv, x) + γε(x)φ(u,w),

where next to the last equality follows from Levy’s conditions L1–L3.
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We notice that the function φ(·, w+ v)−φ(·, w)− vφ′
w(·, w)− 1

2
v2φ′′

ww(·, w+ v) ∈ C3(R)
because it is bounded and φ(·, w) is bounded with its derivatives in variable w and

lim
|v|→0

[φ(u,w + v)− φ(u,w)− vφ′
w(u,w)− 1

2
v2φ′′

ww(u,w + v)]

|v|2
= 0.

Reminding γε(u,w)φ(u,w) = O(ε2), we obtain (5).

Lemma 2. Generator of three component Markov process (uε, ηε, x), t ≥ 0 has a form

Γ̂ε(x)φ(u,w, x) = ε−2Qφ(u,w, x) + ε−1Γ1(x)φ(u,w, x) + Γ1(x)φ(u,w, x)+

+γε(x)φ(u,w, x), (9)

where operators Γ1(x), Γ2(x) are determined in Lemma 1, and the reminder term

∥γε(x)φ(u,w, x)∥ → 0

as ε → 0, φ(·, w, ·) ∈ C(R).

Proof. Lemma 2 becomes clear using definitions of generator of Markov process and forms
of generators of ηε, uε and x.

We introduce a truncated generator [8]

Γε
0(x)φ(u,w, x) = ε−2Qφ(u,w, x) + ε−1Γ1(x)φ(u,w, x) + Γ1(x)φ(u,w, x). (10)

Lemma 3. Under balance condition (4), the solution of the singular perturbation problem
for truncated operator is realized by the relation

Γε
0(x)φ

ε(u,w, x) = Γφ(u,w) + εθεη(x)φ(u,w) (11)

on test functions

φε(u,w, x) = φ(u,w) + εφ1(u,w, x) + ε2φ2(u,w, x),

and the reminder term θεη(x)φ(u,w, x) is uniformly bounded at x.
The limited operator is determined by formula

Γ = ΠΓ1(x)R0Γ1(x)Π + ΠΓ2(x)Π. (12)

Proof. For validity equality (11), it is necessary that the coefficients with the same degrees
of ε from left-hand side and right-hand side become equal. Let us calculate

Γε
0(x)φ

ε(u,w, x) = ε−2Qφ(u,w) + ε−1[Qφ1(u,w, x) + Γ1(x)φ(u,w)]+

+[Qφ2(u,w, x) + Γ1(x)φ1(u,w, x) + Γ2(x)φ(u,w)]+

+ε[Γ1(x)φ2(u,w, x) + Γ2(x)φ1(u,w, x)] + ε2Γ2(x)φ2(u,w, x).

From the first summand follows relation

Qφ(u,w) = 0 ⇔ φ(u,w) ∈ NQ.

and we can see that φ(u,w) does not depend on x.
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The balance condition is a condition of solvability of the equation

Qφ1(u,w, x) + Γ1(x)φ(u,w) = 0.

Then
φ1(u,w, x) = R0Γ1(x)φ(u,w). (13)

Let us consider equation

Qφ2(u,w, x) + Γ1(x)φ1(u,w, x) + Γ2(x)φ(u,w) = Γφ(u,w)

It can be rewritten in the form

Qφ2(u,w, x) + Γ1(x)R0Γ1(x)φ(u,w) + Γ2(x)φ(u,w) = Γφ(u,w).

From the solvability condition in the last equation we can find the limited operator in
form (12). Then

φ2(u,w, x) = R0[Γ1(x)R0Γ1(x) + Γ2(x)− Γ]φ(u,w). (14)

Using (13) and (14), another terms of Tailor series can be written as follows

ε[Γ1(x)φ2(u,w, x) + Γ2(x)φ1(u,w, x)] + ε2Γ2(x)φ2(u,w, x) =

= ε[Γ1(x)R0[Γ1(x)R0Γ1(x) + Γ2(x)− Γ] + Γ2(x)R0Γ1(x)]+

+εΓ2(x)R0[Γ1(x)R0Γ1(x) + Γ2(x)− Γ]φ(u,w) = εθεη(x)φ(u,w).

The boundedness of θεη(x)φ(u,w) follows from representation of operators Γ1, Γ2 and R0.

Lemma 4. A generator of four-component Markov process (yε, uε, ηε, x), t ≥ 0 has the form

Lε(x)φ(y, u, w, x) = ε−2Qφ(y, u, w, x) + Γε(x)φ(y, u, w, x)+

+C(x)φ(y, u, w, x) +B(x)φ(y, u, w, x) + θεw(x)φ(y, u, w, x), (15)

where Γε(x) is a generator of set impulse perturbation processes (3),

C(x)φ(y, x) = C(y, x)φ′
y(y, x), B(x)φ(u) = α(t)G(y, x, u)φ′(u). (16)

The reminder term ∥θεw(x)φ(u,w, x)∥ → 0 as ε → 0.

The proof of Lemma 4 can be found in [7].

Lemma 5. A generator Lε(x) in the case of impulse perturbation process has an asymptotic
representation

Lε(x)φ(u,w, x) = ε−2Qφ(u,w, x) + ε−1Γ1(x)φ(u,w, x)+

+Γ2(x)φ(u,w, x) +C(x)φ(u,w, x) +B(x)φ(u,w, x) + θ̂εwφ(u,w, x) (17)

where
θ̂εw(x) = γε + θεw(x),

and Γ1(x), Γ2(x) are determined in Lemma 1.
The reminder term ∥θ̂εw(x)φ(u,w, x)∥ → 0 as ε → 0.
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The proof of Lemma 5 is carried out using representation of operator (5) and statements
of Lemma 4.

A truncated generator has the form

Lε
0(x)φ(u,w, x) = ε−2Qφ(u,w, x) + ε−1Γ1(x)φ(u,w, x) + Γ2(x)φ(u,w, x)+

+C(x)φ(u,w, x) +B(x)φ(u,w, x). (18)

Lemma 6. Under balance condition (4), the solution of singular perturbation problem for
truncated operator (18) is realized by relation

Lε
0(x)φ

ε(y, u, w, x) = Lφ(y, u, w) + ε2θεw(x)φ(y, u, w) (19)

on test functions

φε(y, u, w, x) = φ(y, u, w) + εφ1(y, u, w, x) + ε2φ2(y, u, w, x),

and the reminder term θεw(x) is uniformly bounded at x.
The limited operator is determined by formula

L = Π[C(x) + Γ1(x)R0Γ1(x) + Γ2(x) +B(x)]Π. (20)

Proof. For validity of equality (17), it is necessary that the coefficients of the same degrees
of ε from left-hand side and right-hand side become same. We calculate:

Lε
0(x)φ

ε(y, u, w, x) = ε−2Qφ(y, u, w) + ε−1[Qφ1(y, u, w, x) + Γ1(x)φ(y, u, w)]+

+[Qφ2(y, u, w, x) + Γ1(x)φ1(y, u, w, x)+

+Γ2(x)φ(y, u, w) +C(x)φ(y, u, w) +Bφ(y, u, w)]+

+ε[Γ1(x)φ2(y, u, w, x) + Γ2(x)φ1(y, u, w, x) +C(x)φ1(y, u, w, x)]+

+ε2[Γ2(x)φ2(y, u, w, x) +C(x)φ2(y, u, w, x) +Bφ2(y, u, w, x)].

Since
Qφ(y, u, w) = 0 ⇔ φ(y, u, w) ∈ NQ,

φ(y, u, w) does not depend on x.
The balance condition is a condition of solvability of equation

Qφ1(y, u, w, x) + Γ1(x)φ(y, u, w) = 0.

Then φ1(y, u, w, x) = R0Γ1(x)φ(y, u, w).
We rewrite equation

Qφ2(y, u, w, x) + Γ1(x)φ1(y, u, w, x)+

+Γ2(x)φ(y, u, w) +C(x)φ(y, u, w) +B(x)φ(y, u, w) = Lφ(y, u, w)

in the form

Qφ2(y, u, w, x) = [L− Γ1(x)R0Γ1(x)− Γ2(x)−C(x)−B(x)]φ(y, u, w).

From the solvability condition in the last equation we can find limited operator of the form
(20).



ASYMPTOTIC PROPERTIES OF THE IMPULSE PROCESS OF PERTURBATION 103

In view of Theorem 6.3 from [3], the proof of Theorem 1 is completed.

Remark 1. Weak convergence of process (yε(t), uε(t), ηε(t)) ⇒ (ŷ(t), û(t), η̂(t)), ε → 0
follows from convergence of the corresponding generators under condition of compactness of
pre-limited set of processes (yε(t), uε(t)). In particular, the corresponding theorems on the
compactness of processes with independent increments in Levy approximation scheme have
been proved in [4].

Theorem 2. We assume that conditions L1–L2, P1, P2 are true and there exists Lyapunov
function V (y, u) of averaging system

du

dt
= G(y, u)

satisfying the conditions of exponential stability

Y1 : G(y, u)V ′(y, u) ≤ −cV (y, u),

additional conditions for the Lyapunov function

Y2 : |C(y, x)R0[G̃(y, x, u)V ′
u(y, u)]

′
u| ≤ c1(1 + V (y, u)),

and the following conditions

|G(y, x, u)R0[C̃(y, x)V ′
u(y, u)]

′
u| ≤ c2(1 + V (y, u)),

|C̃(y, x)R0[C̃(y, x)V ′′
u (y, u)]

′
u| ≤ c3(1 + V (y, u)),

|G(y, x, u)R0[G̃(y, x, u)V ′
u(y, u)]

′
u| ≤ c4(1 + V (y, u)).

Then ∀ε > 0, ε ≤ ε0, ε0 > 0 the relation

P{ lim
t→∞

u(t) = u∗} = 1, ∀y,

is valid.

Proof. For the perturbed Lyapunov function

V ε(y, u, w, x) = V (y, u) + εV1(y, u, w, x) + ε2V2(y, u, w, x),

using (20), we obtain limiting presentation for control

Lε
uV

ε(y, u, w, x) = BV (y, u) + εθu(x).

From the conditions Y 1, Y 2 we have an estimate

L′
uV

ε(y, u, w, x) ≤ −cα(t)V (y, u) + c∗α2(t)(1 + V (y, u)),

and then we use the result of Nevelson-Chasminsky theorem [10]. The proof of Theorem 2
is complete.

Remark 2. The stochastic approximation procedure for control u gives optimal value uy

for any IPP y.
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