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ASYMPTOTIC PROPERTIES OF THE IMPULSE PERTURBATION
PROCESS WITH CONTROL FUNCTION UNDER LEVY
APPROXIMATION CONDITIONS

Y. M. Chabanyuk, A. V. Nikitin, U. T. Khimka. Asymptotic properties of the impulse pertur-
bation process under Levy approximation conditions with the point of equilibrium of the quality
criterion, Mat. Stud. 52 (2019), 96-104.

For the system of stochastic differential equations with Markov switchings and impulse
disturbance in the conditions of Levy approximation of a single equilibrium point of the quality
criterion, limiting generators of the impulse process and dynamical system are constructed. In
particular, we discuss how the behavior of the boundary process depends on the pre-limiting
normalization of the stochastic evolutionary system in the ergodic Markov environment.

1. Introduction. We consider some pre-limit evolution models with a small normalizati-
on parameter. We find the form of the limit generators for the impulse processes and the
dynamical system in the schemes of the Lévy approximation, and the stochastic approximati-
on. Further, we provide conditions which ensure weak convergence of a controlled evolution
model with Markov switching and impulse perturbation (assuming uniqueness of the equi-
librium point for the quality criterion for which the stochastic approximation procedure is
given). It is important that the asymptotic behavior of the limit process is concluded with
the help of the analysis of parameters of the pre-limit system.

This work continues the direction of research carried out in papers [4], [6]-[8], in which the
asymptotic properties of evolution models were obtained under conditions of non-classical
approximation schemes.

2. Formulation of the problem. The stochastic evolution system in the ergodic Markovian
environment is given by a stochastic differential equation 7|

dy*(t) = C(y=(t), x(t/e*))dt + dn" (¢, u"(1)), (1)

where y°(t) is a random evolution, z(t), t > 0, is a uniformly ergodic Markovian process,
that is defined on a standard phase space (X, X) by the generator

Qo) = qlx) / P, dy)lo(y) — o(a)

E
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on the Banach space B(X) of real valued bounded functions with the supremum norm

()|l = Sup ()],

u®(t) is a control function that we define later.

A stochastic kernel P(x, B), x € X, B € X defines uniformly ergodic embedded Markovi-
an chain =, = z(7,), n > 0 that has stationary distribution p(B), B € X. A stationary
distribution 7(B), B € X is defined by relation [3]

7(dx)q(z) = qp(dz)

where

0= [ wd)ala).
b'e
We define R, as a potential operator for generator () by the relation

Ry=1I — (H -+ Q)_l.
Here IIp(z) = [ m(dy)p(y)1(x) is a projector on the subspace Ng = ¢ : Qp = 0 of zeros to
X
Q.
3. Impulse perturbation process under Levy’s approximation conditions. Under

Levy’s approximation scheme the impulse perturbation process (IPP) n®(¢), t > 0, is given

by the relation
t

(4, us(t) = /na(ds, u(s), x(t/e?)); (2)

where a set of processes with independent increments 7°(¢t,u,z), t > 0, v € X, u € R is
determined by the generators

Ié(z)p(u,w) = &2 /(gp(u,w +v) — p(u,w))l*(dv,z), € X (3)

and the following Levy’s approximation conditions are satisfied (|2,3]):

L1. Approximation of averages

/UFE(dU, z) = eay(x) + &% (ag(z) + b4(2)), Ou(x) = 0, € = 0,

R

and
/UQFE(d"U,,CL") = e(b(x) + Oy(z)), Op(x) — 0, € — 0,

L2. Condition on the distribution function

[ @ dv.2) = Ty (a) + 6,62, 64() 0, = =0,



98 Y. M. CHABANYUK, A. V. NIKITIN, U. T. KHIMKA

for each g(v) € C?*(R) (space of bounded functions with values in R and g(v)/|v|? — 0,
|v] = 0). Measure I'y(z) is bounded for each g(v) € C*(R) and can be determined by
relation

() = / g(0)To(dv, z), g(v) € CA(R);

L3. Uniform quadratic integrability

c— 00

sup lim / v*Ty(dv, ) = 0;

[v|>c

4. Stochastic approximation procedure. Let the criterion of the process quality be
determined by the function G(y, z, ) that has a unique point of equilibrium « on interval
(75, Ti+1]. It follows from condition

Gy(t), (1), u(t)) = 0. (4)

We note that the solution of stochastic equation (1) on [7;, 7;41] forms the Markov process
with non-random control.
For the problem (1), (4) we consider the stochastic approximation procedure

du®(t) = a(t)G(y°(t), x(t/e?), u (t))dt. (5)
where we assume that the function a(t) > 0 satisfies the following conditions
P1: [ a(t)dt = oo, to > 0;
to
P2: f a?(t)dt < oo, tg > 0.

Now we can formulate the main result of our paper.
Theorem 1. Let the balance condition

ap = /W(dac)al(x) =0 (6)

X

and conditions L1-L3 hold. Then the weak convergence

(y° (1), w*(1),n" (1)) = (9(1), a(t), (1)), &€ = 0.

is true. The limit process (y(t), u(t),n(t)) is determined by generator
Me(y, u, w) = L (y, u, w) + Bo(y, u, w), (7)
where

Lo(y, u,w) = C(y)e(y, u,w) + Lo(y, u, w),
Cly)ely) = Cly)¢'(y), Cly) = /W(dﬂf)C(yw),

X
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Pp(ut,w) = daggy (u, w) + =0l () + / {p(u,w + ) — (o, w)[To(dv),

2
gy = /W(dl‘)(ag(l‘) —ag()), 0? = /W(da:)(b(m) —bo(x)) + Q/W(dx)al(x)Roal(x),
ap(z) = /vFo(dv,x), bo(x) = /UQF()(CZ"U,[E), fo(v) = /Fo(dv,x);
By(y. u,w) = alt)G(y )¢l (v w0 Glyu) = [ Gy ur(do)

Proof of Theorem 1. Firstly we investigate some properties of generators with independent
increments.

Lemma 1. Under conditions L1 — L3 generators with independent increments n°(t, u, ),
t >0,z € X, u€R can be represented as follows

(@) (u,w) = e T1(w)p(u, w) + a(2)p(u, w) (8)

on test functions p(u,w) € R x C3(R). Here

Fl(ﬂi)@(lb, ’LU) = a1<$)(piu(u, w),
Fa(@)o(u, w) = (az(z) — ao(@))¥l,(u, w) + %(b(ﬂf) = bo(@) )l (1, w)+

+ /[(p(u, w~+v) — p(u, w)|To(dv, ).

Proof. We use the Taylor series of the function ¢(u,w) and transform generator (3)

I (2) p(u, w) = £~ / ({1, w0 + ) — p(u, )T (dv, z) =
- / (plat w0+ ) — plat, 1) — vy ) — 22l (1, 0) )T (v, )+
+e72 /vgpﬁvu(u, w)I(dv, x) + % / V2! (u,w))T(dv, z) =

= [ (ol 4 ) = () — gl 0rw) = G0l ), )+

R

e an ()l (1, 0) + ()l (1, 0) + D)l (1, 10) + ()i, ) =

= lar(2)y, (u,w) + (ax(r) — ao(2)) @, (v, w) + %(b(fv) = bo ()P, (u, W)+

+ /(@(w w+v) = o(u,w))I(dv, 2) + 77 (z)p(u, ),

where next to the last equality follows from Levy’s conditions L1-L3.
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We notice that the function ¢(-, w4 v) — (-, w) — vl (-, w) — 302}, (-, w +v) € C3(R)

because it is bounded and (-, w) is bounded with its derivatives in variable w and

[gp(u, w + U) - gp(u, w) - vgpﬁﬂ(u, ’LU) - %U%Z;w(ua w + U)]

I = 0.
bt PE !
Reminding v (u, w)p(u, w) = O(&?), we obtain (5). O

Lemma 2. Generator of three component Markov process (u®,n®,x), t > 0 has a form

A

Ié(z)p(u,w, z) = e ?Qo(u,w, z) + e T (z)p(u, w, ) + Ty (2)p(u, w, z)+

+7°(2)p(u, w, z), 9)
where operators I'y(z), I's(z) are determined in Lemma 1, and the reminder term
17 ()¢ (u, w,z)|| =0
ase — 0, p(-,w,-) € C(R).

Proof. Lemma 2 becomes clear using definitions of generator of Markov process and forms
of generators of n°, u® and . m

We introduce a truncated generator [§]

Lemma 3. Under balance condition (4), the solution of the singular perturbation problem
for truncated operator is realized by the relation

Io(@) " (u, w, z) = Tp(u, w) + &b; (z)p(u, w) (11)
on test functions
o (u,w, ) = p(u,w) + ey (u, w, x) + 62g02(u,w, ),

and the reminder term 0 (z)p(u, w, z) is uniformly bounded at x.
The limited operator is determined by formula

Proof. For validity equality (11), it is necessary that the coefficients with the same degrees
of € from left-hand side and right-hand side become equal. Let us calculate

L5(2)¢" (u, w,2) = e Qp(u, w) + e~ Qe (u, w, ) + Ti(z)o(u, w)]+
+[Qw2(u, w, ) + T ()1 (u, w, ©) + o (@) p(u, w)]+
He[Dy(z)pa(u, w, ) + To(x) o1 (u, w, )] + 2Ty (x) 0o (u, w, 7).

From the first summand follows relation
Qyp(u, w) = 0 p(u,w) € No.

and we can see that ¢(u,w) does not depend on z.
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The balance condition is a condition of solvability of the equation

Qo1 (u, w, ) + I'i(2)p(u, w) = 0.

Then
o1(u, w,x) = Rel'y () p(u, w). (13)

Let us consider equation
Qepa(u, w, ) + I'i(2) 1 (u, w, ) + Ta(x)(u, w) = Fo(u, w)
It can be rewritten in the form
Qo (u, w, ) + Ty () Rol'y (2)p(u, w) + Ta(2)o(u, w) = Tp(u, w).

From the solvability condition in the last equation we can find the limited operator in
form (12). Then

wa(u,w, z) = Ro[I'1 () Rol'1 () + Ta(z) — Iep(u, w). (14)
Using (13) and (14), another terms of Tailor series can be written as follows

g[Fl (x)QOZ(ua w, x) + FZ(x)Sol (ua w, x)] + 52F2(x)902(u7 w, x) =
= E[Fl(I)Ro[F1($>R0F1(ZE} -+ PQ(ZE) — F} + FQ($)ROF1($)]+
+ela () Ro[l1 (z) Rol'y () + To(2) — Tlp(u, w) = €6, (z)p(u, w).

The boundedness of 0 (z)p(u, w) follows from representation of operators I';, I'; and Ry.
O]

Lemma 4. A generator of four-component Markov process (y°,u®,n°,z), t > 0 has the form
Le(2)p(y, u, w, x) = e Qup(y, u,w,x) + () p(y, u, w, 2)+
+C(@)p(y, u, w, x) + B(x)o(y, u, w, ) + 0, (x)(y, v, w, ), (15)
where I'*(z) is a generator of set impulse perturbation processes (3),
Cx)e(y, z) = Cly, x)py(y, x), Blx)p(u) = a(t)Gy, =, u)¢' (u). (16)
The reminder term |05, (x)(u,w, x)|| — 0 as e — 0.
The proof of Lemma 4 can be found in [7].

Lemma 5. A generator L¢(x) in the case of impulse perturbation process has an asymptotic
representation

L*(2)p(u, w,2) = e *Qep(u, w,z) + ™ T1(2)p(u, w, )+

+Ds(2)p(u, w, ) + Cla)p(u, w, ) + B(@)p(u, w, ) + O(u, w, 7) (17)
where )
0,(x) =~ +0,,(z),
and I'y(z), Iy(z) are determined in Lemma 1.
The reminder term |65, (x)o(u, w, x)|| — 0 as e — 0.
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The proof of Lemma 5 is carried out using representation of operator (5) and statements
of Lemma 4.
A truncated generator has the form

Li(2)o(u, w, x) = e 2Qp(u, w, ) + e Ty (x)o(u, w, z) + Ta(z)p(u, w, v)+
+C(x)p(u, w, ) + B(x)p(u, w, x). (18)

Lemma 6. Under balance condition (4), the solution of singular perturbation problem for
truncated operator (18) is realized by relation

L5 (%) (y, u, w, x) = Lo(y, u, w) + 205, (x)(y, u, w) (19)

on test functions

906(% u7w7x) = sp(ya u, w) + 5901(?% U,’LU7[L') + 52902(% u,w,x),

and the reminder term 05 (x) is uniformly bounded at .
The limited operator is determined by formula

L =I[C(z) + I'1(z)Rol'1 (x) + I's(z) + B(z)]1L. (20)

Proof. For validity of equality (17), it is necessary that the coefficients of the same degrees
of € from left-hand side and right-hand side become same. We calculate:

L§(2)¢" (y, u, w, ) = e Qu(y, u, w) + e Q1 (y, u, w, ) + Ty (x)p(y, u, w)]+
+1Qua(y, u, w, x) + T (x)p1(y, u, w, x)+
T2 (2)p(y, u, w) + C(x)p(y, u,w) + By, u, w)]+
+e[1(2)@a(y, u, w, ) 4+ o(2) @1 (y, u, w, 2) + C(x) 1 (y, u, w, )]+
+e’[To(x) 2 (y, u, w, x) + C(x)a(y, u, w, ) + Bea(y, u, w, ).
Since
Qo(y, u,w) = 0 ¢(y,u,w) € Ng,

©(y, u, w) does not depend on x.
The balance condition is a condition of solvability of equation

ngl(:% u, w, Z‘) + F1($)80(y, u, w) = 0.

Then Y1 (ya u, W, JZ) = R()Fl(l‘)(p(y, U, w)
We rewrite equation

Q902(y7 u, w, 33) + F1($)801<y, u, W, .’L‘)+
+F2($)¢(y7 u, w) + C<m>¢(y7 u, U)) + B(‘T)(p(?% u, w) = L(p(y, u, w)

in the form
Q2 (y, v, w,z) = [L = T () Rol'1 (2) — I'o(z) — C(z) — B(x)lo(y, u, w).

From the solvability condition in the last equation we can find limited operator of the form
(20). m
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In view of Theorem 6.3 from [3], the proof of Theorem 1 is completed.

Remark 1. Weak convergence of process (y=(t),us(t),n°(t)) = (9(t),u(t),n(t)), e — 0
follows from convergence of the corresponding generators under condition of compactness of
pre-limited set of processes (y°(t),u®(t)). In particular, the corresponding theorems on the
compactness of processes with independent increments in Levy approximation scheme have
been proved in [4].

Theorem 2. We assume that conditions L1-L2, P1, P2 are true and there exists Lyapunov
function V (y,u) of averaging system

du

satisfying the conditions of exponential stability
Y1 G(yau)v/<yau) S —CV(y,U),

additional conditions for the Lyapunov function

Y2 |O(y,l’)RO[G(y,CL’,U)Vu/(y,U)]Iul < Cl(l + V(?J?“))a

and the following conditions

|G(y> Z, U)Ro[é(y, :L‘)Vu,(ya u)],u| < C2<1 + V(yv u))?
|C(y, %) Ro] :(3/733)‘/4'(?/, wll < es(1+V(y,u)),
‘G(yv Z, U’)RO[G(y? z, U)Vé(y, U)m < C4<1 + V(y7 u))

Then Ve > 0, € < g, €9 > 0 the relation
P{tlirglo u(t) =u"} =1, Vy,

is valid.
Proof. For the perturbed Lyapunov function

Ve(y,u,w,z) = V(y,u) +eVi(y, u,w,x) + *Va(y, u, w, v),
using (20), we obtain limiting presentation for control

L:VE(y,u,w,x) = BV (y,u) + €0, (z).
From the conditions Y1, Y2 we have an estimate
L Ve(y,u,w,z) < —ca(t)V(y,u) + ca?#)(1 + V(y,u)),

and then we use the result of Nevelson-Chasminsky theorem [10]. The proof of Theorem 2
is complete. O

Remark 2. The stochastic approximation procedure for control u gives optimal value u,
for any IPP y.
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