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The paper deals with continuous symmetric (invariant under composition of the variable
with any measure preserving bijection of [0, 1]) complex-valued polynomials on the nth Carte-
sian power of the complex Banach space L, of all Lebesgue measurable essentially bounded
complex-valued functions on [0, 1]. We construct an algebraic basis of the algebra of all such
polynomials. Results of the paper can be used for investigations of algebras of symmetric con-
tinuous polynomials and of symmetric analytic functions on the nth Cartesian power of L.

1. Introduction. Let X be a Banach space, which has a symmetric structure, like has
a symmetric basis or is rearrangement invariant. It is natural to consider polynomials and
analytic functions on X, which are invariant (symmetric) with respect to a group of operators
G(X) acting on X, which preserve this structure. In particular, if X is a rearrangement
invariant Banach space of Lebesgue measurable functions on some Lebesgue measurable set
2 C R of nonzero measure, then G(X) used to be the group of operators B,: X 3 =
roo € X, where o is a bijection of 2, which preserves the measure.

Firstly symmetric polynomials on real Banach spaces of Lebesgue measurable integrable
in a power p functions on [0, 1] and [0, +00), where 1 < p < 400, were studied by Nemirovskii
and Semenov in [7]. Some of their results were generalized to real separable rearrangement
invariant Banach spaces of Lebesgue measurable functions on [0, 1] and [0, +00) by Gonzélez,
Gonzalo and Jaramillo in [3]. In particular, there were constructed algebraic bases (see
definition below) of algebras of continuous symmetric real-valued polynomials on such spaces.

Symmetric polynomials and symmetric analytic functions on some non-separable Banach
spaces were studied in [1,2]. In particular, in [1] it was constructed an algebraic basis of
the algebra of continuous symmetric polynomials on the complex Banach space L., of all
Lebesgue measurable essentially bounded complex-valued functions on [0,1]. In [2] it was
shown that the trivial polynomial is the unique continuous symmetric polynomial on the
complex Banach space of all Lebesgue measurable essentially bounded complex-valued functi-
ons on [0, 400). Symmetric polynomials on Cartesian products of some Banach spaces were
studied in [4,5,8-11]. In particular, in [9] and [10] there were constructed algebraic bases
of algebras of continuous symmetric polynomials on Cartesian powers of complex Banach
spaces of Lebesgue measurable integrable in a power p, where 1 < p < +00, complex-valued
functions on [0, 1] and [0, 4o00) respectively. In [8] and [11] Hamel bases of vector spaces
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of, respectively, 2- and 3-homogeneous continuous symmetric polynomials on the Cartesian
square of L., were constructed.

In this work, we construct an algebraic basis of the algebra of all continuous symmetric
polynomials on the nth Cartesian power of L. This result generalizes some results of [1,8,11]
and can be used for investigations of algebras of continuous symmetric polynomials and of
symmetric analytic functions on the nth Cartesian power of L.

2. Preliminaries. We denote by N the set of all positive integers and by Z, the set of all
nonnegative integers.

A mapping P: X — C, where X is a Banach space with norm || - ||x, is called an
N-homogeneous polynomial, where N € N, if there exists an N-linear symmetric mapping
Ap: XN — C such that

P(z) = Ap(z,...,x)

——
N

for every x € X. Here “symmetric” means that Ap(z-q1y,..., 2 ) = Ap(z1,...,2n) for
every permutation 7: {1,..., N} — {1,...,N}. The mapping Ap is called the N-linear
symmetric mapping associated with P.

It is known (see, e.g., |6, Theorem 1.10]) that Ap can be recovered from P by means of
the so-called Polarization Formula:

1
Ap(l’l,...,l’]\[):w Z 61...€NP(€1CL’1—|—...+€NIN). (1)

€1,..,eN==%1

We shall use the Polynomial Formula (see |6, Theorem 1.8])

N!
P(£E1++$k)2 Z mz‘lp(.ﬁlﬁ,...71'1,272,...,l’gj...,il'k,...,l']g), (2)

NlJrJrNk:N N]. N2 Nk

where Ny,..., Ny € Z,, and its corollary, the Binomial Formula (see |6, Corollary 1.9])

P(z +y) :né (Z)Ap(u,u). (3)

It is known that an N-homogeneous polynomial P: X — C is continuous if and only if

|P|| = sup |P(z)| < +oc.

[l x <1

Consequently, if P is a continuous /N-homogeneous polynomial, then
|P(x)] < [IP||]l=]l% (4)

for every x € X.

A mapping P = Fy+ P, + ...+ Py, where i € C and P, is a j-homogeneous polynomial
for every j € {1,..., N}, is called a polynomial of degree at most N.

A mapping f: X — C is called an algebraic combination of mappings fi,..., fr: X — C
if there exists a polynomial ): C¥ — C such that

f(@) = Q(fix), ..., filx))
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for every x € X. Mappings fi,..., fr: X — C are called algebraically independent if
Q(fi(x),..., fr(x)) = 0 for every x € X if and only if the polynomial @) is identically equal to
zero. If mappings fi,. .., fr are algebraically independent and polynomials Q;,Qs: C* — C
are such that

Qi(f1(2), .., fi(w)) = Qa(fi(), -, fu())

for every z € X, then the polynomial (), is identically equal to the polynomial ()5. Thus,
every algebraic combination of algebraically independent mappings is unique. A set of mappi-
ngs B is called an algebraic basis of some algebra of mappings A, if every element of A can
be uniquely represented as an algebraic combination of some elements of B.

Let Lo, be the complex Banach space of all Lebesgue measurable essentially bounded
complex-valued functions = on [0, 1] with the norm

[2]loc = esssupyepo 1]z (t)]

Let n € N. Let (Ls)™ be the nth Cartesian power of L., with the norm

[loen = max Il

where y = (y1,. .+, Yn) € (Loo)™
Let = be the set of all bijections o : [0, 1] — [0, 1] such that both o and o~! are measurable
and preserve the Lebesgue measure. A function f: (Lo, )" — C is called symmetric if

flyoo) = fly)

for every y = (Y1, -.,Yn) € (Loo)™ and for every o € Z, where yoo = (y100,...,y,00).
Formula (1) implies the following corollary.

Corollary 1. Let P: (Ly)" — C be a symmetric N-homogeneous polynomial. Then
Ap(z100,...,2y00) = Ap(z1,...,2N)
for every zy,...,zy € (Loo)™ and o € =.

For every multi-index k = (ki,...,k,) € Z such that |k| > 1, where |k| = ki1 + ... +k,,
let us define a mapping Ri: (Lo)™ — C by

Ruly) = / RO (5)

s=1
ks>0

where y = (y1,...,Yn) € (Ls)”. Note that Ry is a continuous symmetric |k|-homogeneous
polynomial and [|Rg|| = 1.
For every FE C [0,1], let

1, ifteE
1E(t)={

0, otherwise.

We shall use the following result, proven in [1].
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Lemma 1 ([1], Lemma 4.5). Let P: Lo, — C be a continuous symmetric N-homoge-
neous polynomial, where N > 2. Let 1 < m < N and [a,b], [c1, d1], [c2,ds] C [0, 1] be such
that pu([a,b] N [er, di]) = 0, u([a,b] N [ea, da]) = 0, p([er, di] N [ea,do]) = 0 and p([er, di] U
[ca, dg]) < u([a, b]) Let y1,...,ynN—m € Lo be such that the restrictions of yi,...,Yn—m to
la,b] U [e1,d1] U [co, dy] are constant. Then there exists a constant C'(m,a,b) > 0 such that

‘AP (}[Cl7d1]u[c27d2]7 ey 1[017d1]U[02,d2]7 Y1,y - - 7yN—m) ‘ S

e
m

< p([er, di] U ea, do]) [l - - - lyn—mllocC(m, a, D),
where Ap is the N-linear symmetric mapping associated with P.

For m € N, let c ((C”) be the vector space of all sequences © = (z1,...,7m,0,...),
where z; = (xg-l),...,xén) e C" for j € {1,. m} and 0 = (0,...,0) € C". Note that
cggf) (C™) is isomorphic to (C™)™. A function f c (C”) — C is called symmetric if

f((zra), - Trm), 0,...)) = f((x1, .., T, 0,...))

for every (z1,...,T,,0,...) € c((]gn)((C”) and for every bijection 7: {1,...,m} — {1,...,m}.
For every k = (ki,...,k,) € Z" such that |k| > 1, let us define the mapping H,gm): c(()gl)((cn) —

C by
@) =3 1)

J=1

)

o
O)—‘

K]

We shall use following results, proven in [5].

Corollary 2 ([5], Corollary 7). Let M = {kW ... k®} C Z" be such that |kW)| > 1 for

every j € {1,...,s}. Then there exists m’ € N such that for every m > m' polynomials
H&rf?, e H,S(n)) are algebraically independent of c{i” (C™).

Theorem 1 (|5], Theorem 8). Every symmetric N-homogeneous polynomial P: ¢ (C") —
C, where m is an arb1trary positive integer, can be represented as an algebraic combmamon
of polynomials H( , where k € 7" such that 1 < |k| < N.

3. The main result. For m € N, let J,,: cgg) (C") = (Loo)™ be defined by

Jm(x):(ix§l (2] i : ;,;>

j=1
for x = (z1,...,2,0,...) € COO ((C") Note that J,, is a linear injective operator. It can be
checked that 1

(B0 Ju)(x) = —H{" () (6)

for every m € N and x € c(()gl)((C”).
For r € N| let
D, = Jor (e (C")).
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Let -
D=|JD. (7)
r=1

For every nonempty finite set M C Z!} and for every mapping I: M — Z, let

(I, M) =Y |kli(k). (8)

keM
For N € N, let
My={keZi: 1<|k|<N}. (9)
Proposition 1. Let M = {kW, ... k®} C Z" be such that |[kY)| > 1 for every j €
{1,...,s}. Then polynomials R, ..., Ry are algebraically independent of (L,)".

Proof. Let a polynomial @): C* — C,

Q(Zl,...,zs) = Z ’7(l1 77777 ls)Zil ...Zés,
(G ZS)EQ

where (2 is a finite subset of Z% and 7, .. ;,) € C, be such that

Q(RkU) (y)v s 7Rk(5) (y)) =0 (1())
for every y € (Loo)™. Let us show that @ is identically equal to zero. By Corollary 2, there
exists m € N such that polynomials H ]fff;, . H ]S(n)) are algebraically independent of c(()gl) (Cm).
By (6) and (10),

L Lo

S H™ (), = ) —0

Q(m k()(I) m k()(x)

for every z € cin!(C™), ie.,
Q(H @), B () =0

for every z € c{i”(C"), where

Since polynomials H (m), o H ("Z) are algebraically independent, it follows that @ is identi-
poly ey k()

cally equal to zero. Therefore, 7, .., ls)m = 0 and, consequently, v(,....,) = 0 for every
(I1,...,1ls) € Q. Thus, Q is identically equal to zero. This completes the proof of the proposi-

tion. O

-----

Proposition 2. Let P: (Ly)" — C be a symmetric N-homogeneous polynomial. Then there
exist unique coefficients

{aw € C:  1: My — Zy such that (I, My) = N}

such that

Py = > a |] RBely)®

l: MN—>Z+ kEMN
w(L,My)=N  1(k)>0

for every y € D, where My is defined by (9), s is defined by (8), and D is defined by (7).
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Proof. Note that P o J,, is a symmetric N-homogeneous polynomial on cé?)((:”) for every
m € N. Therefore, by Theorem 1, P o .J,, can be represented as an algebraic combination of
polynomials { H ’gm): k € My}, ie., there exist coefficients ﬂl(m) € C such that

Podu)(x)= > 8™ T[ (H ()™ (11)

l: MN—Z+ keMpn
»(l,Mn)=N 1(k)>0

for every x € c(()nol) (C™). By Corollary 2, there exists m’ € N such that polynomials { H ,Em) ke
My} are algebraically independent for every m > m/. Therefore, for m > m/, the repre-

sentation (11) is unique.
By (6) and (11),

Poda)@)= > o™ T] ((Rio ()™

l: MN—Z+ keMp
»(l,MN)=N I(k)>0

for every x € cgg) (C™), where al(m) = ﬂl(m)mzkeMN k), Consequently,

or I(k)
Py = > o [] ®Bw) (12)
l: MN—Z+ keMpn
s(l,Mn)=N 1(k)>0

for every r € N and y € D,.. The representation (12) is unique, if 2" > m/.

Let 7/ € N be such that 2 > m/. Since D,y C D,y1 C ..., it follows that al(y) =

ozl(QT = ....Let oy = al@r ) Then

Py = > a J] (Rely)'® (13)

l: MN—Z+ keMp
»(I,MN)=N I(k)>0

for every y € D, and the representation (13) is unique. ]

Lemma 2. The set of all functions of the form
(Z W, h§”)1Ej) : (14)
=1 j=1
where + € N, (h(l)

; ,...,hg-")) € C" for every j € {1,...,1}, and Ey,..., E, are disjoint
Lebesgue measurable subsets of [0, 1], is dense in (Ls)™.

Proof. The set of all functions of the form

“w
Z dmlFma
m=1

where € N, d,,, € C for every m € {1,...,u}, and sets Fi,..., F, are disjoint Lebesgue
measurable subsets of [0, 1], is dense in L. Therefore, the set of all functions of the form

1238 Hn
(Z dﬁ}lFrgl),..., > d,ﬁ?}tlsz), (15)

mi1=1 mp=1
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where p1,..., 1, € N, d% e C for every s € {1,...,n} and m € {1,..., us}, and sets

Fl(s)7 . Fﬁ‘:) are disjoint Lebesgue measurable subsets of [0, 1] for every s € {1,...,n}, is

dense in (Ly)™.

Let y € (Lx)"™ be the function of the form (15). Let

Q={1,...;m}px...x{1,... pn}

Let (5 be a bijection between 2 and {1, ..., ¢}, where ¢« = |€2|. For every w = (wy,...,w,) € £,
let

Epy = [ ES.
s=1

Then Ej,..., E, are disjoint Lebesgue measurable subsets of [0, 1]. For every s € {1,...,n}
and j € {1,...,¢}, let us define the number hg»s) € C in the following way. If the sets £; and
e FY) are disjoint, then we set hg-s) = 0. Otherwise, there exists unique m’ € {1,..., us}

such that F; C F,(,f,). In this case we set hgfs) = d,(fj Then
1 n
y = (Zh§ Mg, )1Ej>.
j=1 j=1

Thus, every function of the form (15) belongs to the set of all functions of the form (14).
Consequently, the set of all functions of the form (14) is dense in (Lo)". This completes the
proof of the lemma. O

For h = (hy,...,h,) € C* and A C [0, 1], let
h * 1A = (hllA,...,hnlA).
If A is Lebesgue measurable, then h* 14 € (L))" and

1% Lalloom = max [lhjlafle = max [hy].

Lemma 3. Let P: (L,)" — C be a continuous symmetric N-homogeneous polynomial,
where N > 2. Let 1 < m < N and [a,b],[c1,d1], [c2,do] C [0,1] be such that p([a,b] N
1, di]) = 0, u([a, ] N[ea, da]) = 0, pu([e1, di]N[ea, da]) = 0 and p([er, di]Uea, do]) < p([a, b]).
Let y1,...,Yn—m € (Loo)™ be such that the restrictions of yy,...,Yyn_m to [a,b] U [c1,d;] U
[c2, do] are constant. Then there exists a constant C(m,a,b) > 0 such that

‘AP (zl * 1[017d1]U[C2,d2]7 o hox 1[61,d1}U[62,d2l7 Yiy .- 7nym) ‘ <
S nN (fg]aé’%’h(]) D ,U([cla dl] U [627 d2]) Hyluoo,n s HnymHoo,nC(ma a, b)

for every h = (h(l), ey h(")) e C.
Proof. For k € {1,...,n}, let vp: Lo — (Loo)" be defined by

() = (0,...,0,35,0,...,0),

k—1 n—=k
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where x € L. Note that vy is a continuous linear mapping.
For (ki,....ky) € {1,...,n}", let By, . ky): Loo X ... X Log = C be defined by

N

B(kl,.,.,kN)(iUh e 7~TN) = AP(Ukl (331), e 7UkN(xN))a

where x1,...,2y € Lo. By the continuity and the linearity of v, and by the continuity and
the N-linearity of Ap, the mapping B, . xy) is continuous and N-linear. By the symmetry
of Ap, the mapping B, . ky) is symmetric. Therefore, the mapping E(k1r~~:kN): L, — C,
defined by R

B(/ﬂ,---,kw)(x) = B(k1,--.7k1v)(x7 Ce ,l’),

where = € L., is a continuous N-homogeneous polynomial. Note that vy(z o o) = vp(z) oo
for every k € {1,...,n} and o € =. Therefore, by Corollary 1,

By.,..kp)(T100,... ;N 00) = Ap('ukl(xl 00), ..., V(TN o0 0)) =
= AP(vkl(xl) ©0,... 7ka<xN) © U) = AP(UM(‘Tl)? e 7UkN(xN)) =
= B(kl,...,kN)(xla s 790N)
for every x1,...,xn € Ly and o € Z. Consequently, E(kl,-..,kw)(x o0) = E(k17.._,kN)(ac) for

every x € Lo, and 0 € =. Thus, E(kl,m,km is symmetric. Therefore, by Lemma 1, there exists
a constant Cy, . ky)(m,a,b) > 0 such that

‘B(kl,...7kN) (1[01,d1]U[02,d2]7 cevy 1[01,d1]U[02,d2]17 Zl) e 7ZN—m) ‘ S
< pu([er, di] U fea, do) |21 [|oo - - - 128 —mllooClhs... k) (12, @, D) (16)
for every zq, ..., 2y_m € Lo such that the restrictions of z1, . .., zy_, to [a, b]U[c1, d1]U[ea, da]

are constant.

Let h = (h(l), .. .,h(")) € C" and the functions y; = (y]( ), e ,y](-n)) € (Ls)™, where
Jj €{1,...,N —m}, are such that the restriction of y; to [a,b] U [c1, d1] U [ca, d2] is constant
for every j € {1,..., N —m}. Since

n

h * 1[Cl,d1 JUlca,d2] = Z h Uk [e1,d1]U] Cz,dg]) y] = Z Uk (yj(k))

k=1
for every j € {1,..., N —m}, by the N-linearity of Ap,
AP (h * 1[(31,d1}U[cz,d2}7 s 7h * 1[61,d1]U[02,d2l7 Yty - 7yN—m) =
km
(Z h( l)vkl (1[c1,d1 U[c2,d2] Z h Ukm [e1 d1]U[cz,d2])7 Z Vkppin (y§ +1))7 ce
ki=1 km+1=1

k
. Z Uk (yz(vNT)n ) = Z . Z R R By e (1[c1,d1}U[CQ,d2}; ey Loy da)Ufea.da) s

kn=1 ki=1 kn=1

Ko k
y§ “), o ,yg\,ﬂ)n).

v~
m
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Therefore, by (16),

‘AP (P * Ve antoteadals -+ 10 s ififea dal, Y1 - ,yN_m)‘ <
<3 ST R A a(fens da) U ez o) [5Gl (0,
M
Let
C(mﬂ,b)z(h 77777 pmax e Gl y(m, a,b)
Since |h®™| < maxi<jc, |9 for every k € {1,...,n} and ||y < [ljlloon for every

je{l,...,N—m} and k € {1,...,n}, it follows that

S 3 O O e i O e ) e

k=1  kn=1

Xm0, < 30 3 (mace [K9]) " fer, ] Ueas dal) 91 o - 19—l
ki=1  ky=1
xC(m,a,b) = nN(max |h ’)m,u([cl, di] U [co, dQ]) lYilloom - - - lyn=mllconC(m, a, b).

1<j<n

This completes the proof of the lemma. m

Lemma 4. Let P: (Ly)" — C be a continuous symmetric N-homogeneous polynomial,
where N > 2. Then there exists a sequence {s;}32; C [0,1] such that limy_, s = 0 and

1 N
[P o) < 2 (IP] 4+ 1) (uae [19])

1<5<

for every h = (bW, ... h™) € C" and for every sequence {r;}32, such that 0 < ry < sy, for
each k € N.

Proof. Let h = (K, ... (™) € C". By (4),
N
P(h 1) | < IPIR* 10, < IPI( max [19]) (17)

1<j<n

for every a € [0, 1].
We set s; = 1. By (17),

N N
[Pl o) < IPI(max [19]) " < (1 P)l+ 1) (uax |n)])

for every r1 € [0, s1].
Let k > 2. Let t > 0 be such that kt < 1/2. Since, almost everywhere on [0, 1],

k
hos Loy = D hos Ligoaygn,
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N!
P(h*l[()’kt]) = Z ]\G‘—WX

Nit. A No=N
X Ap (fb ¥ Lpod o hoe Lo, ox Ao, s Rk Lo, oo Bk L nyeke)s - o 1[(k—1)t,kt}>7

g a'e a"'e

N1 No N

where Ny,..., Ny € Z,. For every multi-index (Vy,...,Ny) € Z’_j, let
V((Ny, .. N)) ={je{l,....k}: N; > 0}.
Then

k
N
P(h * 1[0,kt]) = Z P(h * 1[(j71)t,jt]) + Z mx

j=1 N1+...+Nk:N

XAP <fL * 1[0,t]7 ey h * 1[07}1 \h * l[t 2] h * 1[,57215]1, ey h * 1[(k71)t,kt}a ey h * 1[(k71)t,kt}1>'

N N Nj

Since P is symmetric, it follows that

P(h#1G-nn) = P(h*1p)

for every j € {1,...,k}. Therefore,

k
> Phx1gong) = kP(h 1oy).

j=1

Thus,

N!
kP(h* 1) = P(h* 1) — Z RARATS (18)
Ni+..+Np=N T '
V(N N[22

XAP (\h * 1[0,t], Cey h * 1[07@{1 X 1[t 2t] h * 1[t 2]y - vy h * 1[(]4,1)157“}, cey h * 1[(k71)t,kt}/>-

Ny N» Ng

(19)

Let (Ni,...,Niy) € Z% be such that Ny + ...+ Ny = N and [V((Ny,...,Ni))| > 2. Let
v=|V((N1,...,Ng))|- Then V((Ny,...,Ni)) = {li,...,1,} for some ly,...,l, € {1,...,k}
such that I; < ... < [,. By Lemma 3, in which we set m = Ny, [a,b] = [1/2,1],[c1,d1] =
(b = Dt,ht],co = do = 0,91 = ... = yn, = h* Lgtytpat], YNy +1 = -+ = YN, +N, =
Pk Ly —1)tat]s - - - > YN+t Ny 41 = -0 = YNy bty = % L[~ 1)t0,1)

‘AP (\h * 1[(11—1)t,llt]a h * 1[ l1—1)t, llt h * 1[(lV—1)tl t] h * 1[(lu—1)tl t]> )

Vv

Ny, N,

v

<n” (max\h”}) ([0 = Dt L) [[7x Ve[| 23, 1P -

1<5<n

i x
oo,n
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N
xC(N;,,1/2,1) <nY (max‘h”D tC(Nyy,1/2,1) < n (max!hu D tC,

1<j<n 1<5<n

where

C = max C(j,1/2,1).

1<j<N

Therefore, by (18), taking into account (17),

N N N'
( -
k|P(h*1py |<!|P|!(1glf<>;lh !) tn (EE%W ’) e Nl+;vk v NN =
V((N1,..., NI=2
N . N!
<||P||(1rga<x\h”l) n (max [10]) 10 37 NI NJ

Ni+...4+N=N
= (| P|| + Cn™EN?) (max ‘h |>N

1<5<n

We set s = 1/(C~’nNk:N). Then, for every r;. € [0, si], CnVENr, <1 and, consequently,
N
k|P h Ljor) | < (||P|| + 1)<max ‘h3)|>

This completes the proof of the lemma. O

Lemma 5. Let P: (Ly)" — C be a continuous symmetric N-homogeneous polynomial,
where N > 2. Let
T = Zhj * Lo b))
j=1

where 1 € N, h; = (h;l),.. ,h;n) eCrforje{l,...,.},anday,...,a,by,...,b, €[0,1] are
suchthata1<b1_a .<b. Letle{l,...,.} and

1
=3 min{sy, by — a;}

for k € N, where the sequence {sk}?2, is given by Lemma 4. Then, for every sequences
{ }k 1,{b k)}k . [0,1] such that al (k) ¢ la;, a; + €] and bl(k) € [by — ex, by] for every
keN,

lim P(z — dx) = P(x),

k—o0

where

5kz = hl * 1[al,al(k)} U [bz(k)JU} .

Proof. By (3),

N-1
P($—5k):P(.T + ( ) 5k7---7 5k,$,...,$).
— e ——

m=1

Since P is symmetric, it follows that

P(=8) = P~ = T— ).
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Since al(k) —a;+ b — bl(k) < 2¢; < 8, by Lemma 4,

(g0l < 1 (1] + 1) (puax 1))

For every m € {1,...,N — 1}, by Lemma 3, in which we set [a,b] = [a;, ], [c1,d1] =

[al’ al(k)] [ca, da] = [b( bl} and y; = ... = yy_m = x, there exists a constant C'(m, a;,b;) > 0
such that
[Ar (i g )] <o (s 01) lon o) [, 00 el
m N—m

< C(m,a,0) < syn™ (max [19]) " || Cm, ar ).
1<j<n ’
Therefore,

|P(z — &) — P(z)| < %(HPH—}—l)(maX}h(J {)N-l—

N-1
N
N N—m
+sEn E ( )<1rgja<>§l‘h3)|> 2]|oom " C (m, ar, b)) — 0

as k — 00, since limy_, s = 0. Thus, limy_,o, P(z — &) = P(x). This completes the proof
of the lemma. O

Theorem 2. Every symmetric continuous N-homogeneous polynomial P: (L)" — C can
be uniquely represented as

Py = S o I (Rew))®,

l: MN—Z+ keMp
#(l,Mn)=N I(k)>0

where y € (Loo)™, oy € C, My is defined by (9), and s is defined by (8).

Proof. Consider the case N = 1. In this case, P is a continuous symmetric linear functional.
Therefore, for every y = (y,...,y™) € (L))",

:§:P«QHWQ¢ﬂQ”w®)
= ~—— ——
Evidently, the mapping

L3 P((0....0.2,0,..,0))€C

is a continuous symmetric linear functional for every j € {1,...,n}. By [1, Theorem 4.3,
every continuous symmetric linear functional f: L., — C can be represented as

flz) = a/[()l]a:(t) dt,
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where x € L, and o € C. Therefore, there exist aq, ..., a, € C such that

Z@] /0 o t)dt = Za] 0 ,\))(y) (20)

n—j

for every y = (y(l), o ,y(”)) € (Lo)". By Proposition 1, polynomials

R1.0,..0) R0,1,0,..0), - - -» R(0,...0,1)
1 2 1

are algebraically independent. Therefore, the representation (20) is unique. This completes
the proof of the theorem for the case N = 1.
Consider the case N > 2. By Proposition 2, there exist unique coefficients

{a; € C:  1: My — Zy such that »(l, My) = N}

such that

Piy)= > o [] Bey)'® (21)

l: MN—>Z+ ]CEMN
w(L,My)=N  1(k)>0

for every y € D.
Let

=Y hj*lgu, (22)
7=1

where ¢ € N, h; = (hg.l),...,hg-n)) eCrforje{l,...,t},and ay,...,a,,by,...,b, €[0,1] are
such that a; < by < ag <...<b,. Foreveryl € {1,...,t}, we choose sequences

(Y N e U s de )

m=1
such that

1 1
ap < al(k) < a; + émin{sk,bl — al}, bl — 5 min{sk, bl — al} < bl(k) < bl,

where the sequence {s;}32, is given by Lemma 4. Then, the function

L
Ty = E hj * 1 [a(.nj) b<.nj)]
=1 A

belongs to D for every multi-index n = (n,...,n,) € N*. By using Lemma 5 ¢ times,

P(z) = lim lim ... lim P(33(m,...,m)) =

71—>0Q N2 —00 7, —» 00
T . . (k) _ (k)
=1 lim ... 1 =
Jim T Lm0 o [T (Be(een)) > o ] (Bil=))
l: MN—>Z+ kGMN l: MN—)Z+ ]CEMN

Thus, the equality (21) holds for every x € (L))" of the form (22).
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Let

z:Zhj*lEj, (23)
j=1

where ¢ € N, h; = (h§-1), . .,h§")) € C" for every j € {1,...,t}, and Fy, ..., E, are disjoint
Lebesgue measurable subsets of [0, 1]. By [1, Proposition 2.2|, there exists op, g € = such
that

1p =1, |
B T S B 0y ()| © TP

for every j € {1,...,} almost everywhere on [0, 1]. Consequently, z = 2o 0, g, where

- ; hix1 [0 (E) Sy w(Em)]

Therefore, by the symmetry of P, P(z) = P(Z2). Since Z is the function of the form (22), it

follows that
Py = > o J] Bu(2)'®.
l: MN—Z4 keEMn
w(l,Mn)=N  1(k)>0

Since polynomials Ry, are symmetric, it follows that Ry (2) = Ry (z) for every k € My. Thus,

Pz)= > a [] (Ru(2)™®.

l: MN—Z4 keMn
»(l,MN)=N I(k)>0

By Lemma 2, the set of all functions of the form (23) is dense in (Ls)". Therefore, by the
continuity of P,

P(y) = Z o H (Rk(y))l(k) (24)

l: MN—>Z+ kEMN

#(,My)=N  1(k)>0
for every y € (Lo )". By Proposition 1, polynomials Ry, where k € My, are algebraically
independent. Therefore, the representation (24) is unique. This completes the proof. O

Corollary 3. The set of polynomials {Rk: k ez, |kl > 1} is an algebraic basis of the
algebra of all continuous symmetric complex-valued polynomials on (L.,)".
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