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The paper deals with continuous symmetric (invariant under composition of the variable
with any measure preserving bijection of [0, 1]) complex-valued polynomials on the nth Carte-
sian power of the complex Banach space L∞ of all Lebesgue measurable essentially bounded
complex-valued functions on [0, 1]. We construct an algebraic basis of the algebra of all such
polynomials. Results of the paper can be used for investigations of algebras of symmetric con-
tinuous polynomials and of symmetric analytic functions on the nth Cartesian power of L∞.

1. Introduction. Let X be a Banach space, which has a symmetric structure, like has
a symmetric basis or is rearrangement invariant. It is natural to consider polynomials and
analytic functions on X, which are invariant (symmetric) with respect to a group of operators
G(X) acting on X, which preserve this structure. In particular, if X is a rearrangement
invariant Banach space of Lebesgue measurable functions on some Lebesgue measurable set
Ω ⊂ R of nonzero measure, then G(X) used to be the group of operators Bσ : X ∋ x 7→
x ◦ σ ∈ X, where σ is a bijection of Ω, which preserves the measure.

Firstly symmetric polynomials on real Banach spaces of Lebesgue measurable integrable
in a power p functions on [0, 1] and [0,+∞), where 1 ≤ p < +∞, were studied by Nemirovskii
and Semenov in [7]. Some of their results were generalized to real separable rearrangement
invariant Banach spaces of Lebesgue measurable functions on [0, 1] and [0,+∞) by González,
Gonzalo and Jaramillo in [3]. In particular, there were constructed algebraic bases (see
definition below) of algebras of continuous symmetric real-valued polynomials on such spaces.

Symmetric polynomials and symmetric analytic functions on some non-separable Banach
spaces were studied in [1, 2]. In particular, in [1] it was constructed an algebraic basis of
the algebra of continuous symmetric polynomials on the complex Banach space L∞ of all
Lebesgue measurable essentially bounded complex-valued functions on [0, 1]. In [2] it was
shown that the trivial polynomial is the unique continuous symmetric polynomial on the
complex Banach space of all Lebesgue measurable essentially bounded complex-valued functi-
ons on [0,+∞). Symmetric polynomials on Cartesian products of some Banach spaces were
studied in [4, 5, 8–11]. In particular, in [9] and [10] there were constructed algebraic bases
of algebras of continuous symmetric polynomials on Cartesian powers of complex Banach
spaces of Lebesgue measurable integrable in a power p, where 1 ≤ p < +∞, complex-valued
functions on [0, 1] and [0,+∞) respectively. In [8] and [11] Hamel bases of vector spaces
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of, respectively, 2- and 3-homogeneous continuous symmetric polynomials on the Cartesian
square of L∞ were constructed.

In this work, we construct an algebraic basis of the algebra of all continuous symmetric
polynomials on the nth Cartesian power of L∞. This result generalizes some results of [1,8,11]
and can be used for investigations of algebras of continuous symmetric polynomials and of
symmetric analytic functions on the nth Cartesian power of L∞.

2. Preliminaries. We denote by N the set of all positive integers and by Z+ the set of all
nonnegative integers.

A mapping P : X → C, where X is a Banach space with norm ∥ · ∥X , is called an
N -homogeneous polynomial, where N ∈ N, if there exists an N -linear symmetric mapping
AP : X

N → C such that
P (x) = AP

(
x, . . . , x︸ ︷︷ ︸

N

)
for every x ∈ X. Here “symmetric” means that AP (xτ(1), . . . , xτ(N)) = AP (x1, . . . , xN) for
every permutation τ : {1, . . . , N} → {1, . . . , N}. The mapping AP is called the N -linear
symmetric mapping associated with P.

It is known (see, e.g., [6, Theorem 1.10]) that AP can be recovered from P by means of
the so-called Polarization Formula:

AP (x1, . . . , xN) =
1

N !2N

∑
ε1,...,εN=±1

ε1 . . . εNP (ε1x1 + . . .+ εNxN). (1)

We shall use the Polynomial Formula (see [6, Theorem 1.8])

P (x1 + . . .+ xk) =
∑

N1+...+Nk=N

N !

N1! . . . Nk!
AP

(
x1, . . . , x1︸ ︷︷ ︸

N1

, x2, . . . , x2︸ ︷︷ ︸
N2

, . . . , xk, . . . , xk︸ ︷︷ ︸
Nk

)
, (2)

where N1, . . . , Nk ∈ Z+, and its corollary, the Binomial Formula (see [6, Corollary 1.9])

P (x+ y) =
N∑

m=0

(
N

m

)
AP

(
x, . . . , x︸ ︷︷ ︸

m

, y, . . . , y︸ ︷︷ ︸
N−m

)
. (3)

It is known that an N -homogeneous polynomial P : X → C is continuous if and only if

∥P∥ = sup
∥x∥X≤1

|P (x)| < +∞.

Consequently, if P is a continuous N -homogeneous polynomial, then

|P (x)| ≤ ∥P∥∥x∥NX (4)

for every x ∈ X.
A mapping P = P0+P1+ . . .+PN , where P0 ∈ C and Pj is a j-homogeneous polynomial

for every j ∈ {1, . . . , N}, is called a polynomial of degree at most N.
A mapping f : X → C is called an algebraic combination of mappings f1, . . . , fk : X → C

if there exists a polynomial Q : Ck → C such that

f(x) = Q(f1(x), . . . , fk(x))
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for every x ∈ X. Mappings f1, . . . , fk : X → C are called algebraically independent if
Q(f1(x), . . . , fk(x)) = 0 for every x ∈ X if and only if the polynomial Q is identically equal to
zero. If mappings f1, . . . , fk are algebraically independent and polynomials Q1, Q2 : Ck → C
are such that

Q1(f1(x), . . . , fk(x)) = Q2(f1(x), . . . , fk(x))

for every x ∈ X, then the polynomial Q1 is identically equal to the polynomial Q2. Thus,
every algebraic combination of algebraically independent mappings is unique. A set of mappi-
ngs B is called an algebraic basis of some algebra of mappings A, if every element of A can
be uniquely represented as an algebraic combination of some elements of B.

Let L∞ be the complex Banach space of all Lebesgue measurable essentially bounded
complex-valued functions x on [0, 1] with the norm

∥x∥∞ = ess supt∈[0,1]|x(t)|.

Let n ∈ N. Let (L∞)n be the nth Cartesian power of L∞ with the norm

∥y∥∞,n = max
1≤s≤n

∥ys∥∞,

where y = (y1, . . . , yn) ∈ (L∞)n.
Let Ξ be the set of all bijections σ : [0, 1] → [0, 1] such that both σ and σ−1 are measurable

and preserve the Lebesgue measure. A function f : (L∞)n → C is called symmetric if

f(y ◦ σ) = f(y)

for every y = (y1, . . . , yn) ∈ (L∞)n and for every σ ∈ Ξ, where y ◦ σ = (y1 ◦ σ, . . . , yn ◦ σ).
Formula (1) implies the following corollary.

Corollary 1. Let P : (L∞)n → C be a symmetric N -homogeneous polynomial. Then

AP (z1 ◦ σ, . . . , zN ◦ σ) = AP (z1, . . . , zN)

for every z1, . . . , zN ∈ (L∞)n and σ ∈ Ξ.

For every multi-index k = (k1, . . . , kn) ∈ Zn
+ such that |k| ≥ 1, where |k| = k1 + . . .+ kn,

let us define a mapping Rk : (L∞)n → C by

Rk(y) =

∫
[0,1]

n∏
s=1
ks>0

(ys(t))
ks dt, (5)

where y = (y1, . . . , yn) ∈ (L∞)n. Note that Rk is a continuous symmetric |k|-homogeneous
polynomial and ∥Rk∥ = 1.

For every E ⊂ [0, 1], let

1E(t) =

{
1, if t ∈ E

0, otherwise.

We shall use the following result, proven in [1].
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Lemma 1 ( [1], Lemma 4.5). Let P : L∞ → C be a continuous symmetric N -homoge-
neous polynomial, where N ≥ 2. Let 1 ≤ m < N and [a, b], [c1, d1], [c2, d2] ⊂ [0, 1] be such
that µ

(
[a, b] ∩ [c1, d1]

)
= 0, µ

(
[a, b] ∩ [c2, d2]

)
= 0, µ

(
[c1, d1] ∩ [c2, d2]

)
= 0 and µ

(
[c1, d1] ∪

[c2, d2]
)
≤ µ

(
[a, b]

)
. Let y1, . . . , yN−m ∈ L∞ be such that the restrictions of y1, . . . , yN−m to

[a, b] ∪ [c1, d1] ∪ [c2, d2] are constant. Then there exists a constant C(m, a, b) > 0 such that∣∣∣AP

(
1[c1,d1]∪[c2,d2], . . . , 1[c1,d1]∪[c2,d2]︸ ︷︷ ︸

m

, y1, . . . , yN−m

)∣∣∣ ≤
≤ µ

(
[c1, d1] ∪ [c2, d2]

)
∥y1∥∞ . . . ∥yN−m∥∞C(m, a, b),

where AP is the N -linear symmetric mapping associated with P.

For m ∈ N, let c
(m)
00 (Cn) be the vector space of all sequences x = (x1, . . . , xm, 0̄, . . .),

where xj =
(
x
(1)
j , . . . , x

(n)
j

)
∈ Cn for j ∈ {1, . . . ,m} and 0̄ = (0, . . . , 0) ∈ Cn. Note that

c
(m)
00 (Cn) is isomorphic to (Cn)m. A function f : c

(m)
00 (Cn) → C is called symmetric if

f((xτ(1), . . . , xτ(m), 0̄, . . .)) = f((x1, . . . , xm, 0̄, . . .))

for every (x1, . . . , xm, 0̄, . . .) ∈ c
(m)
00 (Cn) and for every bijection τ : {1, . . . ,m} → {1, . . . ,m}.

For every k = (k1, . . . , kn) ∈ Zn
+ such that |k| ≥ 1, let us define the mapping H

(m)
k : c

(m)
00 (Cn)→

C by

H
(m)
k (x) =

m∑
j=1

n∏
s=1
ks>0

(
x
(s)
j

)ks
.

We shall use following results, proven in [5].

Corollary 2 ([5], Corollary 7). Let M = {k(1), . . . , k(s)} ⊂ Zn
+ be such that |k(j)| ≥ 1 for

every j ∈ {1, . . . , s}. Then there exists m′ ∈ N such that for every m ≥ m′ polynomials
H

(m)

k(1)
, . . . , H

(m)

k(s)
are algebraically independent of c(m)

00 (Cn).

Theorem 1 ([5], Theorem 8). Every symmetric N -homogeneous polynomial P : c
(m)
00 (Cn) →

C, where m is an arbitrary positive integer, can be represented as an algebraic combination
of polynomials H

(m)
k , where k ∈ Zn

+ such that 1 ≤ |k| ≤ N.

3. The main result. For m ∈ N, let Jm : c
(m)
00 (Cn) → (L∞)n be defined by

Jm(x) =

( m∑
j=1

x
(1)
j 1[ j−1

m
, j
m ]
, . . . ,

m∑
j=1

x
(n)
j 1[ j−1

m
, j
m ]

)

for x = (x1, . . . , xm, 0̄, . . .) ∈ c
(m)
00 (Cn). Note that Jm is a linear injective operator. It can be

checked that
(Rk ◦ Jm)(x) =

1

m
H

(m)
k (x) (6)

for every m ∈ N and x ∈ c
(m)
00 (Cn).

For r ∈ N, let
Dr = J2r(c

(2r)
00 (Cn)).
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Let

D =
∞∪
r=1

Dr. (7)

For every nonempty finite set M ⊂ Zn
+ and for every mapping l : M → Z+, let

κ(l,M) =
∑
k∈M

|k|l(k). (8)

For N ∈ N, let
MN =

{
k ∈ Zn

+ : 1 ≤ |k| ≤ N
}
. (9)

Proposition 1. Let M = {k(1), . . . , k(s)} ⊂ Zn
+ be such that |k(j)| ≥ 1 for every j ∈

{1, . . . , s}. Then polynomials Rk(1) , . . . , Rk(s) are algebraically independent of (L∞)n.

Proof. Let a polynomial Q : Cs → C,

Q(z1, . . . , zs) =
∑

(l1,...,ls)∈Ω

γ(l1,...,ls)z
l1
1 . . . zlss ,

where Ω is a finite subset of Zs
+ and γ(l1,...,ls) ∈ C, be such that

Q
(
Rk(1)(y), . . . , Rk(s)(y)

)
= 0 (10)

for every y ∈ (L∞)n. Let us show that Q is identically equal to zero. By Corollary 2, there
exists m ∈ N such that polynomials H(m)

k(1)
, . . . , H

(m)

k(s)
are algebraically independent of c(m)

00 (Cn).
By (6) and (10),

Q
( 1

m
H

(m)

k(1)
(x), . . . ,

1

m
H

(m)

k(s)
(x)

)
= 0

for every x ∈ c
(m)
00 (Cn), i.e.,

Q̃
(
H

(m)

k(1)
(x), . . . , H

(m)

k(s)
(x)

)
= 0

for every x ∈ c
(m)
00 (Cn), where

Q̃(z1, . . . , zs) =
∑

(l1,...,ls)∈Ω

γ(l1,...,ls)
1

ml1+...+ls
zl11 . . . zlss .

Since polynomials H
(m)

k(1)
, . . . , H

(m)

k(s)
are algebraically independent, it follows that Q̃ is identi-

cally equal to zero. Therefore, γ(l1,...,ls)
1

ml1+...+ls = 0 and, consequently, γ(l1,...,ls) = 0 for every
(l1, . . . , ls) ∈ Ω. Thus, Q is identically equal to zero. This completes the proof of the proposi-
tion.

Proposition 2. Let P : (L∞)n → C be a symmetric N-homogeneous polynomial. Then there
exist unique coefficients{

αl ∈ C : l : MN → Z+ such that κ(l,MN) = N
}

such that
P (y) =

∑
l : MN→Z+

κ(l,MN )=N

αl

∏
k∈MN
l(k)>0

(Rk(y))
l(k)

for every y ∈ D, where MN is defined by (9), κ is defined by (8), and D is defined by (7).
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Proof. Note that P ◦ Jm is a symmetric N -homogeneous polynomial on c
(m)
00 (Cn) for every

m ∈ N. Therefore, by Theorem 1, P ◦ Jm can be represented as an algebraic combination of
polynomials

{
H

(m)
k : k ∈ MN

}
, i.e., there exist coefficients β

(m)
l ∈ C such that

(P ◦ Jm)(x) =
∑

l : MN→Z+

κ(l,MN )=N

β
(m)
l

∏
k∈MN
l(k)>0

(
H

(m)
k (x)

)l(k) (11)

for every x ∈ c
(m)
00 (Cn). By Corollary 2, there exists m′ ∈ N such that polynomials {H(m)

k : k ∈
MN} are algebraically independent for every m ≥ m′. Therefore, for m ≥ m′, the repre-
sentation (11) is unique.

By (6) and (11),

(P ◦ Jm)(x) =
∑

l : MN→Z+

κ(l,MN )=N

α
(m)
l

∏
k∈MN
l(k)>0

(
(Rk ◦ Jm)(x)

)l(k)

for every x ∈ c
(m)
00 (Cn), where α

(m)
l = β

(m)
l m

∑
k∈MN

l(k). Consequently,

P (y) =
∑

l : MN→Z+

κ(l,MN )=N

α
(2r)
l

∏
k∈MN
l(k)>0

(
Rk(y)

)l(k) (12)

for every r ∈ N and y ∈ Dr. The representation (12) is unique, if 2r ≥ m′.

Let r′ ∈ N be such that 2r
′ ≥ m′. Since Dr′ ⊂ Dr′+1 ⊂ . . . , it follows that α

(2r
′
)

l =

α
(2r

′+1)
l = . . . . Let αl = α

(2r
′
)

l . Then

P (y) =
∑

l : MN→Z+

κ(l,MN )=N

αl

∏
k∈MN
l(k)>0

(
Rk(y)

)l(k) (13)

for every y ∈ D, and the representation (13) is unique.

Lemma 2. The set of all functions of the form( ι∑
j=1

h
(1)
j 1Ej

, . . . ,
ι∑

j=1

h
(n)
j 1Ej

)
, (14)

where ι ∈ N,
(
h
(1)
j , . . . , h

(n)
j

)
∈ Cn for every j ∈ {1, . . . , ι}, and E1, . . . , Eι are disjoint

Lebesgue measurable subsets of [0, 1], is dense in (L∞)n.

Proof. The set of all functions of the form
µ∑

m=1

dm1Fm ,

where µ ∈ N, dm ∈ C for every m ∈ {1, . . . , µ}, and sets F1, . . . , Fµ are disjoint Lebesgue
measurable subsets of [0, 1], is dense in L∞. Therefore, the set of all functions of the form( µ1∑

m1=1

d(1)m1
1
F

(1)
m1

, . . . ,

µn∑
mn=1

d(n)mn
1
F

(n)
mn

)
, (15)
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where µ1, . . . , µn ∈ N, d(s)m ∈ C for every s ∈ {1, . . . , n} and m ∈ {1, . . . , µs}, and sets
F

(s)
1 , . . . , F

(s)
µs are disjoint Lebesgue measurable subsets of [0, 1] for every s ∈ {1, . . . , n}, is

dense in (L∞)n.
Let y ∈ (L∞)n be the function of the form (15). Let

Ω = {1, . . . , µ1} × . . .× {1, . . . , µn}.

Let β be a bijection between Ω and {1, . . . , ι}, where ι = |Ω|. For every ω = (ω1, . . . , ωn) ∈ Ω,
let

Eβ(ω) =
n∩

s=1

F (s)
ωs

.

Then E1, . . . , Eι are disjoint Lebesgue measurable subsets of [0, 1]. For every s ∈ {1, . . . , n}
and j ∈ {1, . . . , ι}, let us define the number h(s)

j ∈ C in the following way. If the sets Ej and∪µs

m=1 F
(s)
m are disjoint, then we set h(s)

j = 0. Otherwise, there exists unique m′ ∈ {1, . . . , µs}
such that Ej ⊂ F

(s)
m′ . In this case we set h

(s)
j = d

(s)
m′ . Then

y =

( ι∑
j=1

h
(1)
j 1Ej

, . . . ,
ι∑

j=1

h
(n)
j 1Ej

)
.

Thus, every function of the form (15) belongs to the set of all functions of the form (14).
Consequently, the set of all functions of the form (14) is dense in (L∞)n. This completes the
proof of the lemma.

For h = (h1, . . . , hn) ∈ Cn and A ⊂ [0, 1], let

h ∗ 1A = (h11A, . . . , hn1A).

If A is Lebesgue measurable, then h ∗ 1A ∈ (L∞)n and

∥h ∗ 1A∥∞,n = max
1≤j≤n

∥hj1A∥∞ = max
1≤j≤n

|hj|.

Lemma 3. Let P : (L∞)n → C be a continuous symmetric N -homogeneous polynomial,
where N ≥ 2. Let 1 ≤ m < N and [a, b], [c1, d1], [c2, d2] ⊂ [0, 1] be such that µ

(
[a, b] ∩

[c1, d1]
)
= 0, µ

(
[a, b]∩ [c2, d2]

)
= 0, µ

(
[c1, d1]∩ [c2, d2]

)
= 0 and µ

(
[c1, d1]∪ [c2, d2]

)
≤ µ

(
[a, b]

)
.

Let y1, . . . , yN−m ∈ (L∞)n be such that the restrictions of y1, . . . , yN−m to [a, b] ∪ [c1, d1] ∪
[c2, d2] are constant. Then there exists a constant C(m, a, b) > 0 such that∣∣∣AP

(
h ∗ 1[c1,d1]∪[c2,d2], . . . , h ∗ 1[c1,d1]∪[c2,d2]︸ ︷︷ ︸

m

, y1, . . . , yN−m

)∣∣∣ ≤
≤ nN

(
max
1≤j≤n

∣∣h(j)
∣∣)m

µ
(
[c1, d1] ∪ [c2, d2]

)
∥y1∥∞,n . . . ∥yN−m∥∞,nC(m, a, b)

for every h =
(
h(1), . . . , h(n)

)
∈ Cn.

Proof. For k ∈ {1, . . . , n}, let vk : L∞ → (L∞)n be defined by

vk(x) =
(
0, . . . , 0︸ ︷︷ ︸

k−1

, x, 0, . . . , 0︸ ︷︷ ︸
n−k

)
,
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where x ∈ L∞. Note that vk is a continuous linear mapping.
For (k1, . . . , kN) ∈ {1, . . . , n}N , let B(k1,...,kN ) : L∞ × . . .× L∞︸ ︷︷ ︸

N

→ C be defined by

B(k1,...,kN )(x1, . . . , xN) = AP

(
vk1(x1), . . . , vkN (xN)

)
,

where x1, . . . , xN ∈ L∞. By the continuity and the linearity of vk and by the continuity and
the N -linearity of AP , the mapping B(k1,...,kN ) is continuous and N -linear. By the symmetry
of AP , the mapping B(k1,...,kN ) is symmetric. Therefore, the mapping B̂(k1,...,kN ) : L∞ → C,
defined by

B̂(k1,...,kN )(x) = B(k1,...,kN )(x, . . . , x),

where x ∈ L∞, is a continuous N -homogeneous polynomial. Note that vk(x ◦ σ) = vk(x) ◦ σ
for every k ∈ {1, . . . , n} and σ ∈ Ξ. Therefore, by Corollary 1,

B(k1,...,kN )(x1 ◦ σ, . . . , xN ◦ σ) = AP

(
vk1(x1 ◦ σ), . . . , vkN (xN ◦ σ)

)
=

= AP

(
vk1(x1) ◦ σ, . . . , vkN (xN) ◦ σ

)
= AP

(
vk1(x1), . . . , vkN (xN)

)
=

= B(k1,...,kN )(x1, . . . , xN)

for every x1, . . . , xN ∈ L∞ and σ ∈ Ξ. Consequently, B̂(k1,...,kN )(x ◦ σ) = B̂(k1,...,kN )(x) for
every x ∈ L∞ and σ ∈ Ξ. Thus, B̂(k1,...,kN ) is symmetric. Therefore, by Lemma 1, there exists
a constant C(k1,...,kN )(m, a, b) > 0 such that∣∣B(k1,...,kN )

(
1[c1,d1]∪[c2,d2], . . . , 1[c1,d1]∪[c2,d2]︸ ︷︷ ︸

m

, z1, . . . , zN−m

)∣∣ ≤
≤ µ

(
[c1, d1] ∪ [c2, d2]

)
∥z1∥∞ . . . ∥zN−m∥∞C(k1,...,kN )(m, a, b) (16)

for every z1, . . . , zN−m ∈ L∞ such that the restrictions of z1, . . . , zN−m to [a, b]∪[c1, d1]∪[c2, d2]
are constant.

Let h =
(
h(1), . . . , h(n)

)
∈ Cn and the functions yj =

(
y
(1)
j , . . . , y

(n)
j

)
∈ (L∞)n, where

j ∈ {1, . . . , N −m}, are such that the restriction of yj to [a, b] ∪ [c1, d1] ∪ [c2, d2] is constant
for every j ∈ {1, . . . , N −m}. Since

h ∗ 1[c1,d1]∪[c2,d2] =
n∑

k=1

h(k)vk(1[c1,d1]∪[c2,d2]), yj =
n∑

k=1

vk
(
y
(k)
j

)
for every j ∈ {1, . . . , N −m}, by the N -linearity of AP ,

AP

(
h ∗ 1[c1,d1]∪[c2,d2], . . . , h ∗ 1[c1,d1]∪[c2,d2]︸ ︷︷ ︸

m

, y1, . . . , yN−m

)
=

= AP

( n∑
k1=1

h(k1)vk1(1[c1,d1]∪[c2,d2]), . . . ,
n∑

km=1

h(km)vkm(1[c1,d1]∪[c2,d2]),
n∑

km+1=1

vkm+1

(
y
(km+1)
1

)
, . . .

. . . ,

n∑
kN=1

vkN
(
y
(kN )
N−m

))
=

n∑
k1=1

. . .

n∑
kN=1

h(k1) . . . h(km)B(k1,...,kN )

(
1[c1,d1]∪[c2,d2], . . . , 1[c1,d1]∪[c2,d2]︸ ︷︷ ︸

m

,

y
(km+1)
1 , . . . , y

(kN )
N−m

)
.
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Therefore, by (16),∣∣∣AP

(
h ∗ 1[c1,d1]∪[c2,d2], . . . , h ∗ 1[c1,d1]∪[c2,d2]︸ ︷︷ ︸

m

, y1, . . . , yN−m

)∣∣∣ ≤
≤

n∑
k1=1

. . .
n∑

kN=1

∣∣h(k1)
∣∣ . . . ∣∣h(km)

∣∣µ([c1, d1] ∪ [c2, d2]
)∥∥y(km+1)

1

∥∥
∞ . . .

∥∥y(kN )
N−m

∥∥
∞C(k1,...,kN )(m, a, b).

Let
C(m, a, b) = max

(k1,...,kN )∈{1,...,n}N
C(k1,...,kN )(m, a, b).

Since
∣∣h(k)

∣∣ ≤ max1≤j≤n

∣∣h(j)
∣∣ for every k ∈ {1, . . . , n} and

∥∥y(k)j

∥∥
∞ ≤ ∥yj∥∞,n for every

j ∈ {1, . . . , N −m} and k ∈ {1, . . . , n}, it follows that

n∑
k1=1

. . .

n∑
kN=1

∣∣h(k1)
∣∣ . . . ∣∣h(km)

∣∣µ([c1, d1] ∪ [c2, d2]
)∥∥y(km+1)

1

∥∥
∞ . . .

∥∥y(kN )
N−m

∥∥
∞×

×C(k1,...,kN )(m, a, b) ≤
n∑

k1=1

. . .
n∑

kN=1

(
max
1≤j≤n

∣∣h(j)
∣∣)m

µ
(
[c1, d1] ∪ [c2, d2]

)
∥y1∥∞,n . . . ∥yN−m∥∞,n×

×C(m, a, b) = nN
(
max
1≤j≤n

∣∣h(j)
∣∣)m

µ
(
[c1, d1] ∪ [c2, d2]

)
∥y1∥∞,n . . . ∥yN−m∥∞,nC(m, a, b).

This completes the proof of the lemma.

Lemma 4. Let P : (L∞)n → C be a continuous symmetric N -homogeneous polynomial,
where N ≥ 2. Then there exists a sequence {sk}∞k=1 ⊂ [0, 1] such that limk→∞ sk = 0 and∣∣P(

h ∗ 1[0,rk]
)∣∣ ≤ 1

k

(
∥P∥+ 1

)(
max
1≤j≤n

∣∣h(j)
∣∣)N

for every h =
(
h(1), . . . , h(n)

)
∈ Cn and for every sequence {rk}∞k=1 such that 0 ≤ rk ≤ sk for

each k ∈ N.

Proof. Let h =
(
h(1), . . . , h(n)

)
∈ Cn. By (4),

∣∣P(
h ∗ 1[0,a]

)∣∣ ≤ ∥P∥
∥∥h ∗ 1[0,a]

∥∥N

∞,n
≤ ∥P∥

(
max
1≤j≤n

∣∣h(j)
∣∣)N

(17)

for every a ∈ [0, 1].
We set s1 = 1. By (17),∣∣P(

h ∗ 1[0,r1]
)
≤ ∥P∥

(
max
1≤j≤n

∣∣h(j)
∣∣)N

≤
(
∥P∥+ 1

)(
max
1≤j≤n

∣∣h(j)
∣∣)N

for every r1 ∈ [0, s1].
Let k ≥ 2. Let t ≥ 0 be such that kt < 1/2. Since, almost everywhere on [0, 1],

h ∗ 1[0,kt] =
k∑

j=1

h ∗ 1[(j−1)t,jt],
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by (2),

P
(
h ∗ 1[0,kt]

)
=

∑
N1+...+Nk=N

N !

N1! . . . Nk!
×

×AP

(
h ∗ 1[0,t], . . . , h ∗ 1[0,t]︸ ︷︷ ︸

N1

, h ∗ 1[t,2t], . . . , h ∗ 1[t,2t]︸ ︷︷ ︸
N2

, . . . , h ∗ 1[(k−1)t,kt], . . . , h ∗ 1[(k−1)t,kt]︸ ︷︷ ︸
Nk

)
,

where N1, . . . , Nk ∈ Z+. For every multi-index (N1, . . . , Nk) ∈ Zk
+, let

V((N1, . . . , Nk)) =
{
j ∈ {1, . . . , k} : Nj > 0

}
.

Then

P
(
h ∗ 1[0,kt]

)
=

k∑
j=1

P
(
h ∗ 1[(j−1)t,jt]

)
+

∑
N1+...+Nk=N

|V((N1,...,Nk))|≥2

N !

N1! . . . Nk!
×

×AP

(
h ∗ 1[0,t], . . . , h ∗ 1[0,t]︸ ︷︷ ︸

N1

, h ∗ 1[t,2t], . . . , h ∗ 1[t,2t]︸ ︷︷ ︸
N2

, . . . , h ∗ 1[(k−1)t,kt], . . . , h ∗ 1[(k−1)t,kt]︸ ︷︷ ︸
Nk

)
.

Since P is symmetric, it follows that

P
(
h ∗ 1[(j−1)t,jt]

)
= P

(
h ∗ 1[0,t]

)
for every j ∈ {1, . . . , k}. Therefore,

k∑
j=1

P
(
h ∗ 1[(j−1)t,jt]

)
= kP

(
h ∗ 1[0,t]

)
.

Thus,

kP
(
h ∗ 1[0,t]

)
= P

(
h ∗ 1[0,kt]

)
−

∑
N1+...+Nk=N

|V((N1,...,Nk))|≥2

N !

N1! . . . Nk!
× (18)

×AP

(
h ∗ 1[0,t], . . . , h ∗ 1[0,t]︸ ︷︷ ︸

N1

, h ∗ 1[t,2t], . . . , h ∗ 1[t,2t]︸ ︷︷ ︸
N2

, . . . , h ∗ 1[(k−1)t,kt], . . . , h ∗ 1[(k−1)t,kt]︸ ︷︷ ︸
Nk

)
.

(19)

Let (N1, . . . , Nk) ∈ Zk
+ be such that N1 + . . . + Nk = N and |V((N1, . . . , Nk))| ≥ 2. Let

ν = |V((N1, . . . , Nk))|. Then V((N1, . . . , Nk)) = {l1, . . . , lν} for some l1, . . . , lν ∈ {1, . . . , k}
such that l1 < . . . < lν . By Lemma 3, in which we set m = Nl1 , [a, b] = [1/2, 1], [c1, d1] =
[(l1 − 1)t, l1t], c2 = d2 = 0, y1 = . . . = yNl2

= h ∗ 1[(l2−1)t,l2t], yNl2
+1 = . . . = yNl2

+Nl3
=

h ∗ 1[(l3−1)t,l3t], . . . , yNl2
+...+Nlν−1

+1 = . . . = yNl2
+...+Nlν

= h ∗ 1[(lν−1)t,lνt],∣∣∣AP

(
h ∗ 1[(l1−1)t,l1t], . . . , h ∗ 1[(l1−1)t,l1t]︸ ︷︷ ︸

Nl1

, . . . , h ∗ 1[(lν−1)t,lνt], . . . , h ∗ 1[(lν−1)t,lνt]︸ ︷︷ ︸
Nlν

)∣∣∣ ≤
≤ nN

(
max
1≤j≤n

∣∣h(j)
∣∣)Nl1

µ
(
[(l1 − 1)t, l1t]

)∥∥h ∗ 1[(l2−1)t,l2t]

∥∥Nl2

∞,n
. . .

∥∥h ∗ 1[(lν−1)t,lνt]

∥∥Nlν

∞,n
×



THE ALGEBRA OF SYMMETRIC POLYNOMIALS ON (L∞)n 81

×C(Nl1 , 1/2, 1) ≤ nN
(
max
1≤j≤n

∣∣h(j)
∣∣)N

tC(Nl1 , 1/2, 1) ≤ nN
(
max
1≤j≤n

∣∣h(j)
∣∣)N

tC̃,

where
C̃ = max

1≤j≤N
C(j, 1/2, 1).

Therefore, by (18), taking into account (17),

k
∣∣P(

h ∗ 1[0,t]
)∣∣ ≤ ∥P∥

(
max
1≤j≤n

∣∣h(j)
∣∣)N

+ nN
(
max
1≤j≤n

∣∣h(j)
∣∣)N

tC̃
∑

N1+...+Nk=N
|V((N1,...,Nk))|≥2

N !

N1! . . . Nk!
≤

≤ ∥P∥
(
max
1≤j≤n

∣∣h(j)
∣∣)N

+ nN
(
max
1≤j≤n

∣∣h(j)
∣∣)N

tC̃
∑

N1+...+Nk=N

N !

N1! . . . Nk!
=

=
(
∥P∥+ C̃nNkN t

)(
max
1≤j≤n

∣∣h(j)
∣∣)N

.

We set sk = 1/
(
C̃nNkN

)
. Then, for every rk ∈ [0, sk], C̃nNkNrk ≤ 1 and, consequently,

k
∣∣P(

h ∗ 1[0,rk]
)∣∣ ≤ (∥P∥+ 1)

(
max
1≤j≤n

∣∣h(j)
∣∣)N

.

This completes the proof of the lemma.

Lemma 5. Let P : (L∞)n → C be a continuous symmetric N -homogeneous polynomial,
where N ≥ 2. Let

x =
ι∑

j=1

hj ∗ 1[aj ,bj ],

where ι ∈ N, hj =
(
h
(1)
j , . . . , h

(n)
j

)
∈ Cn for j ∈ {1, . . . , ι}, and a1, . . . , aι, b1, . . . , bι ∈ [0, 1] are

such that a1 < b1 ≤ a2 < . . . < bι. Let l ∈ {1, . . . , ι} and

εk =
1

2
min{sk, bl − al}

for k ∈ N, where the sequence {sk}∞k=1 is given by Lemma 4. Then, for every sequences{
a
(k)
l

}∞
k=1

,
{
b
(k)
l

}∞
k=1

⊂ [0, 1] such that a
(k)
l ∈ [al, al + εk] and b

(k)
l ∈ [bl − εk, bl] for every

k ∈ N,
lim
k→∞

P (x− δk) = P (x),

where
δk = hl ∗ 1[

al,a
(k)
l

]
∪
[
b
(k)
l ,bl

].
Proof. By (3),

P (x− δk) = P (x) + P (−δk) +
N−1∑
m=1

(
N

m

)
AP

(
−δk, . . . ,−δk︸ ︷︷ ︸

m

, x, . . . , x︸ ︷︷ ︸
N−m

)
.

Since P is symmetric, it follows that

P (−δk) = P
(
−hl ∗ 1[

0,a
(k)
l −al+bl−b

(k)
l

]).
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Since a
(k)
l − al + bl − b

(k)
l ≤ 2εk ≤ sk, by Lemma 4,

|P (−δk)| ≤
1

k

(
∥P∥+ 1

)(
max
1≤j≤n

∣∣h(j)
l

∣∣)N

.

For every m ∈ {1, . . . , N − 1}, by Lemma 3, in which we set [a, b] = [al, bl], [c1, d1] =[
al, a

(k)
l

]
, [c2, d2] =

[
b
(k)
l , bl

]
and y1 = . . . = yN−m = x, there exists a constant C(m, al, bl) > 0

such that∣∣∣AP

(
−δk, . . . ,−δk︸ ︷︷ ︸

m

, x, . . . , x︸ ︷︷ ︸
N−m

)∣∣∣ ≤ nN
(
max
1≤j≤n

∣∣h(j)
∣∣)m

µ
(
[al, a

(k)
l

]
∪
[
b
(k)
l , bl

])
∥x∥N−m

∞,n ×

×C(m, a, b) ≤ skn
N
(
max
1≤j≤n

∣∣h(j)
∣∣)m

∥x∥N−m
∞,n C(m, al, bl).

Therefore,

|P (x− δk)− P (x)| ≤ 1

k

(
∥P∥+ 1

)(
max
1≤j≤n

∣∣h(j)
l

∣∣)N

+

+skn
N

N−1∑
m=1

(
N

m

)(
max
1≤j≤n

∣∣h(j)
∣∣)m

∥x∥N−m
∞,n C(m, al, bl) → 0

as k → ∞, since limk→∞ sk = 0. Thus, limk→∞ P (x− δk) = P (x). This completes the proof
of the lemma.

Theorem 2. Every symmetric continuous N -homogeneous polynomial P : (L∞)n → C can
be uniquely represented as

P (y) =
∑

l : MN→Z+

κ(l,MN )=N

αl

∏
k∈MN
l(k)>0

(Rk(y))
l(k),

where y ∈ (L∞)n, αl ∈ C, MN is defined by (9), and κ is defined by (8).

Proof. Consider the case N = 1. In this case, P is a continuous symmetric linear functional.
Therefore, for every y =

(
y(1), . . . , y(n)

)
∈ (L∞)n,

P (y) =
n∑

j=1

P
((

0, . . . , 0︸ ︷︷ ︸
j−1

, y(j), 0, . . . , 0︸ ︷︷ ︸
n−j

))
.

Evidently, the mapping

L∞ ∋ x 7→ P
((

0, . . . , 0︸ ︷︷ ︸
j−1

, x, 0, . . . , 0︸ ︷︷ ︸
n−j

))
∈ C

is a continuous symmetric linear functional for every j ∈ {1, . . . , n}. By [1, Theorem 4.3],
every continuous symmetric linear functional f : L∞ → C can be represented as

f(x) = α

∫
[0,1]

x(t) dt,
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where x ∈ L∞ and α ∈ C. Therefore, there exist α1, . . . , αn ∈ C such that

P (y) =
n∑

j=1

αj

∫
[0,1]

y(j)(t) dt =
n∑

j=1

αjR(0,...,0︸︷︷︸
j−1

,1,0,...,0︸︷︷︸
n−j

)(y) (20)

for every y =
(
y(1), . . . , y(n)

)
∈ (L∞)n. By Proposition 1, polynomials

R(1,0,...,0︸︷︷︸
n−1

), R(0,1,0,...,0︸︷︷︸
n−2

), . . . , R(0,...,0︸︷︷︸
n−1

,1)

are algebraically independent. Therefore, the representation (20) is unique. This completes
the proof of the theorem for the case N = 1.

Consider the case N ≥ 2. By Proposition 2, there exist unique coefficients{
αl ∈ C : l : MN → Z+ such that κ(l,MN) = N

}
such that

P (y) =
∑

l : MN→Z+

κ(l,MN )=N

αl

∏
k∈MN
l(k)>0

(Rk(y))
l(k) (21)

for every y ∈ D.
Let

x =
ι∑

j=1

hj ∗ 1[aj ,bj ], (22)

where ι ∈ N, hj =
(
h
(1)
j , . . . , h

(n)
j

)
∈ Cn for j ∈ {1, . . . , ι}, and a1, . . . , aι, b1, . . . , bι ∈ [0, 1] are

such that a1 < b1 ≤ a2 < . . . < bι. For every l ∈ {1, . . . , ι}, we choose sequences

{
a
(k)
l

}∞
k=1

,
{
b
(k)
l

}∞
k=1

⊂
∞∪

m=1

{ j

2m
: j ∈ {1, . . . , 2m}

}
such that

al ≤ a
(k)
l ≤ al +

1

2
min{sk, bl − al}, bl −

1

2
min{sk, bl − al} ≤ b

(k)
l ≤ bl,

where the sequence {sk}∞k=1 is given by Lemma 4. Then, the function

xη =
ι∑

j=1

hj ∗ 1[
a
(ηj)

j ,b
(ηj)

j

]
belongs to D for every multi-index η = (η1, . . . , ηι) ∈ Nι. By using Lemma 5 ι times,

P (x) = lim
η1→∞

lim
η2→∞

. . . lim
ηι→∞

P
(
x(η1,...,ηι)

)
=

= lim
η1→∞

lim
η2→∞

. . . lim
ηι→∞

∑
l : MN→Z+

κ(l,MN )=N

αl

∏
k∈MN
l(k)>0

(
Rk

(
x(η1,...,ηι)

))l(k)
=

∑
l : MN→Z+

κ(l,MN )=N

αl

∏
k∈MN
l(k)>0

(Rk(x))
l(k).

Thus, the equality (21) holds for every x ∈ (L∞)n of the form (22).
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Let

z =
ι∑

j=1

hj ∗ 1Ej
, (23)

where ι ∈ N, hj =
(
h
(1)
j , . . . , h

(n)
j

)
∈ Cn for every j ∈ {1, . . . , ι}, and E1, . . . , Eι are disjoint

Lebesgue measurable subsets of [0, 1]. By [1, Proposition 2.2], there exists σE1,...,Eι ∈ Ξ such
that

1Ej
= 1[∑j−1

m=1 µ(Em),
∑j

m=1 µ(Em)
] ◦ σE1,...,Eι

for every j ∈ {1, . . . , ι} almost everywhere on [0, 1]. Consequently, z = ẑ ◦ σE1,...,Eι , where

ẑ =
ι∑

j=1

hj ∗ 1[∑j−1
m=1 µ(Em),

∑j
m=1 µ(Em)

].
Therefore, by the symmetry of P, P (z) = P (ẑ). Since ẑ is the function of the form (22), it
follows that

P (ẑ) =
∑

l : MN→Z+

κ(l,MN )=N

αl

∏
k∈MN
l(k)>0

(Rk(ẑ))
l(k).

Since polynomials Rk are symmetric, it follows that Rk(ẑ) = Rk(z) for every k ∈ MN . Thus,

P (z) =
∑

l : MN→Z+

κ(l,MN )=N

αl

∏
k∈MN
l(k)>0

(Rk(z))
l(k).

By Lemma 2, the set of all functions of the form (23) is dense in (L∞)n. Therefore, by the
continuity of P,

P (y) =
∑

l : MN→Z+

κ(l,MN )=N

αl

∏
k∈MN
l(k)>0

(Rk(y))
l(k) (24)

for every y ∈ (L∞)n. By Proposition 1, polynomials Rk, where k ∈ MN , are algebraically
independent. Therefore, the representation (24) is unique. This completes the proof.

Corollary 3. The set of polynomials
{
Rk : k ∈ Zn

+, |k| ≥ 1
}

is an algebraic basis of the
algebra of all continuous symmetric complex-valued polynomials on (L∞)n.
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