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We study the Cauchy problem for the second-order linear parabolic equations with impulse
conditions in the time variable and power singularity in the coefficients of any order with
respect to the time and space variables. By using the maximum principle and apriori estimates
we establish the existence and uniqueness of solution of the problem in Hélder spaces with
power weight.

The study of systems with discontinuous trajectories is stimulated by the development
of technology, where impulse computing devices play an important role. Research of tasks in
theory of automatic control, theory of nuclear reactors, dynamic systems, leads to solving of
boundary value problems for differential equations with impulse action. Fundamental results
in the theory of investigation of solutions of systems of ordinary differential equations with
impulse action are given in monographs [1-3]. The existence of the periodic solutions of
impulse action problems for equations of hyperbolic type has been studied in papers [4, 5.
In papers [6,7] there are presented results of research on classical solutions of momentum
boundary value problems for parabolic degenerate equations. Papers [8,9] are devoted to the
boundary value problems with nonlocal and integral conditions on time variable for parabolic
equations with degeneration in coefficients on time and space variables.

This article suggests an algorithm for solving of the Cauchy problem for the second-order
parabolic equation with degree singularities and degeneracy in coefficients of time and space
variables of arbitrary order for some multiple points and impulse actions on time variable at
certain points in time. The existence and uniqueness of a solution of the task is proven in
Holder spaces with a degree of weight.

1. Formulation of the Problem and Main Restrictions. Let 7, to, t1, ..., tn, tn11
be fixed positive numbers, 0 < &5 < &1 < -+ < iy < Inj1, to < 0 < Ing1, 7 # ty,
Ae{1,2,...,N}, let Q be a some bounded domain, @ C R""! dimQ < n—1. Let us denote

M) = ({(t,2) ‘t € [totnar), € QU {(¢,2) ‘t — 0 e R*\ O}).

In the domain IT = [tg, txy41) X R™ we consider the problem of finding the function u(¢, x)
which for ¢ # ty, (t,z) & (o) satisfies the equation

(Lu)(t,z) = [@ - Z Aij(t,2)0p,00; + Z Ai(t,2)0,, + Ao(t, z) |u(t,x) = f(t,z), (1)

ij=1
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and conditions for the time variable

u(to +0,2) = @o(x), (2)
u(ty+0,2) —u(ty — 0,2) = by(z)u(ty — 0,2) + @a(z). (3)

The power singularities of coefficients of differential equation (1) at the point P(t,x) €
IT\ II(p) are characterized by the functions sl(ﬁl-(l),t) and 52(67;(2),:5): sl(ﬁfl),t) =|t—n 6
as [t —n| <1, sl(ﬂi(l),t) =las|t—n|>1; 32(552)@) = pﬁz@)(x) as p(x) <1, 32(61-(2)@) =1
as p(r) 2 1, p(x) = inflo — 2|, B € (~o00,00), v € {1,2}, @ = (57, 5",....5),
f=(60,50).

Denote by (xgl), . ,xgl), I ) the coordinates of the pomt () € R"™. Let () @ ,

x,(f)) be the coordinates of the point 2® € R™, I, o, ¢V, ¢, v, ) ,u(l), ,ug )

22
be real numbers, j € {0,1,...,n}, ¢») > 0, v > 0,1 > 0, ,u§-y) >0, a € (0,1), [[] be
the integer part of [. Let D be an arbitrary closed domain, D € R”, Q" = [t;, ;1) x D,
PR 20y RE (12 2@ HE (1) 23 be arbitrary points of the domain Q) Q" ¢
") = [ty, tyy1) x R, k €{0,1,..., N}, Qo) = QW N

Below we define the function space to study problem (1)—(3).

Let H'(v; 8;¢;I1) be the set of functions u(t,z) € Ly(II) having continuous partial deri-

vatives in Q™) \ Qo of the form 9}07u, 2i + |r| < [I] and a finite value of the norm

lu; ¥; 85 ¢; T, = srlip{ D i B4, QW g + (i Big; Q(k)>z},

2j+IrI<[l]

where, e.g.,

s 7: 3:0:Qllg = sup (- sup Ju(PI)]) = sup [lus Qo
Pl(k)G@(k) k

i B:: @l = sup [s1(q" + 247, 6)52(¢® + 277, 2
rFeq

n

< [T s1(ri(v™ = BO), tD)s5(rs(v® — B2), ) [8] 0u(P)]],
=1

B QW= Y > s fae® 10 )x

2tirl=l)  v=1 (PP, H®)cQg®

xs2(q® +2j72, 2) [ [ su(=riB t ) sa(ri(v® = B2, 2))s1 (—{1} 8, 1) x

i=1
xso({}(v® — B2, &)} <2>r“}|af'aru(p<’“>)_
~0]0u (H(k)!] sup [sl( W 4 17D £)s5(q?@ + (I — |r|y?®, 2?) x
(R(M,H(k))ca(k)

< T s Dsalri(r® = B2t = €O~ 0 Lu(RD) — o opu(HD)]| }.
=1

Here: s1(a,t) = min(s(a, t(l)),sl(a, t2), o = ooz, || =i 4+ Ty,
so(a, 7) = min(sy(a, zW), sy(a, 2?)), I = [I] + {l}
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Assume that initial problem (1)—(3) satisfies the following conditions:
a) for an arbitrary vector £ = (&, &, ...,&,), V(t,z) € I\ Iy the following inequality
holds

mle? <Y 5B 0518, 0)52(B7, 2)s2(BY), 1) Ay (t, 2)&€; < mal€]?,
ij=1

where 7y, 9 are fixed positive constants and sl(u( ) t)SQ(ILL,L ,T)A; € H(7; 6;0; 11\ L gy),

s1(8, 0518 D287 2) 5287, ) Ay € H(: ;011\ T,
sl(u(()),t)SQ(uo ,x)Ag € Ho‘(fy B,O I\ ILgy), Ao > —a, a >0,

)
AW = max{max(l +ﬁi(”)),max (HZ( ) Bi(y)>, %}7 v e {12}
BOR"\Q AeHM( ; B: 05 (IT\

b) functions f € H*(vy; B; po; I\ L), o € H*T( )
(0,7?), B = (0,89).

ﬁ/
) [ N (t =1x)), ba(x) € CQ*”‘((H\H«)) (t=1x)), 7
Let us formulate the main result of the paper.

Theorem 1. Let conditions a), b) be satisfied for problem (1)—(3). Then there exists the
unique solution of problem (1)-(3) in the space H***(v,3;0;1I \ Il()) and the following
estimate is correct:

N N

1 7: 8 0: I\ g 40 < of D TI0 ittt = el
1 =k

X (l@r-137; B 0TI N (8 = ti—1)|loga + 1F5 73 85 po; TTE D)+ (4)
+lons 7 B; 0,0 (¢ = tx)|lora + || f37: B; 1o H(N)Ha} =

To prove Theorem 1 we construct a sequence of solutions of problems with smooth coeffi-
cients, for which the boundary value is the solution of problem (1)-(3).

2. Evaluation of solutions of problems with smooth coefficients. Let II,, = II N
{(t,r) € H|sy(1,¢) > mi*, s2(1,2) > my'}, my > 1, my > 1 be a sequence of domains
converging to II\ IL) as m; — oo, my — o0.

In the domain IT we consider the problem of finding the function u,,(t, z), that satisfies
the equation

(Lyuny,)(t, ) ( Zaw (t,2)04,0u, +Zal (t, )0y, + ao(t, x))um(t,x) = fm(t,x), (5)

1g=1

and conditions concerning to the time variable

(o +0,2) = 6" (), (6)
Um(tx +0,2) — up(ty — 0,2) = bg\m)(x)um(h —0,2)+ gog\m)( ). (7)
Here the coefficients a;;, a;, ao, bg\m)(x) and functions f,,, go(m), goA ) for (t,z) € I,

coincide with A;;, A;, Ao, by and f, o, ¢a, respectively. For (¢,x) € II\ 11,,, the coefficients

ij, iy Ao, bg\m), and functions f,,, gp(m), gpg\m) are continuous extensions of the coefficients
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Aij, Ai, Ao, by and functions f, ¢o, ) from the domain II,, into the domain IT \ II,,, [10, p.
83|, m = (mq, ma).

Let us find the estimate of the solution of problem (5)—(7). In the space C*™(II) we
introduce the norm ||u,,;v; 5; ¢;I1||;, which for every m is equivalent to the Hélder norm

determined by analogy as |u;v; 3; ¢; I1||;. But instead of the functions s; (Bi(l), t), 32(/31-(2), x) we
take dy (B, 1), do(B2, 2): d (5“) £) = max(s1 (8%, ), m7* ) as 8% > 0 and dy(8Y, 1) =
min(sl(ﬁi(l),t),ml 1(1) as @- < 0; dg(ﬂi( L) = maX(SQ(BZ-(Q),x),m;BEQ)) as 51'(2) > 0 and
dg(ﬁi(z), x) = Hlin(SQ(/BZ'(Q),fE), m2_5§2)) as BZ@

To solve problem (5)—(7), we have a valid theorem.

Theorem 2. Let u,, be the classical solutions of problem (5)—(7) in the domain 1I and let
conditions a), b) be satisfied. Then for u,,(t,z) the estimate is true

N N
] < DT+ NS00 (= ) llo) (I TEN (8 = i) o+

k=1 A=k
il fon T o)™ + ([R5 TLN (8 = t) o + vl fons T o)V, (8)

Proof. Inequality (8) can be proved by the scheme of proving in Theorem 2.5 from [11, p.
27]. In view of this theorem for the solution of problem (5)—(6) in I1(¥) we estimate

[ tm; H(O)Ho < (|y¢gm); 1o N (t =to)|lo + 1|l fom: H(O)Ho)eatl_ (9)

If £ > 1, then from given inequality (7) we obtain inequalities

et Tl < [(1 4 1875 T1® 1 (8 = 1) o) (et T [0+
Hlpg™; 0 0 (t:tk)||0+tk+1||fm§ llo)Je+1, ke {1,2,..., N}. (10)
Combining inequalities (9), (10) we obtain estimate (8). O

Theorem 3. If conditions a), b) are satisfied, then the inequality solving problem (5)—(7) is

N N
i35 8504 110 < { SO [TIO+ 1710 (= 1))

k=1 M=k
(1853 B0 TLO (8 = th1)[lasa + || fins v B pio; TV )+ (11)

Fle$5 3 80, 10N (= ta)asa + 1 fm; 7; B;uo;H(N)IIa] }

Proof. Using the definition of the norm and interpolation inequalities from [12 p. 38|, we
have

et 3 85 03 1|40 < (14 £%){tm; 73 B5 0, 1L ) a0+ () [t Lo,

where € is an arbitrary real number, ¢ € (0,1). It is sufficient to evaluate the half norm
(Um;; ﬁ O *),, . From the definition of the half norm it follows that there exist the

points P R(k H® in TI%® for which one of the following inequalities holds

”um>7 570 H H2+a < E57 S {1 2} (12)



THE CAUCHY PROBLEM FOR PARABOLIC EQUATIONS 67

where
Ei= )Y Zdl 2+ a)y ™, ¢ Hd 1B DN dy(r; (v = 8P, F) x
2j+|r|=2 v=1
xdy (=D t0)dy(—a(y® — 5, )|l — 2P |"10]0pu(PY) — 0 0u(H )],
> di(2+ )y Wi h)da((2 = | + a)y®;2?)
2j-+|r|=2
x [ (=i D)do(ri(v® = B2, &)t = 1728 0 u(RW) — 8] pu(HP)],
i=1
dy(a,t) = min(d, (a,tM), dy(a, t?)), dy(a, #) = min(ds(a, V), dy(a, 2?)))
If |25 — 27| > nldy (7@ — BV, 1) dy (v — g5, z)% =T, then
By < 267 [um; 3 45 0 11| (13)
If [t — t@] > dy (29D, 8)do (29, @)L = Ty, then
Ey < 267 [upn; 3 55 0 TV . (14)
Applying the interpolation inequalities to (13), (14), we obtain
Es < € [[um: ;5 0,1 (1240 + c(e)futn; T Jo. (15)

2| < Ty and [t — @] < T,. Assume that

(29, 7) = dy (29, #V),
2)) € TI™. In the domain II*) we write problem (5)—(7)

Let |z} —

d(29®),7) = dy(29®,2®), (10, 2

in the form
(Louy,) = (& Z a;(t, x 8%3%) Uy = Z[aij (t, ) — ai; (1Y, gg(%)]@xi@%um_
ij=1 ij=1
— Z a;(t, )0p, U — ao(t, T)tum + fr(t,x) = Fp(t, x;um) + fin(t, ), (16)
(17)

um(tk + 07 x) = wr(if)(tk’ l’),

where ¥y (ty, z) = @™ (z), = € R";
OB (tr,2) = [1+ 0™ (@)]un (te — 0,2) + o (2), 2 e MP N (t=t), ke{l,2,...,N}.
Let V., be a domain from II®), V., = {(t,z) € O® |t —tW| < 3Ty, |25 — zi )| < &9T7,
i €{1,...,n}}. In problem (16), (17) we make the substitution u,(t,z) = v,(t,y), y; =
di (BN, t0)dy (8%, 2®)z;. As a result, we deduce

(szm)(t, y) = |:8t _ Z aij (t(l), x@))dl (52(1)7 t(l))dl (5](1)7 t(l)) X

ij=1
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xda (87, 2P)dy(B), 2)8,,0y, | v = Fon(t, 55 0m) + fin(t, ), (18)

where § = (dy (1", tV)da (=B, 2 -~ BV M) dy (=8P 2Py,
Denote y* = dy (B, tM)dy(B, 2@)al®, W = {(t,p), |t — tV| < 3Ty, |y — | <

’L

52T21 / 2} and take the triply differentiable functlon p(t,y), that satisfies the conditions

L, &weW£ﬁ<u@wSh
< erdl( 2]7(” ) H do(—riy?, 2?).

In view of (18), (19), the function Z,,(t,y) = v, (t,y)u(t,y) is a solution of the Cauchy
problem

(LoZn)(ty) = > ag(tY,2@)dy (B, D)y (B, 1) dy(B7, 2@ dy (87, 2)) x
ij=1

X [0y 11Oy Um + Oy, 11Oy, V] + Vi [ Z ag; (tW, 2 d, (551)7 t(l))dl(ﬁj(l), My x

ij=1
XdQ(/B 7 )dQ(ﬁ ) (2))ayiayj”_atlu:| +M[Fm+fm] = Fr(nl) +:ufma (20>

By Theorem 5.1 from [11, p. 364], for the solution of problem (20), (21) inequalities hold

1 = 21000, 21,y = B0, (1,9 < 1D + Byt (22)

k _

+||ﬂwr(n)||Cz+a(Wé2m(t:tk))) = B,
[t = t@7210]0) 2, (V) y) = 00, Zn(t?),y)| < 1B, (23)
where {(t,y ™), (t,y®), (tW, y), (2, y)} € W}, 2j + |r] = 2.
Taking into account the properties of the function u(t,y), we find
F(l) m <
H m’ T :uf HCQ(W?S;CD =
< ey (—(2+ @)y ;1) da(—(2 4+ )y &) ([[ums 7; 0; 0; Wy |+
k)
+||Uma 3/4||0+ ||fma/y’0 277 W?E/4||Oé+ ||Fm7770 2’7’ 3/4” ) (24)
||’u¢7(7’f)||Cz+a(W3(7iﬂ(t:tk)) < C3d1< (2 + 05)7 )d2( (2 + O!)’y(z)) (@ ))X

X[ 75 05 05 Wigd 1 (8 = 1) 24 (25)

Substituting (24), (25) into (22), (23) and returning to the variables (¢, x), we obtain

Es < ca(llFmi v 8527 Vayillo + | s 75 85 275 Vi llat
k ~
+||um;‘é(/2||o + ||um;v;ﬁ;0;V3/4Ha + ||l ;V;B;O;V})/zl (t =ti)ll24a) (26)
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Taking into account the mtergaolation inequalities and estimates of the norm of each
addend in the expressions F),, wm , we obtain the inequalities

Es < (5(n+2) + 2202)|[1m; 73 85 0; Vi 2o + callm; Vo o+
5| i v B 03 Vi lloc+ 108733 B; 0, Vi) 0 (8 = 1) [l24a), (27)
Where
[ %; 35 0; V. 3/4 N (t = to)l2 < collol™; 7; B; 0; R34,
10055 B 0: VT O (8= 1) [laga < er(1+ B3 TIN (= 1)]|o) X
X ([1tms 75 B 0; T Dl o + [lof™: 45 B 0;TIW O (¢ = ti) 240, (28)

for k€ {1,2,...,N}.
Using inequalities (8), (12), (15), (26)—(28) and choosing ¢ and e, sufficiently small, we
obtain the estimate (11). O

Proof of Theorem 1. Since
s 3 B 1103 19 [l < el 57 B3 10 T,
%) 7; 8; 0, 19 1 (8 = 1) lava < cllors 3 55 0; 1% 0 (= 1) |12 1a
and estimate (11) holds, for the solution of problem (5)—(7) the estimate is true
[t 73 B 011|240 < B. (29)

The right-hand side of inequality (29) does not depend on m = (m;, msy). Moreover, the
sequences

{U "} = {unm},
(U} = {di (v, t>d2< @ 6(2 )0y, (£, 7)},
{Um>}—{d (290; )da (7@ — B, 2)d, (7 = 8P 2)00, 00, (1, )},

(U2} = {2 Ds0)da(r® :c>atum<t )}

are uniformly bounded and equ1cont1nu0us in the domain @ &) According to the Arzela
theorem, there exist subsequences {U } unlformly convergent in Q to {UMY, v €
{0,1,2,3}. Since Q™ is an arbitrary domain, Q C II®, then passing to the limit for

mi, — 00, Mok — 00 in problem (5)—(7), we find that u(t,x) = UO(O) is the unique solution
of problem (1)—(3) in the space H?**(~y; 3;0;1I) and its estimate (4) holds. O
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