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We prove a sharp bound estimate of the pth means of the Poisson-Stieltjes integrals in
the unit polydisc for p > 1. The estimate is given in terms of the smoothness of a complex-
valued Stieltjes measure µ. If the measure µ is positive, the estimate becomes equivalent to the
smoothness condition.

Let z = (z1, ..., zn) ∈ Cn, |z| = max{|zj| : j = 1, ..., n} be the polydisc norm in Cn, n ∈ N,
Un = {z ∈ Cn : |z| < 1} be the unit polydisc with the skeleton T n = {z ∈ Cn : |zj| = 1, 1 ≤
j ≤ n}.

For z ∈ Un, zj = rje
iφj , wj = eiθj , 1 ≤ j ≤ n we denote by

P(z, w) =
n∏

j=1

P0(zj, wj)

the Poisson kernel for the unit polydisc, where

P0 (zj, wj)= Re
wj + zj
wj − zj

=
1− r2j

1− 2rj cos (φj − θj)+r2j

is the Poisson kernel for the unit disc.
The function P : Un → R defined by the equality

P [dµ](z) =

∫
Tn

P(z, w)dµ(w),

is called the Poisson-Stieltjes integral of a finite Stieltjes measure with |µ|(T n) < +∞, where
|µ| = |µ1 + iµ2| = µ+

1 +µ−
1 +µ+

2 +µ−
2 , µ+

j , µ−
j , j ∈ {1, 2} being the positive and the negative

variation of the measure µj, respectively.
For a function u on Un and 0 ≤ r < 1, by ur we denote the function, defined on T n by

the equality
ur(w) = u(rw), w ∈ T n.
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Let ψ : [−π; π] → R. The classes of functions of bounded variation and integrated in the
pth degree on [−π; π] are denoted by BV and Lp, respectively.

We write for ur ∈ Lp(T n), p > 0,

∥ur∥p =
(

1

(2π)n

π∫
−π

...

π∫
−π

|ur(eiφ1 ; ...; eiφn)|pdφ1...dφn

) 1
p

.

In [6] (Theorem 2.1.3 (c)) the next theorem was proved.

Theorem A ([6]). If 1 ≤ p < ∞, f ∈ Lp(T n), and u = P [f ], then ∥ur∥p ≤ ∥f∥p and
∥ur − f∥p → 0 as r → 1−.

The growth of Lp-norm in terms of Stieltjes measure was described for analytic and
harmonic functions in the unit disc, represented by the generalized Poisson-Stieltjes integral,
in the paper [2].

If ψ ∈ Lp, p ≥ 1, then by

ωp(δ, ψ) = sup
0≤h≤δ

(
1

2π

π∫
−π

|ψ(x+ h)− ψ(x)|pdx
) 1

p

we denote the integral modulus of continuity. As in [7] we say that ψ ∈ Λp
γ if ψ ∈ Lp and

ωp(δ, ψ) = O(δγ)(δ ↓ 0).
If u is a harmonic function in unit disc U , α ≥ 0, then by uα(reiφ) = r−αD−αu(reiφ) we

denote the Riemann-Liouville fractional integral [5] in the variable r and

Mp(r, u) =

(
1

2π

π∫
−π

|u(reit)|pdt
) 1

p

, Pα(r, t) = Dα(rαP0(r, t)).

The fractional integration allows to reduce the case of the power growth to the case of a
harmonic function with uniformly bounded L1-norm.

Theorem B ([2]). Let u be a harmonic function in U , p ∈ [1; +∞), 0 < γ ≤ 1 and α > γ−1.
In order that u(reiφ) =

∫ π

−π
Pα(r, φ − θ)dψ(θ), where ψ ∈ BV ∩ Λp

γ, it is necessary and
sufficient for γ < 1, and it is necessary for γ = 1 , that sup

0<r<1

∫ 2π

0
|uα(reiφ)|dφ = Mα < +∞

and Mp(r, u) = O ((1− r)γ−α−1) , r ↑ 1.

We say that µ ∈ H(β1,...,βn) if there exists some C > 0 such that

sup
φ∈[−π; π]n

|µ|
({

(eiθ1 , . . . , eiθn) ∈ T n : |θj − φj| ≤ δ
1
βj , 1 ≤ j ≤ n

})
≤ Cδ, 0 < δ < 1.

The sharp estimate of the growth of the Poisson-Stieltjes integral in the polydisc in
terms of the Stieltjes measure µ from the class H(β1,...,βn) is obtained in [4]. Such classes are
introduced in [1].

Theorem C ([4]). Let µ be a finite Borel measure on T n, n ∈ N, 0 < βj < 2, 1
β∗

=
1
β1

+ . . .+ 1
βn

, 1 ≤ j ≤ n. In order that∣∣∣∣ ∫
Tn

P (z, w) dµ (w)

∣∣∣∣ ≤ Cδ1−
1
β∗ , 0 < δ < 1, |zj| = 1− δ

1
βj ,
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for some positive constant C, it is sufficient, and for nonnegative µ it is necessary that
µ ∈ H(β1,...,βn).

If p ≥ 1, then the integral modulus of continuity ωp(δ; β;µ) is defined by

ωp(δ; β;µ) =

= sup

|φ1|≤δ
1
β1 ,...,|φn|≤δ

1
βn

 1

(2π)n

π∫
−π

...

π∫
−π

(µ((θ1; θ1 + φ1]× ...× (θn; θn + φn]))
pdθ1...dθn

 1
p

,

where 0 < δ < 1, β = (β1, . . . , βn), βj > 0, 1 ≤ j ≤ n.
We say that µ ∈ H

(β1;...;βn);p
σ if µ ∈ Lp and

ωp(δ; β;µ) ≤ C · δσ, (1)

where C = const, 0 < δ < 1, σ > 0.

Remark 1. We note that for k > 0 the conditions µ ∈ H
(β1;...;βn);p
σ and µ ∈ H

(
β1
k
;...;βn

k
);p

σk are
equivalent. It follows directly from the definition of the class H(β1;...;βn);p

σ .

Due to the remark above it is easy to check that the Lebesgue measure λn on T n satisfies
λn ∈ H

(β1,β2,...,βn);p
1/β∗ , where 1

β∗ = 1
β1

+ ...+ 1
βn

, in particular, λn ∈ H
(n
k
;...;n

k
);p

k , k > 0.
In this paper we describe the growth of pth means of the Poisson-Stieltjes integrals in

the polydisc in terms of belonging of the Stieltjes measure µ to the class H(β1;...;βn);p
σ .

Denote w = (eiθ1 , ..., eiθn) ∈ T n.

Theorem 1. 1.1. Let µ be a finite complex-valued Stieltjes measure on T n, n ∈ N, p ∈
(1;+∞), σ > 0, βj > 0, 1 ≤ j ≤ n, 1

β∗ = 1
β1

+ ...+ 1
βn

. If µ ∈ H
(β1;...;βn);p
σ , then∥∥∥∥ ∫

Tn

P (z, w) dµ (w)

∥∥∥∥
p

≤ Cδσ−
1
β∗ , (2)

where 0 < δ < 1, |zj| = 1− δ
1
βj , C is some positive constant.

1.2. Let µ be a nonnegative Stieltjes measure on T n, n ∈ N, p ∈ (1;+∞), σ > 0, βj > 0,
1 ≤ j ≤ n, 1

β∗ = 1
β1

+ ...+ 1
βn

. If for some positive constant C∥∥∥∥ ∫
Tn

P (z, w) dµ (w)

∥∥∥∥
p

≤ Cδσ−
1
β∗ , (3)

then µ ∈ H
(β1;...;βn);p
σ .

Corollary 1. Let µ be a nonnegative Stieltjes measure on T n, n ∈ N, p ∈ (1;+∞) σ > 0,
βj > 0, 1 ≤ j ≤ n, 1

β∗ = 1
β1

+ ... + 1
βn

. In order that µ ∈ H
(β1;...;βn);p
σ it is necessary and

sufficient that ∥∥∥∥ ∫
Tn

P (z, w) dµ (w)

∥∥∥∥
p

≤ Cδσ−
1
β∗ ,

where 0 < δ < 1, |zj| = 1− δ
1
βj , C is some positive constant.
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Remark 2. The vector parameter β shows relative rate of approaching of the coordinates
to the skeleton. In particular, if all βj are equal, then the coordinates of z tend to 1 with the
same speed.

Proof of Theorem 1.1. For fixed δ ∈ (0, 1) we set rj = 1− δ
1
βj and let zj = rje

iφj , 1 ≤ j ≤ n.
We denote

Rm1...mn =

{ (
eiθ1 , ..., eiθn

)
∈ T n : (mj − 1) δ

1
βj ≤ |θj − φj| ≤ mjδ

1
βj , if mj > 1,

|θj − φj| ≤ δ
1
βj , if mj = 1, 1 ≤ j ≤ n

}
.

Then

T n =

N1∪
m1=1

...
Nn∪

mn=1

Rm1...mn ,

where Nj = [π
βj

δ
] + 1, 1 ≤ j ≤ n.

As in [6, p.28] we have that∣∣∣∣∣∣∣
∫

Rm1...mn

P (z, w) dµ (w)

∣∣∣∣∣∣∣ ≤ |µ| (Rm1...mn) ·
n∏

j=1

P0

(
|zj|, w̃mj

)
,

where z ∈ Un, w̃m = (w̃m1 , ..., w̃mn) , w̃mj
= eiθ̃mj , θ̃mj

= (mj − 1) δ
1
βj , for 1 ≤ j ≤ n,mj ≥ 1.

The following estimates are well-known [6, p.31]:

P0

(
reiφ, eiθ

)
≤ π2

(φ− θ)2
(1− r) , P0

(
reiφ, eiθ

)
≤ 2

1− r
, (4)

where |φ− θ| ≤ π, 0 < r < 1.
Applying the first estimate, we get

P0

(
|zj|, w̃mj

)
≤ π2

θ̃2mj

(1− rj) =
π2

(mj − 1)2 · δ
1
βj

≤ 4π2

m2
j · δ

1
βj

, mj > 1, |zj| = 1− δ
1
βj . (5)

For mj = 1 we obtain

P0 (|z|, w̃0) ≤
2

1− rj
=

2

m2
jδ

1
βj

.

Therefore, (5) holds for all mj ≥ 1.
Now we can estimate the integral over the sets Rm1...mn . For N = max

j
Nj we get∣∣∣∣∣∣∣

N∑
m1=1

...
N∑

mn=1

∫
Rm1...mn

P (z, w)dµ (w)

∣∣∣∣∣∣∣ ≤ C
N∑

m1=1

...
N∑

mn=1

∫
Rm1...mn

n∏
j=1

1

m2
jδ

1
βj

|dµ(w)| ≤

≤ C
n∏

j=1

δ
1
βj

N∑
m1=1

...
N∑

mn=1

|µ|(Rm1...mn)
n∏

j=1

m2
j

=
C

n∏
j=1

δ
1
βj

·
N∑

m1=1

...
N∑

mn=1

|µ|(Rm1...mn)
n∏

j=1

mj

· 1
n∏

j=1

mj

.
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Using the Hölder inequality (1
p
+ 1

q
= 1, p > 1, q > 1) and the arguments similar to those

in [3], we get ∣∣∣∣ N∑
m1=1

...

N∑
mn=1

∫
Rm1...mn

P (z, w)dµ (w)

∣∣∣∣p ≤
≤ C

n∏
j=1

δ
p
βj

·
N∑

m1=1

...

N∑
mn=1

|µ|p(Rm1...mn)
n∏

j=1

mp
j

(
N∑

m1=1

...

N∑
mn=1

n∏
j=1

m−q
j

) p
q

≤

≤ C
n∏

j=1

δ
p
βj

·
N∑

m1=1

...
N∑

mn=1

|µ|p(Rm1...mn)
n∏

j=1

mp
j

.

Then for rj = 1− δ
1
βj , 1 ≤ j ≤ n, z = reiφ = (r1e

iφ1 , ..., rne
iφn)∫

[−π;π]n

∣∣∣∣ N∑
m1=1

...
N∑

mn=1

∫
Rm1...mn

P
(
reiφ, w

)
dµ (w)

∣∣∣∣pdφ1...dφn ≤

≤ C
n∏

j=1

δ
p
βj

·
∫

[−π;π]n

N∑
m1=1

...
N∑

mn=1

|µ|p(Rm1...mn)
n∏

j=1

mp
j

dφ1...dφn ≤

≤ C
n∏

j=1

δ
p
βj

·
N∑

m1=1

...
N∑

mn=1

1
n∏

j=1

mp
j

∫
[−π;π]n

|µ|p(Rm1...mn)dφ1...dφn.

Using (1) and the latter inequality, we deduce∫
[−π;π]n

∣∣∣∣ N∑
m1=1

...
N∑

mn=1

∫
Rm1...mn

P (z, w)dµ (w)

∣∣∣∣pdφ1...dφn ≤

≤ C
n∏

j=1

δ
p
βj

·
N∑

m1=1

...
N∑

mn=1

1
n∏

j=1

mp
j

· ωp
p(δ; β;µ) ≤

C
n∏

j=1

δ
p
βj

·
N∑

m1=1

...
N∑

mn=1

δpσ

n∏
j=1

mp
j

≤

≤ C · δpσ
n∏

j=1

δ
p
βj

·
N∑

m1=1

...
N∑

mn=1

n∏
j=1

1

mp
j

≤ C · δp(σ−( 1
β1

+...+ 1
βn

))
N∑

m1=1

...
N∑

mn=1

n∏
j=1

1

mp
j

.

Since p > 1, we have∫
[−π;π]n

∣∣∣∣ N∑
m1=1

...
N∑

mn=1

∫
Rm1...mn

P (z, w)dµ (w)

∣∣∣∣pdφ1...dφn ≤ Cδp(σ−
1
β∗ ),

where 1
β∗ = 1

β1
+ ...+ 1

βn
. Thus,

( ∫
[−π;π]n

∣∣∣∣∫
Tn

P (z, w)dµ (w)

∣∣∣∣pdφ1...dφn

) 1
p

≤ Cδσ−
1
β∗ .
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Proof of 1.2. As in [4] for w ∈ R1...1 =
{(
eiθ1 , ..., eiθn

)
∈ T n : |θj − φj| ≤ δ

1
βj , mj = 1, 1 ≤

j ≤ n
}

one has P0 (rje
iφj , wj) ≥ Cδ

− 2
βj · (1− rj) . Since the measure is nonnegative as well

as the Poisson kernel, we obtain:∫
[−π;π]n

( N∑
m1=1

...
N∑

mn=1

∫
Rm1...mn

P
(
reiφ, w

)
dµ (w)

)p

dφ1...dφn ≥

≥
∫

[−π;π]n

( ∫
R1...1

P
(
reiφ, w

)
dµ (w)

)p

dφ1...dφn ≥

≥
∫

[−π;π]n

( ∫
R1...1

n∏
j=1

C(1− rj)

δ
2
βj

dµ (w)

)p

dφ1...dφn ≥

≥
∫

[−π;π]n

n∏
j=1

Cδ
p
βj

δ
2p
βj

µp(R1...1)dφ1...dφn ≥ C
n∏

j=1

1

δ
p
βj

∫
[−π;π]n

µp(R1...1)dφ1...dφn.

In view of (3) δp(σ−
1
β∗ ) ≥ C

n∏
j=1

δ
− p

βj ·
∫
Tn

µp(R1...1)dφ1...φn. Therefore,∫
[−π;π]n

µp(R1...1)dφ1...dφn ≤ C · δpσ and ωp(δ; β;µ) ≤ C · δσ.

Example. Let µ be the unitary mass, concentrated at the point w(1, ..., 1) ∈ T n. Then∫
Tn

P(z, w)dµ(w) =
1− |z1|2

|1− z1|2
· ... · 1− |zn|2

|1− zn|2
.

For a set E ⊂ [−π, π]n we define µ∗(E) = µ({(eiθ1 ; ...; eiθn) ∈ T n : (θ1, ..., θn) ∈ E}). We
write E(φ1,...,φn) = {(θ1, ..., θn) ∈ [−π;π]n : − φ1 ≤ θ1 ≤ 0; ...;−φn ≤ θn ≤ 0}. Note that

µ∗(
n
×
j=1

(θj, θj + φj]) =

{
1, (θ1, ..., θn) ∈ E(φ1,...,φn)

0, (θ1, ..., θn) ̸∈ E(φ1,...,φn)

, |φj| < π, j ∈ {1, 2, . . . , n}.

So,

sup

|φ1|≤δ
1
β1 ,...,|φn|≤δ

1
βn

(
1

(2π)n

π∫
−π

...

π∫
−π

(µ∗((θ1; θ1 + φ1]× ...× (θn; θn + φn]))
pdθ1...dθn

) 1
p

=

= sup

|φ1|≤δ
1
β1 ,...,|φn|≤δ

1
βn

(
1

(2π)n

∫
E(φ1,...,φn)

dθ1...dθn

) 1
p

= sup

|φ1|≤δ
1
β1 ,...,|φn|≤δ

1
βn

(
|φ1| · ... · |φn|

(2π)n

) 1
p

≍

≍
(
δ

1
β1 · ... · δ

1
βn

) 1
p
=
(
δ

1
β∗
) 1

p
. (6)

Comparing (1) to (6), we obtain that 1
β∗ · 1

p
= σ, β∗ = 1

pσ
. Thus µ ∈ H

(β1,...,βn);p
1

pβ∗
.
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Let us now estimate the Poisson-Stieltjes integral directly:∫
[−π,π]n

(
1− |z1|2

|1− z1|2
· ... · 1− |zn|2

|1− zn|2

)p

dφ1...dφn =

=

π∫
−π

(
1− r1

2

|1− r1eiφ1 |2

)p

dφ1...

π∫
−π

(
1− rn

2

|1− rneiφn|2

)p

dφn ≍

≍ (1− r1
2)p · ... · (1− rn

2)p · 1

(1− r1)2p−1
· ... · 1

(1− rn)2p−1
≍ 1

δ
p−1
β1

· ... · 1

δ
p−1
βn

≍ 1

δ
p−1
β∗
,

where 1− rj = δ
1
βj , 1 ≤ j ≤ n. Thus,(∫

Tn

(
1− |z1|2

|1− z1|2
· ... · 1− |zn|2

|1− zn|2

)p

dφ1...dφn

) 1
p

≍ 1

δ(p−1)σ
.

It coincides with the conclusion of Theorem 1.1:∥∥∥∥ ∫
Tn

P (z, w) dµ (w)

∥∥∥∥
p

≍ Cδσ−
1
β∗ .
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