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We prove a sharp bound estimate of the pth means of the Poisson-Stieltjes integrals in
the unit polydisc for p > 1. The estimate is given in terms of the smoothness of a complex-
valued Stieltjes measure p. If the measure p is positive, the estimate becomes equivalent to the
smoothness condition.

Let z = (21, ..., 2,) € C", |2| = max{|zj|: j = 1,...,n} be the polydisc norm in C", n € N,
U™ ={z € C": |z| < 1} be the unit polydisc with the skeleton 7" = {z € C": |z;| = 1,1 <
Jj <n}.

For z € U™, z; = rje"i w; = €1 < j <n we denote by

P(z,w) = HPO(Zj,wj)

the Poisson kernel for the unit polydisc, where

2
w;j+ % _ 1—rj

—z; 1—2rjcos (p; —0;) +r?

Po (Zj, ZUj) = Rewj
is the Poisson kernel for the unit disc.

The function P: U™ — R defined by the equality

Plul(:) = [ P w)dutw),

is called the Poisson-Stieltjes integral of a finite Stieltjes measure with |u|(7™) < 400, where
| = g1+ ipo| = pi +py +p3 +pg, 1), 1y, § € {1,2} being the positive and the negative
variation of the measure 1, respectively.
For a function w on U™ and 0 < r < 1, by u, we denote the function, defined on 7™ by
the equality
ur(w) = u(rw), weTm.
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Let ¢: [—m; 7] — R. The classes of functions of bounded variation and integrated in the
pth degree on [—7; 7] are denoted by BV and LP, respectively.
We write for u, € LP(T™), p > 0,

™ s 1
1 i1 i v
urll, = (W/.../MT(@" ;...;e“"")\pdgol...dgpn) .

In [6] (Theorem 2.1.3 (c)) the next theorem was proved.

Theorem A ([6]). If1 < p < oo, f € LP(T™), and u = PI[f], then |ju.|, < | f|, and
lur — fll, > 0asr — 17,

The growth of L,-norm in terms of Stieltjes measure was described for analytic and
harmonic functions in the unit disc, represented by the generalized Poisson-Stieltjes integral,
in the paper [2].

If Y € LP,p > 1, then by

0<h<é

wp(6,10) = sup (% / (e +h) - w<x>rpdx)é

we denote the integral modulus of continuity. As in [7] we say that ¢ € AP if ¢ € LP and
wp(0,9) = O(67)(6 1 0).

If u is a harmonic function in unit disc U, o > 0, then by u,(re?) = r=*D~%u(re’?) we
denote the Riemann-Liouville fractional integral [5] in the variable r and

M, (ru) = (% ] ]u(re“)|pdt>;, Pa(r.t) = D*(rPy(r,1)).

The fractional integration allows to reduce the case of the power growth to the case of a
harmonic function with uniformly bounded L;-norm.

Theorem B (]|2]). Let u be a harmonic functionin U, p € [1;4+00),0 <y < landa > y—1.
In order that u(re’?) = [" P.(r,¢ — 0)di(0), where ¥ € BV N AP, it is necessary and

sufficient for v < 1, and it is necessary for v = 1 , that sup fozﬂ |ug(re?)|de = M, < +o0
0<r<1
and My(r,u) = O ((1 —r)7™>71) r 1.
We say that p € HB1-5) if there exists some C' > 0 such that
. . 1
sup  |ul <{(el€1,...,e’9") eT": |0, —¢;| <0%,1<5< n}) <04 0<di<l1.
€[~m; 7"

The sharp estimate of the growth of the Poisson-Stieltjes integral in the polydisc in

introduced in [1].

Theorem C ([4]). Let p be a finite Borel measure on T", n € N, 0 < ; < 2, 6_1* =
5—11—1—...—#5%, 1 <5 <n. In order that

[Plwin|sosE 0<s< =155,
TTL
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for some positive constant C', it is sufficient, and for nonnegative j it is necessary that
€ HBLBn),

If p > 1, then the integral modulus of continuity w,(d; 5; i) is defined by

wp<5§ B; N) =

3=

1
1 (27‘(’)"

1 1
lp1|<EPL ...l pn|<6Pn

= sup

where 0 <0 < 1,5 = (P1,...,0,),5; > 0,1 <j<n.
We say that p € HSP% if 1, € [P and

wp(6; By p) < C- 07, (1)

where C' = const, 0 < § < 1,0 > 0.

Remark 1. We note that for k£ > 0 the conditions u € HPvB)P and w e H((Tk’“ R

Hc(,ﬁ“"';ﬁ");p.

are

equivalent. It follows directly from the definition of the class

Due to the remark above it is easy to check that the Lebesgue measure A, on T" satisfies

Ay € HULP P07 where L = L4 4 L in particular, A, € H* "% k> 0,
In this paper we describe the growth of pth means of the Poisson-Stieltjes integrals in
the polydisc in terms of belonging of the Stieltjes measure p to the class HPriibn)ip,

Denote w = (e, ..., ") € T™.

Theorem 1. 1.1. Let p be a finite complex-valued Stieltjes measure on T™, n € N,p €

(1;400), 0>0,8>0,1<j<n, =4+ ++ Ifue HPrBP thon

< 067, (2)

p

| [P

1
where 0 < 6 < 1, |zj| =1— 0%, C is some positive constant.
1.2. Let p be a nonnegative Stieltjes measure on T", n € N,p € (1;+00), 0 > 0, 5; > 0,

1<j<n, g =3 +..+ 5. If for some positive constant C

< 57, (3)

p

H [ Pewdn

then u € Ho(ﬂl;m;ﬁn)m.

Corollary 1. Let p be a nonnegative Stieltjes measure on T", n € N,p € (1;400) 0 > 0,
B; > 0,1 <j<mn, Bi = % + ..+ Bln In order that u € HY "7 it is necessary and
sufficient that

< O,
p

H [Pewdnw

1
where 0 < ¢ < 1, |zj| =1— 0%, C is some positive constant.
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Remark 2. The vector parameter § shows relative rate of approaching of the coordinates
to the skeleton. In particular, if all 3; are equal, then the coordinates of z tend to 1 with the
same speed.

1 .
Proof of Theorem 1.1. For fixed 6 € (0,1) we set r; =1—9"% and let z; =r;ei, 1 < j <n.

We denote

. 1 1
R _ (e’el,..., 7’9”) erT™: (mj—1)0% ngj—gpﬂ <m;o%i, if m; > 1,
mi..mnp 1 .
|¢9j—g0j|§551 , ifmjzl, 1§]§’I’L

Then

N1 Ny,
=) U R

mi1=1 mnp=1

whereNj:[ﬂTﬁj]+1, 1<j<n.
As in [6, p.28] we have that

/ P (zy) d ()| < [l (Roo) - T] P (1] ),

le Lomp

1
where z € U™, Wy, = (Wmy,s ., Wiy, ), Win, = €' Qm =(m; —1)6% forl <j<n,m; >1.
The followmg estimates are well-known [6 p.31]:

2
Py (rei“", ew) < T (1—=7r), P (rei“", eie) < . 3 =

(o —0)°

(4)

where |[p — 0| <7, 0 <r < 1.
Applying the first estimate, we get
N s 72 472 1
Py (|2, 0m,) < — (1 —1)) = — < — m;>1L[zgl=1-60% (5
mj (mj—l)Q-(V’j m?-éﬁj

For m; = 1 we obtain

Therefore, (5) holds for all m; > 1.
Now we can estimate the integral over the sets I, m,. For NV = max IV; we get
J
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+ é =1,p>1,q > 1) and the arguments similar to those

Using the Holder inequality (]%

in [3], we get

Q3

1 )
Then for r; =1—-06%,1<j <n, z=re¥ = (re?, .. r,es")
N N p
/ Z Z / P (re,w)dp (w)| dey...de, <
o ]n mi=1 mp=1
ey mip...mn
N N

< Sy W ) g, <

I] 6%'[_ﬂﬂylnu=1 mn=1 [¥7nf

]:

no p
H 551' mi1=1 mnp=1 H mj [~
j=1 j=1
Using (1) and the latter inequality, we deduce
N N D

mi1=1 mp=1
[—71' W}n mi...mn
N N N N
C 1 C ore
SEUINS ) SRR PP PN )
mp=1 H m? H 0% mi=l mu=1 H mf
= J:l ]:1
N N n

Since p > 1, we have

/

[—msm]™

Whereﬁ*:%—k...%—ﬂ%.ThuS, ( / ‘/ (z,w)dp (w)

[—m;m]™

dpy...dp, < C6" 5

Z Z /Pzwdu()

mn—l
m1 .Mmn

mi=1

dgpl...dgon> L < o5
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. . 1
Proof of 1.2. As in [4] for w € Ry 1 = {(ewl, ...,e“’") eT": 0; —p;| <0%, mj=1 1<

, _2
j < n} one has Py (r;e",w;) > C§ % - (1 —r;). Since the measure is nonnegative as well
as the Poisson kernel, we obtain:

Z Z / P (re’?, w)dp (w ))pdgol...dgpnz

mi1=1 mnfl

[_Wvﬂ} ml -mn
) p
> / ( / P (re',w)dp (w)) dpy...dp, >
[-m7n Ria
p
/ ( / )) dy...dpy, >
[—7r7r]" Ry 771
C’<5
> pP(Ry. 1)dpr...dp, > CH P(Ry.1)dor...dpy.
i " 7 (e
In view of (3) ¢ ) > C’H6 5 / P(Ry..1)dep;...on. Therefore,
f[ - R1 1)dg01 dp, < C -6 and w,(8; B3 ) < C - 0°.
]
Example. Let p be the unitary mass, concentrated at the point w(1,...,1) € T". Then
_ 1=zl 1— |z,
Ydp( G,
/7’ S TR T
For a set E C [—m, 7|" we define u*(E) = u({(e";...;e") € T": (64, ...,0,) € E}). We

write Eig, . o) {(01, wnbp) € [—mm]t — 1 <60 <05 —p, <6, <0} Note that

n 1 (91 Qn) € E( cen) )
(x (0,0, +¢;]) =< T PLen) | <m je{1,2,...,n}.
/'l' (j=1( VRR) SO]]) {O, (917”',9”) gE(QDI ..... L‘Dn) |¢]’ -] { }

K K

S ((2711-)11/"'/(N*(wl;el‘i‘@l] X . X (Gn;€n+<pn]))pd91...d6n) =

l1|<6PT ..., |on|<6Bn
1
sup M "o
1 1 (2m)m

,,,,, on) |o1I<6P1 .. Jon|<57n

=

= sup

™o
N | =
=
QU
D
—

U
S
N—

RS
I

1 1
B B
lp1]<0P1 .. on | <6 Pn E(g,

(
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Let us now estimate the Poisson-Stieltjes integral directly:

2 2\ P
/ L 1 1= |2 der...de, =

L L=z 71—z
r 1—r? P f 1—r,?2 b
- [ (i) o | (g e
1 1 1 1 1
= (1—=r?)P ... (1—=r,2)P- e —
A N R T e el =

1
where 1 —7; = 6% ,1 < j < n. Thus,

1
1— |z 1—|z)\” v 1
— . ———— | dy;...dp, = )
(/ (11 Al =) 5o
Tn

It coincides with the conclusion of Theorem 1.1:

=

1
= (75",

p

| [P
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