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MEROMORPHIC FUNCTION SHARING THREE SETS
WITH ITS SHIFT, ¢-SHIFT, ¢-DIFFERENCE AND ANALOGOUS
OPERATORS

A. Banerjee, S. Bhattacharyya. Meromorphic function sharing three sets with its shift, q-shift,
g-difference and analogous operators, Mat. Stud. 52 (2019), 38-47.

Using the notion of weighted sharing of three sets we deal with the uniqueness problem of
meromorphic function with its shift, g-shift, g-difference and analogous operator. In other words,
we deduce conditions providing a) f(z) =tf(z+c¢), where t" =1, n > 2; b) f(2) =tf(gz+c),
where t" = 1, n > 2 and ¢,c € C\ {0}; ¢) f(2) = tf(¢qz), where t" = 1 and | ¢ |= 1; d)
f(z) = x,Aqf for n > 2 with A, f = f(qz) — f(2) and x,, = tl: EZ . g: R
number of examples have been provided to substantiate our certain claims.

A handful

1. Introduction definitions and results. Throughout the paper, the term “meromorphic”
will be used to mean meromorphic in the whole complex plane. Let f and ¢ be such two
non-constant meromorphic functions defined in the open complex plane C. For some a € C,
we denote by E(a; f) the set of the zeros of f — a, where every zero is counted according
to its multiplicity. In addition to this, when a = oo, the above definition implies that we
are considering the poles. In the same manner, by E(a; f), we denote the collection of the
distinct zeros or poles of f—a according as a € C or a = oo respectively. If E(a; f) = E(a;g)
we say that f and g share the value a CM (counting multiplicities) and if E(a; f) = E(a; g),
then we say that f and g share the value a IM (ignoring multiplicities).

Let S be a set of distinct elements of CU {oo} and Ef(S) = U,cqlz : f(2) —a = 0},
where each zero is counted according to its multiplicity. If we do not count the multiplicity
then the set (J,.q{z : f(z) — a = 0} is denoted by E;(S).

If E4(S) = E,(S) we say that f and g share the set S CM. On the other hand, if
E4(S) = E,(9), we say that f and g share the set S IM.

Usually, S(r, f) denotes any quantity satisfying S(r, f) = o(T'(r, f)) for all r outside of a
possible exceptional set of finite linear measure. Also S;(r, f) denotes any quantity satisfying
Si(r, f) = o(T(r, f)) for all r on a set of logarithmic density 1, where the logarithmic density
of a set F'is defined by

) 1 / dt
lim sup —.
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For ¢ € C\ {0} we define shift and g¢-shift operators of a non-constant meromorphic
function by f(z + ¢) and f(qz), respectively.

Also, for ¢ € C\ {0,1} we define g.-shift and g¢-difference operators of a non-constant
meromorphic function by f(gz + ¢) and A, f = f(gz) — f(z) respectively.

In this paper S7, Sy and S3 represents the sets {1,w,w?,...,w" '}, {0} and {oo} respec-
tively, where w = cos 27” + 7 sin 27” and n is a positive integer.

We denote
1, ifn=2,
X, = .
t, ifn>3 t"=1.

In 1982, concerning two shared set problems, Gross-Osgood [4] employed the order notion
on entire function to find the relation between them.

Theorem A. Let Sy = {1,—1}, Sy = {0}. If f and g are non-constant entire functions of
finite order such that E(S;,00) = E,(S;j,00) for j = 1,2, then f = £g or fg = 1.

So it is interesting to investigate Theorem A in the case of two non-entire meromorphic

functions. Let f(z) = Aszez and g(z) = =5 with A> = B> —1; A, B € C\ {0}. It is easy
to verify that the functions satisfy the sharing conditions of Theorem A but the conclusion
does not hold.

So one can presume that, for non-entire meromorphic functions, in order to obtain the
conclusion of Theorem A, pole sharing is essential.

However, in course of time, researchers were ultimately succeeded to remove the order
restrictions in the shared set problems and consequently many important and elegant results
were obtained.

In the meantime in 2001, the introduction of the notion of weighted sharing [8,9], of
values and sets, which is actually a scaling between CM and IM sharing, further add essence

to the literature. Below we invoke the definition.

Definition 1 ([8,9]). Let k be a non-negative integer or infinity. For a € CU{oo} we denote
by Ex(a; f) the set of all a-points of f, where an a-point of multiplicity m is counted m times
ifm <k and k + 1 times if m > k. If Ex(a; f) = Ex(a;g), we say that f,g share the value
a with weight k and denote it by (a,k). The IM and CM sharing corresponds to (a,0) and
(a, 00), respectively.

Definition 2 ([8]). Let S be a set of distinct elements of CU {oco} and k be a non-negative
integer or oo. We denote by Ef(S, k) the set | J,.q Er(a; f). Clearly E;(S) = E¢(S,00) and
E4(S) = E;(5,0).

In 2006, Halburd-Korhonen [5] obtained difference analogue of the logarithmic derivative
lemma for finite order meromorphic function. In the next year, the same analogous result
corresponding to f(gz) for zero-order meromorphic function was discovered in [2].

These two results induced great interest among the researchers to again ponder over the
effect of order notion in shared set problem in the uniqueness theory. Naturally researchers
became engaged to investigate the problems of meromorphic functions sharing sets with its
respective shift, difference, g.-shift g-difference operators.

In 2010, considering the relation between f(z) and its shift f(z + ¢) sharing two sets,
Zhang [16] obtained the following result.
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Theorem B ([16]). Let ¢ € C. Suppose f(z) is a non-constant meromorphic function of
finite order such that Ey(.)(S;,00) = Ef,1¢)(5;,00) j = 1,3 forn > 4, then f(z) = tf(z+c),
where t" = 1.

In 2013, concerning f and A,f, sharing the sets S; and S5, Qi-Yang [10] obtained the
following theorem.

Theorem C ([10]). Considering the set Sy and Ss, let f is a non-constant zero-order
meromorphic function such that E¢(S;, 00) = Ea,f(S;,00), for j = 1,3 and ¢ € C\ {0}. If
n > b5, then f(z) =tA,f, where t" = 1.

In the next year, Qi-Yang [11] investigated the relation between f(z) and f(gz) under
two shared sets problems. They [11] proved the result as shown below.

Theorem D ([11]). Considering the sets Sy and Ss, if f is a non-constant zero-order mero-
morphic function such that E(Sj,00) = Eyg.)(S;,00) for j = 1,3, and ¢ € C\ {0}. If
n >4, then f(z) =tf(qz), t" =1 and |q| = 1.

So it is natural to ask the following question of the paper.

1. Is it possible to reduce further the lower bound of n in Theorem B, Theorem C and
Theorem D?

In the paper we have been able to reduce the lower bound at the cost of considering an
additional set namely the set Sy by using the notion of weighted sharing.

For the sake of convenience let us denote the expression 2mpk + (p + k)(m — 1) by

The following theorems are the main results of the paper.

Theorem 1. Let ¢ € C. Suppose f(z) be a non-constant meromorphic function of finite or-
der such that Ef (Sl, ) Ef(z+c)(51,m), Ef(z)(SQ,p> = Ef(z+c)(52,p) and Ef(z)(Sg,/{Z> =
Ef(10)(53, k). Ifn > 2 and )y > 2 then f(z) = tf(z +c), where t" = 1.

The following example shows that in Theorem 1 for n = 2, sharing of the set S; is
essential.

Example 1. Let
_ o(5e)
f(Z)_ s 2s(mz 2s( T2\’
A+ Bsin™(52) cos?(52)
where s is a positive integer and A, B € C\ {0}. Then for two suitable choice of ¢(z) as
sin® z cos?*2 2 or sin®*™! zcos® 712, f(2) and f(z + ¢) share (Sy,2s — 1) or (Sy,2s — 2),
respectively, and they share (S3,00). But f(z) # tf(z + ¢), for any real ¢t.

Like the above example in the next two examples we exhibit that in Theorem 1 for
n = 2, sharing of the set S, is essential.

Example 2. For an integer r, let f(z) = v/2 sin% 2 cos w Then clearly
E2)(Sj,00) = Ef(24¢)(S),00), for j =1, 3. But f(z) # tf(z + ¢), for any real t.

Example 3. Let .
exp() — exp(~ ) A2
f(z) = e
V2iA
where A € C\{0}. Clearly Ef(.)(S;,00) = Ef(z1¢)(S;j, 00), for j =1, 3. But f(2) # tf(z+c),

for any real ¢.
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The following example shows that the conclusion of Theorem 1 actually occurs for n = 2.

Example 4. Let
sin("2)
= Ty

Then f(z + ¢) = —f(z) share S;, for i = 1,2,3 and clearly we see that f(z) = tf(z + ¢),
where " = 1 holds.

The following example shows that Theorem 1 is not valid for a function of infinite order
for n = 2.

Example 5. Let f(2) = e°". Choosing e = —1, it is easy to verify that f(z) and f(z + ¢)
share (5;, 00) for i = 1,2,3; but f(z) # tf(z + ¢), where t" = 1.

Theorem 2. Let f(z) be a non-constant zero-order meromorphic function such that

Ef(2)(S1,m) = Efigzte)(S1,m), Ep)(92,0) = Eptgete)(52:0)s Ejz)(S3,k) = Ef(gzte)(Ss, k)
and g,c € C\ {0}. If n > 2 and ¢, > 2 then f(z) = tf(qz + ¢), where t" = 1.

In the following example we see that the conclusion of Theorem 2 actually holds for
n=2.

Example 6. Let f(z) = % Then clearly for ¢ = —1 and ¢ = 1, we have

Ef:)(Si,00) = Ef(gete)(Si, 00); for i = 1,2,3 and f(gz +¢) = —f(2).
The next example exhibits that in Theorem 2 for n = 2 sharing of the set S; is essential.

Example 7. Let f(z) = % Then clearly for ¢ = —1 and ¢ = 1, we have

Ef(z)(Si, OO) = Ef(qz_;,_c)(si, OO); fOI‘ 1= 1, 3 and Ef(z)<52, 27“ — 2) = Ef(qz+c)(82, 27“ — 2) But
f(z) #tf(gz + ¢), for any real t.

The following two examples show that under the assumptions of Theorem 2 with n = 2,
for non-zero finite order meromorphic function f, the same conclusion may or may not hold
respectively.

s (212 s (212
Example 8. Let f(z) = LT)) and for ¢ = =1, f(qgz +¢) = ) Then clearly

1+sin2(% T 14sin?(Z2)"

E(2)(Si,00) = Ef(gz+¢)(Ss,00) holds, for i = 1,2,3 and also we see that f(z) = —f(qz + ¢).

Example 9. Let f(z) = Ae*+ B and so f(gz+¢) = ADe %+ B with A?D = B*—1, where
A,B,D € C\ {0} and ¢ = —1 and e® = D. Then Ey(,)(S;,00) = Ej(gz1)(Si, 00) holds, for
i=1,2,3, but f(z) # tf(qz + ¢), where t* = 1.

Theorem 3. Let f(z) be a non-constant zero-order meromorphic function such that
E(2)(S1,m) = Efg2)(S1,m), Ep)(S2,0) = Ey2)(S2:0), Ey(2)(S3, k) = Ep(qz)(S3, k)
and ¢ € C\ {0}. If n > 2 and ¢}, > 2 then f(z) = tf(qz), where t" =1 and | q [= 1.

The following two examples show that the conclusion of Theorem 3 actually occurs for
the case n = 2 and n = 3, respectively.
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Example 10. Let f(z) = (Az*™t! + B2?"3)~1 Then for ¢ = -1, f(qz) = —(A2*" +
Bz?m+3)~1 where m is an integer. Then it can easily be verified that Ef»(S;,00) =
Efg2)(Si,00), for i = 1,2,3 and f(2) = —f(qz).

Example 11. Let f(z) = 1+ —“—— where r is an integer. Then for ¢ = fw, £w?, it is easy to
verify that f(z) and f(qz) share {1,w,w?}, {0}, {oc} and f(z) = tf(qz), Where 3 =1

The following example shows that if f is of non-zero finite order with o(f) > 1, f(2)
and f(gz) share the sets S;, i = 1,2, 3, then for n = 2, the conclusion of Theorem 3 may or
may not hold. Unfortunately we have not been able to produce any counterexample for the
situation when any f with 0 < o(f) < 1 satisfies the conditions of Theorem 3.

Example 12. Let f(z) = —22_ Then f(qz) = ——22% for ¢ = —1. Thus, clearly

14sin? z 14sin? z

E:)(Si,00) = Ef(42)(Ss,00) holds, for i = 1,2,3 and also we see that f(z) = —f(qz).

Example 13. Let f(z) = Ae* + B and so f(gqz) = Ae * + B with A> = B? — 1, where
A,B € C\ {0} and ¢ = —1. Then Ey(.)(S;;00) = E}(g.)(S;, 00) holds for i = 1,2,3, but
f( ) # tf(qz), where t* = 1.

Theorem 4. Let f(z) be a non-constant zero-order meromorphic function such that
By (S1,m) = En,5(S1,m), Ej)(S2,p) = Ea,p(S2,p) and By (53, k) = Ea,5(S3, k) and
q € C\{0}. If n > 2 and ¢y, > 2 then f(z) = x,A.f

Remark 1. For Theorem 4 if we choose f(gz) = (1 + 7" 1)f(z), where n > 3 and 7 is
any one of the generators of the group of n-th root of unity, then A, f and f(z) satisfy the
hypothesis of Theorem 4. For n = 2 we need to choose f(qz) = 2f(z).

The following two examples establish the fact that Theorem 4 holds true in the case of
n = 3 for entire and meromorphic functions respectively.

Example 14. Let f(z) = z. Then for ¢ = —w we get A, f = —(w+1)z. Clearly we see that
f(z) and A, f share the sets S, Sz, S3 and also the condition f(z) = x,A,f holds.
Example 15. Let f(z) = fir;lr Then for ¢ = —w we get A, f = —(1 +w )1+ s, where 7 is
integer. Clearly it can be seen that f(z) and A, f share the sets S, Ss, S3 and the condition
f(2) = x,,A.f holds.

Again the next two examples show that Theorem 4 holds for n = 4 for both entire and
meromorphic functions.

Example 16. Let f(z) = z and then for ¢ = (1 +4) or 1 — i it is easy to verify that that
f(z) and A, f share the sets S, Sz, S3 and also the condition f(z) = x,A,f holds.

Example 17. Let f(z) = &. Then for ¢" = 1* or 1%, we see that f(z) and A, f share the
sets S1, Sz, S5 and the Condltlon f(z) =x, qf holds

Now in the following example we show that the set S is essential for any n(> 2).

Example 18. Let f(z) = i =, where r is a positive integer. Then for ¢ = i it is easy to
verify that f(z) and A, f share the sets Sy and S3 but do not share the set S1, in Theorem 4,
for any n > 2. Also the condition f(z) = x,A,f is not satisfied.
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Corollary 1. Theorems 1, 2, 3 and 4 hold for the following minimal triplets of values of m,
p and k:

(i) m =1,p =1,k =2 (ii) m =1,p =2k =1; (iii) m = 2,p = 0,k = 3;
(iv) m = 2p=1k=1;, (v) m = 2,p = 2,k 1; (vi) m = 3,p =0,k = 2
(vii) m=3,p=1,k=1; (viii) m=3,p=2,k=

For the standard definitions and notations of the value distribution theory we refer to [6].
But in the paper we have used some more notations and definitions which are explained
below.

Definition 3 ([7]). For a € CU{oo} and for a positive integer m we denote by N(r,a; f | <
m) (N(r,a; f| > m)) the counting function of those a-points of f whose multiplicities are
not greater(less) than m where each a-point is counted according to its multiplicity.

N(r,a; f|<m) (N(r,a; f| > m)) are defined similarly, where in counting of the a-points
of f we ignore the multiplicities.

Also, N(r,a; f ‘ <m), N(r,a; f ‘ >m), N(r,a; f ‘ <m) and N(r,a; f ‘ > m) are defined
analogously.

2. Lemmas. In this section some lemmas will be presented which will be needed in the
sequel. Let F' and G be two non-constant meromorphic functions defined in C. Henceforth

we shall denote by H, U, V and W the following functions
’ G F G
F-1 a-1 ""F @

V_<L’_£’)_(L’_Q’)_ LA <
F—-1 F G-1 G) FF-1 GG-1)
H_(F"_QF)_(G"_QG')

FOF-—1 G G-1)°

Lemma 1 ([3]). Let f(z) be a meromorphic function of finite order p and let ¢ € C\ {0} be
fixed. Then, for each € > 0, we have

! /

U:

T(r, f(z+c)) =T(r, f(2)) + O(r"~*) + O(log ).

Lemma 2 ([5]). Let f(z) be a meromorphic function of finite order and ¢ € C\ {0}. Then

n(n P52 e (g ) = S0

Lemma 3 ([2]). Let f(z) be a zero-order meromorphic function and let ¢ € C\ {0}. Then

flgz)

" ( 7(2)

Lemma 4 ([17]). Let f be a zero-order meromorphic function and q¢ € C\ {0}. Then
T'(r, f(gz)) = (L +o(1))T'(r, f(z)) and N(r, f(gz)) = (L + o(1))N(r, f(2))

on a set of lower logarithmic density 1.

):Sl(ﬁf)-

Remark 2. Thus, from the definition of Si(r, f) from Lemma 4 we have

T(r, f(qz)) = T(r, f(2)) + Si(r, f),  N(r, f(gz)) = N(r, f(2)) + Si(r, f).
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Lemma 5 ([12]). Let f(z) be a non-constant zero-order meromorphic function and q €
C\ {0}, then
T(r, f(gz + ¢)) = (L+ o)) T(r, f(2)) + 51(r, [)

on a set of lower logarithmic measure 1.

Remark 3. Let f(z) be a non-constant zero-order meromorphic function and ¢ € C \ {0},
then

N(r, f(gz +¢)) = (1 +o(1))N(r, f(2)) + Si(r, f)

on a set of lower logarithmic measure 1.

Lemma 6 ([14,15]). Let F and G be two non-constant meromorphic functions sharing (1,0).
If

N(r,0; F) + N(r,00; F) = S(r, F) and N(r,0;G)+ N(r,00;G) = S(r,G)
then F =G or FG = 1.

Let
F=f"and G=g", (1)

where f, g are non-constant meromorphic functions and n (> 2) is an integer.
From Lemma 6 we immediately deduce the following result.

Remark 4. Suppose that F', G share (1,m), (0,p), (o0, k) and F, G be given by (1). If

N(r,0; F |>np+n)+ N(r,00; F |>nk +n) + N(r,0;G |> np +n)+

+N(r,00;G |>nk +n)=S(r, f)+ S(r,9), (2)
then f = tg, where t" = 1, or f.g = s, where 0, co are lacunary values of f and g and s" = 1.
Proof. For a = {0} or {oo}, from Lemma 6 we notice that
N(r,a; f*) = N(r,a; f* =n) + N(r,a; f*| = 2n) + ... + N(r,a; f*| > nk +n) = S(r, f).
This implies N(r,a; f| > nk +n) = S(r, f). Hence we have

N(r,0; F |>np+n)+ N(r,o0; F |>nk +n)+ N(r,0;G |> np +n)+

+N(r,00;G |= nk +n) = S(r, f) + 5(r, g).
[l

Lemma 7 ([13]). Let f be a non-constant meromorphic function and P(f) = ag + aif +
asf*+ ...+ a,f", where ag,ay,as...,a, are constants and a, # 0. Then T(r, P(f)) =
nT(r, f) + O(1).

Lemma 8 ([14]). Let F, G be given by (1). If F, G share (0,0) and U =0 then F' = G.
Lemma 9 ([14]). Let F', G be given by (1). If F, G share (c0,0) and V =0 then F = G.

Lemma 10 ([1]). Let F, G be given by (1). If F, G share (1,0) and W =0 then F = G.
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Lemma 11. Let F', G be given by (1) and F' # G. If Ef(S1,m) = E,(S1,m), E;(Ss2,p) =
E,(S2,p) and E¢(Ss, k) = E4(S3, k), where 1 <m < 00,0 <p<o00,0<k< oo then

nk+n+m-+1
m(nk+n—1)—1
< S(r, f)+5(r,9).

Proof. Since F # G we have from Lemmas 8, 9 and 10 that U £ 0, V £ 0 and W # 0.
According to the statement of the lemma it is clear that F', G share (1,m), (0,np), (co;nk).
Also if zg is a zero (pole) of f of order s < p, (s < k) then it will be a zero (pole) of F', G of
order (n—1)s+s (ns). Also, if 2y is a zero (pole) of F' with multiplicity » > np+1(> nk+1)
then it is a zero (pole) of G with multiplicity s > np+ 1(> nk + 1) and vice versa. We note
that any zero (pole) of f or g which is also a zero (pole) of F' and G can not lie between
(n—1)p+pand (n — 1)p+p+n (nk and nk +n).
Hence, we get from the definition of U

(np—i—n—l— )(N(T,O;F\2np+n)+ﬁ(r,0;6’]2np+n))S

(np+n—1)N(r,0; F |>np+mn) < N(r,0;U) <
< T(r,U)+O(1) < N(r,00;U) + S(r, f) + S(r,9)
< N(r,o0; F |>nk +n) + N(r,1; | >m+1) + S(r, f) + S(r,9). (3)

Similarly as above we get from the definition of V'

(nk+n—1)N(r,o00; F |>nk+n) < N(r,0; V) <
< N(r, 00, V) +5(r, ) + 5(r,9) <
<N F|>np+n)+ N, LF|>m+1)+S(r f)+ S(rg). (4)

Also from the definition of W we deduce

mN(r, 1, F |2 m+1) < N(r,00; W)+ 5(r, f) + 5(r, g) <
< N0, F |2 np+n) + N(r,00, F |2 nk +n) + S(r, f) + S(r,g). (5)
Using (5) in (4) we obtain

N{r,o6i P [2 nk +1) €~ e N (0 F 2 np 1) £ S(r.f) + S(r20)- (6

Using (6) in (5) we obtain

— nk+n —
N(r,1; F |> 1) < N (F > .
(L |2 m ot 1) € e e N0 2 mp ) £ (/) + S(rg). (7

Now using (6) and (7) in (3) we get

nk+n-+m+1
m(nk+n—1)—1

(np+n—1— )N(T,O;F|Z np+mn) < S(r, f)+S(r,g). (8)

Similarly, we have

nk+n+m-+1
m(nk+n—1)—1

<np—|—n—1— >N(7’,O;G|Z np+n) < S(r, f)+S(r,g). (9)

Adding (8) and (9), we get the required conclusion of the lemma. O
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Lemma 12. Let F', G be given by (1) and F' # G. If E;(S1,m) = E,(S1,m); Ef(Ss2,p) =
E,(S2,p) and E¢(Ss, k) = E4(S3, k), where 1 <m < 00,0 <p < o0, 0 <k < oo, then

| R —
(nk+n—1— mptmYm )(N(r,oo;F > nk +n) + N(r,00; G |> nk +n)) <
m(np+n—1)—1
< S(r, f) +5(r,9).
Proof. In the line of Lemma 11, we can prove the lemma. O]

3. Proofs of the theorems.

Proof of Theorem 3. Let F' = f"(z), G = f"(qz). Then by Remark 2 we have, S(r, f(¢z)) =
Si(r, f). First suppose that F' # G. From Lemma 11 we get

nk+n+m+1 \ — —
o N F > N G2 <
(np+n m(nk—i—n—l)—l)( (r,0; F |>np+n)+ N(r,0;G |>np+n)) <
< S(r, f) + Su(r, f). (10)
Noting that n > 2, from (10) we obtain
N(r,0; F |z np+n) + N(r,0,G [ np+n) < S(r, f) + Su(r, f), (11)

when (2p + 1){m(2k + 1) — 1} > 2k + m + 3, i.e., when 2mpk + (p+ k)(m — 1) > 2.
Similarly from Lemma 12, when 2mpk + (p + k)(m — 1) > 2, we get

N(r,00; F |> nk +n)+ N(r,00;G |> nk +n) < S(r, f) + Si(r, f). (12)

Hence when ¢ > 2, adding (11) and (12) we see that only the second conclusion of
Remark 4 holds. That is to say f.g = s, where 0, oo are lacunary values of f and g and
s" = 1.

Suppose

(f(z)"(f(g2))" = 1. (13)

From the fact that f(z) and f(qz) share (0o, k) and (0,p), we conclude that f(z) and
f(gz) both are entire functions and having no zeros.

So from (13) we have N(r,0; f) < S(r, f).

Therefore, in view of Lemmas 3 and 7 we have

onT(r,f) = 2T(r,F)+0(1)<T (n %) +8(r f)<T (7“, %) +S(r, f) <

<7 (r, (@)) +S(r, f) < nT <r, / <Jqf)) < S f) + Si(r f),

which is a contradiction. So we must have F' = G, that is f"(qz) = f™. Then there exists a
constant t € C such that f(z) = tf(¢gz), where t" = 1.

Now we prove that |¢| = 1. Let F(z) = f(2)" and F(qz) = f(gz)", then we get F(z) =
F(qz). Now replacing z by qz, we get F(qz) = F(¢*2) and so F(z) = F(¢?z). Proceeding
in the similar manner, we get F(z) = F(¢*z) = F(¢*2) = ... = F(¢™z), where m is an
integer. Suppose that | ¢ |[< 1. Then we get F'(z) = F(¢™z). Now for m — oo, we see that
F(z) = F(0), which is a contradiction. We then suppose that |¢| > 1. Then after rewriting
F(z) = F(qz) by F(cz) = F(z), where ¢ = %, we also arrive at a contradiction. Hence,
| ¢ |= 1 is the only possible conclusion. O
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We omit the proofs of Theorems 1, 2 and 4 since they can be carried out in the line

of proof of Theorem 3. For the proof of Theorem 1 and Theorem 4, it is necessary to use
Lemmas 1 and 2 and in proof of Theorem 2 is is required to use Lemma 5.
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