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DISTANCE BETWEEN A MAXIMUM MODULUS POINT AND
THE ZERO SET OF AN ANALYTIC FUNCTION
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an analytic function, Mat. Stud. 52 (2019), 10-23.

Let f be an analytic function in the disk D = {#z € C: |2| < R}, R € (0,+00]. A point
w € Dp is called a maximum modulus point of f if |f(w)| = M(|w|, f), where M(r, f) =
max{|f(z)|: |z] = r}. Denote by d(w, f) the distance between a maximum modulus point w
and the zero set of f, i.e., d(w, f) = inf{|w — z|: f(z) = 0}. Let ® be a continuous function
on [a,In R) such that zo — ®(6) — —o0, o T In R, for every z € R. Let also ® be the Young-
conjugate function of ® and ®(z) = ®(x)/z for all sufficiently large 2. We prove that if

InM(r,f) < (14 0(1)®(Inr), r7TR,

then —
o (1
tim d(w, )22 5 g,
|w|tR |w]
where Cy = 0,5416. ... When the Taylor coefficients of f are nonnegative, the constant Cy can

be replaced by 7, and the inequality obtained in this case is sharp.

1. Introduction. Let R € (0, +00] and D = {z € C: |z] < R}. By Ag denote the class of
analytic functions in Dg of the form

f(2) =) an" (1)

such that f(z) # 0. For every function f analytic in Dg put
M(r, f) = max{|f(2)|: [s| =}, r€[0,R).

We call a point w € Dy a maximum modulus point of f if | f(w)| = M (Jw], f).
Let A € (—o0,+o0] and ®: Dg — R be a real function. We say that ® € Q4 if the
domain Dg of ® is an infinite interval of the form [a, A), ® is continuous on Dg, and the

following condition

Vo e R: Li&l(:ta —P(0)) = —0 (2)

holds. It is easy to see that in the case A < 400 condition (2) is equivalent to the condition
®(0) — +o00, 0 - A — 0, and in the case A = 400 this condition is equivalent to the
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condition ®(0)/oc — 400, 0 — 400. For & € Q4 by ® we denote the Young-conjugate
function of P, i.e.,

®(z) = max{zoc — ®(0): 0 € Dy}, z€R.

Note (see Lemma 2 below), that the function ®(z) = ®(z)/x is continuous and increasing

to A on some interval of the form (z¢,+00). Hence the inverse function ® ~! is defined on

some interval of the form (Ag, A) and ® ~! is continuous and increasing to +oc on (A, A).
For f € Ar and ¢ € O, r the quantity

—InM(r, f)
L) = )
is called ®-type of the function f. The notion of ®-type for a function analytic in Dg generali-
zes the classical notion of the type for an entire function of finite positive order.

Let Zr be the class of functions f € Ag that have infinitely many zeros in Dy, and let
Z} be the subclass of functions f € Zg of the form (1) such that a, > 0 for all integers
n > 0. Denote by d(w, f) the distance between a maximum modulus point w and the zero
set of a function f € Zg, that is

d(w, f) =inf{|lw — z|: f(z) =0}.

The problem of finding asymptotic estimates from below for the quantity d(w, f) as
|lw| — +o0 in the case where f is entire was considered in the works of I. Ostrovskii [1],
I. Ostrovskii and A.E. Ureyen [2, 3, 4], A.E. Ureyen [5], and S.I. Fedynyak [6]. In particular,
by certain conditions on a function & € {2, ., the authors of these works have specified a
function h: [rg, +00) — (0,+00) dependent only on ¢ such that the following statements
are true.

(O) If f € Z, and Te(f) <1, then

lim d(w, f)b(u]) > —. 3)
|w]|—+o00 €
(O9) If f € ZF and Te(f) < 1, then
lim d(w, f)h(|w]) = 1. (4)

|w]|—+o00
(O3) There exists a function f € Z} . such that Te(f) < 1 and

i d(w, f)h(ul) < . (5)

|w|—4o00
Next, we present an overview of relevant results. The first results in this direction,

summarized in the following theorem, were obtained in [1].

Theorem A (|1]). Let p and T be positive numbers, ®(Inr) = Tr? and h(r) = eTpr°~! for
all r > ry. Then the statements (Oy), (Oz), and (Os) are true.

A function p(r), continuously differentiable on [ry, +00), is called a prozimate order if
p(r) — pand p'(r)rinr — 0 as r — +oo for some p € (0, +00).
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Theorem B (|2]). Let p and T' be positive numbers, p(r) be a proximate order such that
p(r) — pasr — +oo, ®(Inr) = Tr"") and h(r) = eTpr*"=! for all r > ro. Then the
statements (O1), (O,), and (O3) are true.

As in [5], a function p(r), continuously differentiable on [ry, +00), is called a zero prowi-
mate order if p(r) = ¢(Inr)/Inr for all r > ry, where v is a function, positive concave on
[In 79, +00), and also p(r) — 0 and ") /Inr — +00 as r — +oo.

Theorem C (|5]). Let T be a positive number, p(r) be a zero proximate order, ®(Inr) =
Tr") and h(r) = eTr?™=Y(p(r) + p/(r)rInr) for all r > ry. Then the statements (O;) and
(O3) are true.

As in [5], a function p(r), continuously differentiable on [rg, +00), is called an infinite
proximate orderif p(r) = (Inr)/Inr for all r > ry, where 1) is a function, positive increasing
convex on [Inrg, +00), such that ¢'(z) — +o00 and ¢"(x)/¢"*(x) — 0 (along the set of x for
which ¢ (x) exists), as x — +o0.

Theorem D ([5|). Let T be a positive number, p(r) be a infinite proximate order, ®(Inr) =
Tr*™) and h(r) = eTr*") " (p(r) + p'(r)rinr) for all r > ro. Then the statements (O;) and
(Os) are true.

Finally, the following theorem is proved in [6].

Theorem E ([6]). Let ® € 2, be a function, continuously differentiable on Dg, such that
®' is increasing on Dg, and

W) = % ! (lnr+ m)

for all r > 1. Then the statement (O,) is true.

Remark 1. It follows from Lemma 4 (see below) that for the function h in Theorem E we
have h(r) ~ ® ~Y(lnr)/r, r — +oo.

Remark 2. For the function h in Theorems A, B, C, and D, we have h(r) ~ e®'(lnr)/r,
r — 4o00. Using this relation, we can prove that in each of the cases, considered in these
theorems, the following inequality

is true (we will not dwell on proving this fact).

Below we prove that the statements (O ), (O2), and (O3) are true for an arbitrary function
® € Qo with A(r) = @ ~'(Inr)/r, r > 0. Moreover, the constant 1 in (3) can be replaced
by the larger constant

1 _
Ci = max n(2y/z(x — 1))
r>1 x

=0,5416. .., (6)

and the constant 1 in (4) can be replaced by the sharp constant 7.
At the same time, we prove similar results for functions analytic in a disk.
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2. Main results.
Theorem 1. Let R € (0,400] and ® € Q. If f € Zr and Te(f) < 1, then
o1
lim d(w, )22 5 o (7)
lw|tR |wl
Theorem 2. Let R € (0,+00] and ® € O, g. If f € Z}; and Te(f) < 1, then

o 11
lim d(w, )2 —l])
|w|tR |w]

> . (8)

If f € Ag is a function of the form (1), ® € Q, g, and r € [0, R), then let

—1
ulr ) = max{lanlr™: n 2 0}, ta(f) =Tim %
Theorem 3. Let R € (0, +00] and ® € Qi,z. Then there exists a function f € Z;; such
that To(f) = te(f) = 1 and
@~ (In fwl)

lim d(w, f)—————, = 7. 9
lim d(w, )= = 9

We need the following theorem to prove Theorem 2.

Theorem 4. Let R € (0,4+00], f € 2% be a function of the form (1), and (r;e"¥) be the
sequence of all zeros of the function f. If N: [0, R) — (0, +00) is a function such that

> ap" =o(M(r, ), rtR, (10)
n>N(r)
then
lim || N(r;) > 7. (11)
Jj—o0

3. Auxiliary results.

Lemma 1. Let R € (0,+0c], p € (0,R), and f € Ag. Then for every w, z € D, we have

pM(p, f) |
V(p? = w]?)(p? — [2]?)

/2” dx B 2
o a—bcoszx N7

whenever a > b > 0. Hence, using Cauchy’s integral formula and Cauchy-Bunyakovsky

inequality, we obtain
[
irj=p (T —w)(T = 2)

o [, (- 7)o =12

[f(w) = f(2)] < Jw - 2]

Proof. We note that

|[f(w) = f(2)] =
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21 10
f(Pe ) i0
<
/0 (pe? — w)(pe? —2)"" oy =

lw — 2| /2“ df
< pM(p, f : ; <
2 (0 1) 0 Ipew — wl[pe” — \

]w—z! / /
M ( =
oM, f W9M2 |wtw

:|w—z| M \/ 2m \/ — w— =~ pM(p, f) ‘
e e N T E

The following lemma is well known (see, for example, |7, § 3.2|, [8]).

lw — 2|
o7

Lemma 2. Let A € (—o0,+o0], & € Q4, and ¢(z) = max{o € Dg: x0 — ®(0) = O(2)},
x € R. Then, the following statements are true:

(i) the function ¢ is nondecreasing on R;
(ii) the function ¢ is continuous from the right on R;
(iii) p(z) = A, x — +00;
(iv) the right-hand derivative of ®(z) is equal to p(z) at every point z € R;
(v) if 2o = inf{z > 0 : ®(p(x)) > 0}, then the function () = ®(x)/x increases to A on
(g, +00);
(vi) the function a(x) = ®(¢(x)) is nondecreasing on [0, +00).

In the following two lemmas, ¢ and z( are defined by ® in the same way as in Lemma 2.

Lemma 3. Let A € (—oco,+00], ® € Qyu, 09 = ®(x9 + 0), and o € (09, A). Then the
minimum value of the function

h(y) = , Y€ l(o,A),

is ® ~'(c), which is achieved when y = ¢(® ~!(0)).
Proof. Let © = ® (), y € (0, A4). For > x5 > 0 from the definition of function ® we

obtain B(y) B(y)
= Y )
=) 2y———=y—=1,
- F1(0)
so that % > ® (). Thus h(y) > ® (o) for all y € (0, A).
We note that by Lemma 2

rp(z) — @(p(7)) = D(w), z€R. (12)

If ¥ > x9, then ®(¢(x)) > 0, thus from (12) we obtain ®(r) <
and y = p(® ~1(0)) = p(z )We haveyE(a,A) Then, by (12),
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Lemma 4. Let 6 € (0,1), A € (=00, 4], ® € Ny, 09 = (2 +0), and y(o) = p(® (o))
for all o € (0¢, A). Then

-1 00(y(a))) _ 27 '(0)
d (O’+ W) < ﬁ, (oS (O'(),A).

Proof. By Lemma 3 for all o € (09, A) we have

() _ 5oy,
oy —o " @)
Hence we get ()
B P(y(o
y<0) - J+ 6_1(0_>
o 0(y(0)
=0 _L
T

Clearly, if 0 € (0¢, A), then 0 < v(0o) < y(o) and also y(o) — v(o) = (1 — d)(y(o) — o).
Therefore, using Lemma 3 again, for every o € (09, A) we obtain

3 (v(o (y(o)) _ P(y(o)) _ 270
& (v ))Sy(a)—v(a) (1=0)(y(o) — o) 1—-6

This proves Lemma 4. O

Lemma 5. Let A € (o0, +0o0], ® € Q4, and ¥ be a convex function on [0q, A) such that
V(o) < ®(0) for all o € [01,A). Then V', (0) < ® (o) for every o € [09, A).

Proof. Since ®(0) — +o0, 0 T A, from the conditions imposed on the function ¥ we get
U(y) — V(o) < O(y) for all o € [0, A) and y € (0, A). We can assume that oo > o7 and
oy € (09, A), where oy is the constant from Lemma 3. Set y = ¢(® ~(c)). Since V¥ is a
convex function on [0y, A), for every o € [0q, A) we get, using Lemma 3,

U(y) —¥(o) _ 2(y) 5
v’ < < = .
+(U)_ Yy—o T y—o (0)
Lemma 5 is proved. O]

For a function f € Ag of the form (1) let v(r, f) = max{n € Ny: |a,|r" = u(r, f)} be its
central index. It is well known that v(r, f) = r(Inu(r, f))’, for all r € (0, R). In addition, we
have following result (]9]).

Lemma 6. Let R € (0,+00|, (ny) be an increasing sequence of nonnegative integers, and
(cx) be a sequence, increasing to R. If (a,) is a complex sequence such that a,, # 0, a, =0
for each n < ng and

k

’a‘nk+1| = ’anO‘ Hc;'lj_nj-H’ ’an’ < ‘ank‘czk_n’ n e (nkank+1>
=0

for all k > 0, then the power series (1) defines a function f, analytic in the disk Dg and such
that for which:
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(i) v(r, f) = no for all r € (0,¢);
(ii) v(r, f) = ngyq for all v € [k, cpy1) and k > 0.

Lemma 7. Let € > 0. Then there exists a number § = 6(¢) > 0 such that

- (1)

> (1-¢)lz]
for any z € Ds and n € N.
Proof. Let z € C, n € N. Then
11— (1+2)" >1+2n|z] = (1+[z])". (13)
Indeed, if n > 2, then, using the Newton binomial formula, we obtain

n
kk
Ean
k=1

1—(1+2)" = > nlz| =Y CEz[F =1+ 2n|z| — (1 +|2z)™
k=2

If n = 1, then inequality (13) turns to equality.
Further, since €" — 1 ~ r, r — 0, then there exists 6 > 0 such that e — 1 < (1 4 ¢)r,
r € [0,9). Thus, if z € Ds and n € N, then

(1 + @) <l <14 (1492,
n
so, using inequality (13) with z/n instead of z, we have

Z\" 2\"
‘1—(1+5) \z1+2|z|—(1+‘n—’> > 1422 — (14 (1+2)z]) = (1 —e)|2].

Lemma 7 is proved. O
4. Proofs of theorems.

Proof of Theorem 1. Let f € Zg be a function such that To(f) < 1, and Cj be the constant,
defined by (6). Let us prove that for the function f relation (7) holds.

We set W(o) = InM(e?, f) for each 0 < In R. Then the condition T5(f) < 1 can be
rewritten as V(o) < (14 0(1))®(0), o T In R. Since the function ¥ is convex on the interval
(—o0,In R), by Lemma 5 we obtain

U (Inr) < (1+0(1)® *(Inr), r1 R (14)

Suppose, on the contrary, that inequality (7) does not hold, that is, there exists a positive
number A < Cj such that for the set E of maximum modulus points w, satisfying the
inequality
V)

we have sup £ = R.
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For each maximum modulus point w of the function f we fix the nearest zero of f and
denote this zero by z(w). Note that by Lemma 1 for arbitrary p € (max{|w|, |z(w)|}, R) the

inequality
M(p. |
Mlul, ) < d(w, f) L) (15)
V(P = wP)(p? = |z(w)]?)
holds.
Since A < Cy, for some p > 1, according to (6), we have
In(2 -1
i
Let w € E. Put A
pA|w
= + — .

Then |w| < p(w). In addition, since
Alw

d(|w -
(ul. ) € it

w — z(w)| =
we have also |z(w)| < p(w). It is also clear that p(w) ~ |z(w)| ~ |w| as |w| T R.
Since \ \
u 1
1 1 +1 = <1 + = 17
pli) = tnful (14 =B ) <+ (17
by Lemma 4 we obtain ® ~(In p(w)) ~ ® ~1(In|w|) as |w| + R. Then, according to (14),
U, (Inp(w)) < (1+0(1))@ (I fwl), |w] 1 R. (18)
Using (17) and (18), we get
M(p(w), f) /mp(“’) / :
In ————= U, (z)de < W, (Inp(w))(Inp(w) —In |w]) < (14 o(1))uA
Ml ) Do () t(Inp(w)) (o p(w) = Injw]) < (1+o(1))
as |w| T R. Therefore,

. M(jwl, f) 1
lim > — 19
o M), ) = o e

Noting that the relations

2pA|w]? 2 2 2(p — DAJw|?

— > 1_|_ ~ ,
() = =)t 2 (14 o(1)) T

2(0) — lwl? ~ — ’
hold as |w| T R, and using inequality (15) with p = p(w) and also (19), for w € E we obtain

A > |h|rTr}%d(w f)w >
— [wP)(p*(w) — [2(w)]?) @ (I jw]) _ 2A/pu(p—1)
lw| emA ’

s Ml ) VPw)
= itk Mip(w), /) o(w)

which contradicts (16).
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Proof of Theorem 4. Let f € Z; be a function of the form (1), (r;e*?7) be the sequence of
all zeros of the function f, and N: [0, R) — (0, +00) be a function such that (10) holds. We
prove that then the inequality (11) holds.

First of all, note that each of the numbers ;e is also a zero of the function f in view
of the fact that its Taylor coefficients are nonnegative.

Suppose, on the contrary, that inequality (11) does not hold. Then, as stated above, there
exists a number ¢ € (0, 7) such that the set

m™—£
E=49720: 0<¢p; < ——
%— —%—Mm}

is infinite.
Let j € E. Then for every integer k € [0, N(r;)] we have 0 < ky; < m — ¢, which implies
that

_7T+€<k‘_<7r_€)<77'_5
2 T2 =it \373)>3 "
Takin
& T £ 5 <7T 5)
=——- =cos (= — =
=357y 2 2)°

we see that cos(kg; —n) > > 0 for all integers k € [0, N(r;)]. Therefore, in view of (10),

Z akrk(S— Z akr

E<N(r;) k>N (r;)

=dM(rj, f) — (1 + 5) Z akrf = (0 —o(1))M(r;, f), j— oc.

k>N(T‘j)

!Re ”7f Tj ew]

=

So, for all sufficiently large j € E we have f(r;e"?) # 0. This contradicts the fact that the
numbers ;e are zeros of the function f. O

Proof of Theorem 2. Let f € Z}; be a function of the form (1) such that Ts(f) < 1. We
prove that then inequality (8) holds.
Fix an arbitrary ¢ > 0 and select 4 > 0 so that the inequality
1
1+e¢

o< 1—

holds. Taking
=(1+e)(1-0)>*-1,

we see that n > 0. Put W(o) = In M (e, f) for each 0 < In R. From the condition T (f) < 1
we have U(o) < (1 + n)®(o) for all o € [oy1,Iln R). Since the function ¥ is convex on the
interval (—oo,In R), by Lemma 5 we obtain

V. (Inr) < (1+n)® '(nr), re€[Ry,R). (20)

Further, if N > 0, r € (0, R), and p € (r, R), then

. M(r, f)
Z anT" < el p=Inr)(N=¥' (Inp)) " <21)

k>N
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Indeed, since the coefficients a,, are nonnegative, M (r, f) = f(r) for all r € [0, R), and
therefore

> g < < ) > anp" < ( ) M(p, f) = M(r, f) (g)Ne‘I’(lnp)\I/(lnr)'

k>N

It remains to take into account that
Inp

U(lnp) — ¥(lnr) = / V' (z)dz < (Inp —Inr)¥, (Inp).

Inr

As in Lemma 4, let 0g = ®(x9+0) and y(0) = (P (o)) for all 0 € (v, In R). Applying
inequality (21) with N = (1+¢)® ~'(Inr) and p > r such that
0P (y(1
Inp=Inr-+ M,
o ~1(Inr)

and using inequality (20) and Lemma 4, we obtain

Z a,r"™ < M(r, f)exp( M((l—i—e)

— ®~1(Inr)
k>(1+€)® ~1(lnr)

M(r, f)
- ed?(1+e)@(y(Inr)) - O(M(Tv f))v r T R.

Since € > 0 is arbitrary, hence by Theorem 4 we have

lim ;[ "' (Inry) > 7, (22)

J—00

G*|
|
| ‘
>
S
I~
=3
=
~_
~_
I

where (r;e?7) is the sequence of all zeros of the function f.

Further, since the coefficients a,, of the function f are nonnegative, it is easy to prove
(see, for example, [1]), that d(w, f) = d(|w|, f) for an arbitrary maximum modulus point w
of this function. Therefore, if inequality (8) is not satisfied, then there exists a number A < 7
such that for the set

31
E = {r € (7, R): d(r, f)w < )\}
we have sup £ = R.
For each point r € [0, R) we fix the number of the nearest zero of f and denote this
number by j(r).
Let r € E and r T R. Then d(r, f) = o(r), so it is clear from geometric considerations
that ¢;y — 0. Further, since |r;,y —r| < d(r, f), we obtain 7,y ~ 7. In addition,

AT A
1117’]‘(7») S IH(T + d(’f‘, f)) S In (T + m) S Inr + m,
and therefore, by Lemma 4, ® ~'(Inr;() < (1+0(1))® ~'(Inr).
Using the above relations and the obvious inequality 7y sin |p;y| < d(r, f) and assu-
ming that r € F, we get

S @ lnr)
Lin ) [@ - (1nrg<r>)—lgrgsml% nl®~ (1nrj<r>)<grgd( —

<A

which contradicts the inequality (22). O
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Proof of Theorem 3. Let ® € (), g. Suppose, as above, o = inf{z > 0: ®(p(x)) > 0}.
From condition (2) and the properties of the function & given in Lemma 2 it follows that
there exists an increasing sequence (ny) of nonnegative integers such that for it and for the
sequences (c;) and (ry), where ¢, = exp{®(n11)} and 7, = exp{p(n;.1)} for all integers
k > 0, we have ng = 0, n; > xg, and also

knglnr — &(lnr) < knglncy, 7 € [ex, R), k > 0; (23)

ng = o(ngy1), k — oo; (24)

min{ (g1 — ) (Incpr — Incg), (Neg2 — M) (0 ey — Inry)} > 2In(k 4+ 1), £ > 0. (25)
Put ¢y =1,

n;—n;
Cj] J+1’ k Z 07

ank+1

—.

<
Il
o

and a,, = 0 if n € (ng, ngy1) for some k > 0. By Lemma 6 the power series

o0

f(Z) = Uy, 2
k=0

ng

defines a function f, analytic in the disk Dg, such that v(r, f) = 0 for all » € (0,¢y) and
v(r, f) = ngyq for all r € [cg, cpy1) and k > 0.
Let r € [k, cgy1) and k& > 0. Then

_ W) d(1
lnck:q)(nkﬂ):sup{a— (g):UEDq,} >Inr — (mn). (26)
N1 Nkg+1
From inequalities (26) and (23) we obtain, respectively,
®(1
nk+11n£§<l>(lnr), nkln%gnklnig (nr)’
Ck Co Co k

so for every k£ > 1 we have

"u(t
lnu(r,f)—lnu(ck,f)—i—/ V(’f)dtgnklnc—k+nk+11n£§
Cl t Co Ck
®(1 1
< (o) + ®(Inr) = %@(lnr).

k

This implies that te(f) < 1.
We further note that equality (12), which follows from Lemma 2, can be rewritten as

O(7) = p(r) — 2lple)) r eR.

Putting © = nyy1, we get

(1
Incy, =Inrg — ( n'r’k). (27)
N1

Since p(r, f) > p(0, f) =1, r € (0, R), we obtain, using (27),
"t f)

lnu(rk7f) Z / ——=dt Z Nka1 h’lE = (I)(lnrk).
Ck t Ck,
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This and the inequality te(f) < 1 imply that t¢(f) = 1.

Put
5 1 h Ck(sk;
= —, m =N —nNn s = —

for all £ > 0. Then, according to (24) and (27), for k > ky we obtain

cr + hy = ¢ (1+£)§ck (1+M)§ckexp{M}:m. (28)

my Nk+1 N1

Note that
(cr — hi)™ " ~ "~ (e + hg)™ ',k — oo

Therefore, as k — oo, we have, uniformly for r € [c; — hg, ¢ + by,

ankrnk ~ Gnkczk = /’L(Clm f)7 ank+1rnk+1 ~ ankJrlCZkJrl = /’L(Clﬁ f) <29)

For each integer p > 0 we set
by =c,e™™  C,={2€C: |z—b,| =h,}
and consider the functions
Py(2) = ap, 2" + an,,, 2", gp(2) = f(2) — By(2).

Let § be a number whose existence follows from Lemma 7 for ¢ = 1/2, and let z € C,,.
Then 2 = b, + h,e® for some § € R. For all p > py we have 6, < §. Putting |2| = r and using

Lemmas 7 and (29), we get
mp 6 mp
1_|_(£) 1+(17r/mp_|_ 19)
Cp mp
(5 e ) )
mp 2

3
In addition, using (28) and (25), for every p > ps we have

g A, 2"

|Pp(2)] = |an, 2" + @n, 2" | = an,r™

= Gy, T

= Gy, "

< Z tny (Cp + p)"™ = an, (¢ + Ip)"™ Z e —=(cp 4 hy)™ " <

k<p—1 k< ny,
<p— <p—1 k‘<p 1
a e\ T
Nk _ng—mp __ J
< 2“(0107 f) § a_cp P= 2;“ cp7 § H < ) <
k<p—1 P k<p—1j=k

< 2u(cy, f) Z (m) p_% = 2p(cp, fp (m) p_V < gU(Cpaf)S

k<p1 \ Cp Cp D
Nk nE __ Np+1 k N —"Np41
E Any 2| < E , Q. (Cp + hp)™F = anp+1(cp + hp)"" E a (cp + hyp) rr <
E>p+2 k>p+2 k:>p+2 Mp+1

LLVE S Sl
<) ¥ e 301 (2)7 5
.7

a
k>p+2 Tp+1 k>p+2 j=p+1
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< (e f) 3 () e S ("—) e

k>p+2 Ch—1 k>p+2 Ck—1
1 2
< 2p(cp, f) Z [CEE < 5M(Cp7f)-
k>p+2
So for all p > p3 and z € C), we get
4 dp
|9p(2)] < ]—)M(prf) < gl ) < [B(2)]

Thus, according to Rouché’s theorem, the function f has in the disk {z € C: |z — b,| < h,}
the same number of zeros as the binomial P,. Since b, is a zero of P,, in this disk the function
f has a zero, which we denote by z,. If p — oo, then

|bp — 2p| < By = Spcp/my = 0(cp/Np11),  |cp = bp| = |cp — Cpem/mp| ~ CpT [ Mpy1-
This implies, by the triangle inequality, that

lep, — 2p| ~ cpm/npi1 = /@ H(Ine,), p— oo.

Therefore,
d (1 P11 L1
fimd(r, /)2 < i dge,, /2D < iy pe, 2 2GS
R r p—00 Cp p—0o0 D

This and Theorem 2 imply equality (9).

Next, we note that the above estimates imply the relation M (cg, f) ~ 2u(ck, f), kK — 0.
Since the functions In M(r, f) and Inu(r, f) are convex and linear with respect to Inr on
[ck, Crt1], respectively, and p(r, f) < M(r, f) by the Cauchy inequality, we have

0<InM(r,f)—Inp(r,f) <In3

for all r < R sufficiently close to R. This and the equality t¢(f) = 1 imply that To(f) = 1. O
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