Maremaruani Crymil. T.51, Ne2 Matematychni Studii. V.51, No.2

VYIK 515.1
A. MUKHARJEE, R. M. Roy

ON GENERALIZED PREOPEN SETS

A. Mukharjee, R. M. Roy. On generalized preopen sets, Mat. Stud. 51 (2019), 195-199.

Firstly in this paper, we find some conditions under which p-preopen sets of a GTS or
u-space X may be equivalent to p-open in X. Finally, we obtain some characterizations of
generalized paracompactness of a GTS or u-space X via u-preopen sets in X.

1. Introduction. Let X be a nonempty set and .7 be a topology on X. For the time being,
we simply write X to mean the topological space (X,.7). For a subset A of X, Cl(A) and
Int(A) stand respectively for closure and interior of A in the topological space X.

There are several generalizations of open sets of topological spaces. Two well-discussed
generalizations of open sets of topological spaces are semi-open and pre-open sets. A subset
A of a topological space X is semi-open [8, Levine| if there exists an open set G such that
G C A C CI(G). A subset A of a topological space X is pre-open (see [9, Mashhour et al.|)
introduced under the name locally dense by Corson and Michael [2] if there exists an open
set U such that A C U C CI(A).

It is observed that the semi-open, pre-open sets of a topological space X possess properties
resembling those of open sets of the topological space with some exception e.g. the family of
semi-open (or pre-open) sets are not closed even under finite intersections. Starting from this
observation, Csédszar [6] finally introduced and studied the concepts of generalized topology.

Let exp(X) be the power set of the nonempty set X. A subcollection p of exp(X) is called
a generalized topology [6] on X if @ € p and the union of arbitrary number of elements of
i is again a member of p. A generalized topological space 6] is a nonempty set X endowed
with a generalized topology p and it is denoted by (X, ). We write GT spaces (resp. GTS)
to denote generalized topological spaces (X, i) (resp. generalized topological space (X, u)).
An element of p is called a p-open set of (X, ). The complement of a p-open set is called a
p~closed set of (X, u). A generalized topological space (X, u) is called strong [5] (also called
p-space by Noiri [11]) if X € p. For brevity, we retain the term p-space due to Noiri [11] to
mean the strongly generalized topological space (X, u) as well.

Henceforth unless otherwise mentioned, X stands for a GTS or p-space to be understood
from the context. For a subset A of X, the intersection of all u-closed sets containing A is
the generalized closure [4] of A and is denoted by ¢,,(A). Also for a subset A of X, the union
of all yi-open sets contained in A is the generalized interior [4] of A and is denoted by 7,(A).
It is easy to see that a subset A of X is p-open (resp. p-closed) if and only if A = i,(A)
(resp. A= c,(A)). Also for a subset A of X, we have ¢, (A) = X —i,(X — A).
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Throughout the paper, N denotes the set of natural numbers and R, the set of real
numbers.

2. pu-preopen sets. We recall some known definitions and results to use in the sequel.
Definition 1 (Csdszér [4]). A subset A of X is called p-preopen if A C i,(c,(A)).

As usual, the complement of a p-preopen set is called p-preclosed. So a subset A of X is
p-preclosed if ¢,(i,(A)) C A.

It is easy to prove that a subset A of X is pu-preopen if and only if there exists a pu-open
set G such that A C G C ¢,(A).

Definition 2 (Ekici [7]). A subset D of X is said to be p-dense if ¢, (D) = X.

The first author [10] of this paper, studied a covering property, namely p-precompactness
via u-preopen sets of u-spaces. In this paper, we obtain some more properties of p-preopen
sets on GT spaces or p-spaces.

We see that p-open sets in X are p-preopen in X but the converse need not be true. It is
then quite natural to grow interest in mind when p-preopen sets in X may be p-open in X.
To find some answers to this point, we first introduce the following.

Definition 3. A GTS or u-space X is said to be a p-door space if every subset of X is either
p-open or p-closed.

Theorem 1. Each u-preopen set of a u-door space is p-open.

Proof. Let V' be a p-preopen set of a p-door space X. Then V' C i,(c,(V)). If V is not
p-open, then it is p-closed. So we have ¢, (V') = V which implies i,(c,(V)) = i,(V). By the
definition, i,(V) = i,(c,(V)) C V. Since V is not p-open, i,(V) = i,(c,(V)) & V which is
a contradiction to the fact that V' C 7,(V) = i,(c,(V)). O

Theorem 2. Fach singleton in a u-space X is either u-open or p-closed if each p-preopen
set of X is p-open.

Proof. Firstly, suppose that for x € X, {z} is not p-closed. Since each p-preopen set in X
is p-open, {z} is not p-preclosed and so

u(in({2})) € {x}. (1)
Now the following two cases may arise.
Case i. {z} is p-open. Then ¢, (i,({z})) = c,({x}) which satisfies (1).
Case ii. {x} is not p-open. Then ¢, (i,({z})) = ¢,(&) = @ which contradicts (1).
So we conclude that {x} is p-open. O

Theorem 2 may not be true in a GTS since in a GTS, X may not be u-open and @ may
not be p-closed.

Example 1 (Ekici [7]). Let X = {a,b,c} and p = {@,{a}, {c,a}}. In the GTS (X, u), each
p-preopen set is p-open but {c} is neither p-open nor u-closed.

Theorem 3. In a pu-space X, each p-dense set is ji-open if each p-preopen set in X is py-open.
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Proof. Let A be p-dense in X. Then 4,,(c,(A)) = X, since X is p-open in X. Then obviously,
A Ci,(cu(A)). So A is p-preopen. By hypothesis, we conclude that A is p-open. ]

In Example 1, each p-preopen set of the GTS (X, i) is p-open and {a, b} is p-dense. But
{a, b} is not p-open in X. So we conclude that Theorem 3 need not be true in a GTS.

We call a subset A in a GTS X is purely u-preopen if A is u-preopen but not p-open. So
if A is purely p-preopen in X then A # @, X. It also follows that in a GTS X, X is pu-dense.

Theorem 4. There exists a u-dense set other than X in a GTS X if X contains a purely
u-preopen set.

Proof. Let A be a purely p-preopen set in a GTS X. Then A C i,(c,(A)) C cu(A4). If
cu(A) = X, then A # X is p-dense in X. If ¢,(A) # X, we put G = i,,(c,(A)). Then we see
that G # X and c,(A) = ¢,(G). Now

(X = GYUA) = co(X = G) Ue(A) = (X — G)Ucu(G) D (X —G)UG = X.

So we get ¢,((X —G)UA) = X. Since A is purely p-preopen and A C G, G — A # @. Then
it follows that (X — G)U A # X. Hence (X — G) U A # X is pu-dense in X. O

Corollary 1. Let A be pu-preopen in a GTS X and there exist G C X such that A C G C
cu(A). Then (X — G)U A is p-dense in X.

Proof. Similar to that of Theorem 4. m

Theorem 5. In a p-space X, each subset of X is u-preopen if and only if each p-open set
in X is p-closed.

Proof. Firstly, we suppose that each subset of X is u-preopen and U is p-open in X. So
X — U is p-closed. Since by hypothesis, ¢,(X — U) is pu-preopen, we have

(X —U) Ciyleu(cy(X =U))) =iu(cy(X —U)) since X —U =c,(X —U) =1i,(X —-U).

So we see that X — U = ¢, (X —U) C4,(X — U). Also by definition, i,(X —U) C X —U.
Hence we get X — U =1,(X — U). It means that X — U is p-open and hence U is p-closed.

Conversely, let each p-open set in X is p-closed and A be any subset of X. We see
that X — c,(A) is p-open and so also pi-closed. Therefore X — ¢, (A) = ¢, (X — c,(A)) =
X —i,(cu(A)) which implies ¢, (A) = i,(c,(A)). Hence A C ¢, (A) = i,(c,(A)). Thus A is
J-preopen. ]

Theorem 6. In a GTS X, each subset A(# @, X) of X is pu-preopen if and only if each
p-open set U(# @, X) in X is p-closed.

Proof. Similar to that of Theorem 5. O

3. The Generalized paracompactness via u-preopen sets. In the study of covering
properties of GT spaces or p-spaces (X, ), ‘u-open cover’ of X is defined to be the collection
% of p-open sets of X such that (J,.,U = X. Now in GT spaces, X may not be p-open
and so even the union of all g-open sets of X may not be equal to X. Hence such definition
of p-open covers of GT spaces become void. To avoid such nullified cases, we change the
existing ideas of covering properties in G'T spaces slightly.



198 A. MUKHARJEE, R. M. ROY

In this section, we write ‘a space’ to mean a GTS or p-space and a space (X, u) is to be
denoted by X.

Suppose that X, = UGEMG. Obviously, X, is p-open. If X is a GTS with X ¢ p, then X,
is not p-closed. Also note that in the case of p-spaces, X,, = X. A collection & of subsets of
X is called a cover of X if (J,.,G = X,,. We write ‘p-open collection of X’ and ‘u-preopen
collection of X’ to mean a collection consisting p-open sets and p-preopen sets respectively
of X. A p-open collection (resp. p-preopen collection) & of X is said to be a p-open (resp.
p-preopen) cover of X if (o G = X,

Let % and ¥ be two covers of X. The cover ¥ is called a refinement [12, p. 144] of the
cover 7 if for each V € ¥, there exists a U € % such that V' C U. If the covers % and ¥
both are p-open covers of X, then ¥ is called a p-open refinement of % [1|. However, if ¥
is a p-preopen cover and % is a p-open cover of X, then 7 is called a u-preopen refinement

of % .

Definition 4 (cf. Arar [1|, Deb Ray and Bhowmick [3]). A collection % of subsets of X is
called p-locally finite if for each x € X, there exists a py-open set U with x € U meeting
only finitely many members of % .

Definition 5 (cf. Arar [1], Deb Ray and Bhowmick [3]). A space X is called a p-paracompact
space if each p-open cover of X has a p-locally finite p-open refinement.

Definition 6. A p-preopen set GG in a space X is said to be capped by a p-open set if
G Cc U and G C V for p-open sets U,V in X, then there exists a p-open set W such that
GcwcunV.

Example 2. Let a,b € R, X = [-1,1] and p = {@} U {[-1,a) | 0 < a < 1}. Then
(X, ) is a GTS. We note that p-preopen sets are always contained in a p-open set. If A is
a p-preopen set contained in the p-open set [—1,0), then A is capped by the u-open set [—1,0)
irrespective of all u-open sets containing A. If a p-preopen set A is contained in the p-open
sets [—1,a),[—1,b),0 < a,b < 1, then A is capped by the u-open set [—1, ¢), ¢ = min{a, b}.
So we see that all u-preopen sets in X are capped by a p-open set in X.

Theorem 7. If a u-preopen collection € = {G,, | &« € A} of X is p-locally finite, then there
exists a p-open collection % = {U, | Go C Uy, € A} such that % and ¥V = {c,(U) | U €
% } both are p-locally finite.

Further, if € is a cover of X, then % and ¥ both are also covers of X.

Proof. Given the collection € of u-preopen sets is p-locally finite. So for each x € X, there
exists a p-open set N, such that G, N N, # & for finitely many o € A. Let G,, NN, # @
for a, € A, k€ {1,2,...,n},n € N. Then G,N N, = & for « € A —{ay,as,...,a,} which
implies ¢,(Go) NN, = @ for a € A — {a;,a9,...,0,}. Now for each a € A, there exists a
p-open set U, such that G, C U, C ¢,(G,). It gives ¢,(Gq) = ¢, (Uy). So ¢,(Uy) NN, = @
fora € A—{ay,as,...,a,}. Hence we see that IV, may intersect only finitely many members
of ¥ ={c,(U,) | « € A}. Thus ¥ is p-locally finite.

Since for each a € A, U, C ¢,(U,) and the collection ¥ = {c,(U,) | @ € A} is p-locally
finite, the collection {U, | @ € A} is also p-locally finite.

Now we suppose that ¢ is a cover of X. Then for each x € X, there exists a G, € €
such that z € G,. So we get v € G, C U, C ¢,(Go) = ¢,(U,). Hence it follows that % and
¥ both are covers of X. m
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Theorem 8. Let u-preopen sets in a space X are capped by p-open sets of X. Then the
space X is u-paracompact if and only if each u-open covers of X has a u-locally finite
J-preopen refinement.

Proof. The necessity follows easily since u-open sets on a space X are also u-preopen in X.

To prove the sufficiency, let € = {G, | @« € A} be a p-open cover of X and ¥ =
{Vs | B € T'} be a p-locally finite u-preopen refinement of ¢’. By Theorem 7, there exists
a p-locally finite p-open cover % = {Ug | Ug C V3,8 € I'} and for each € X, there
exists a f(z) € I' such that x € Vi) C Upy. But for B(x) € I, there is an a(x) € A such
that x € Vp(,) C Gy(r)- Since p-preopen sets in X are capped by p-open sets, there exists a
p-open set H, such that x € Vg(x) C H, C Uﬁ(x) N Ga(x) C Ga(x). So = {Hz ‘ T € Xu}
is an p-open refinement of €. Since % is p-locally finite and we see that H, C Ug(y,), 2 is
also pi-locally finite. Hence we get a p-locally finite p-open refinement 2 = {H, | z € X,,}
of . It implies that X is pu-paracompact. O

Acknowledgement. The authors are grateful to the referee for providing some valuable
suggestions towards improvement of contents of the paper.

REFERENCES

1. M.M. Arar, On countably p-paracompact spaces, Acta Math. Hungar., 149 (2016), Nel, 50-57.
H.H. Corson and E. Michael, Metrizability of certain countable unions, Illinois J. Math., 8 (1964), 351—
360.

3. A. Deb Ray, R. Bhowmick, p-paracompact and g,-paracompact generalized topological spaces, Hacet. J.
Math. Stat., 45 (2016), Nel, 447-453.

4. A. Csaszér, Generalized open sets in generalized topologies, Acta Math. Hungar., 106 (2005), Nel-2
351-357.

5. A. Csészar, Extremally disconnected generalized topologies, Ann. Univ. Sci. Budapest. EStvos Sect.
Math., 47 (2004), 91-96.

6. A. Csaszar, Generalized topology, generalized continuity, Acta Math. Hungar., 96 (2002), Ned, 351-357.

7. E. Ekici, Generalized Hyperconnectedness, Acta Math. Hungar., 133 (2011), Nel-2, 140-147.

8. N. Levine, Semi-open sets and semi-continuity in topological spaces, Amer. Math. Monthly, 70 (1963),
36—41.

9. A.S. Mashhour, M.E. Abd El-Monsef, S.N. El-Deeb, On precontinuous and weak precontinuous mappings,
Proc. Math. Phy. Soc. Egypt, 53 (1982), 47-53.

10. A. Mukharjee, A covering property with respect to generalized preopen sets, Bol. Soc. Paran. Mat., 38
(2002), NeG, 25-32.

11. T. Noiri, Unified characterizations of modifications of Ry and Ry topological spaces, Rend. Circ. Mat.
Palermo, (2) 55 (2006), 29-42.

12. S. Willard, General Topology, Addison-Wesley Publishing Company, Reading, 1970.

Department of Mathematics, St. Joseph’s College
Darjeeling, W. Bengal, India
ajoyjee@gmail.com

Department of Mathematics, Mathabhanga College
Coochbehar, W. Bengal, India
roy _rebati@rediffmail.com

Recetved 25.05.2019



