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In this paper, we introduce a mathematical model of spreading any type of information.
The model has the form of a system of nonlinear differential equations with non-stationary
parameters. We have suggested the explicit solutions of the system differential non-linear equa-
tions describing the information spreading process. A special case of this model with jump
discontinuity is considered. The numerical experiments demonstrated the practical meaning
of the offered results. The results can be useful for algorithm development for estimation of
dynamic of information spreading process.

1. Introduction. The mathematical apparatus of the theory of differential equations (in
particular [1], [2]) is often used to model socio-communicative processes (for example [3]–[5]).
One of the ways of presenting the information spreading process in society is the system of
nonlinear differential equations.

Let us consider a certain social community of L people. Suppose, a community is influen-
ced by one of N sources of information at some point in time t ∈ (t0, T ). The numbers
of people who have accepted the information messages from k-th information flow (k =
= 1, N) depends on external influence and interpersonal communication. Let us denote xk(t),
k = 1, N , t ∈ (t0, T ) are the numbers of people who have accepted the information messages
from k-th information flow (k = 1, N) at point of time t; bk(t), k = 1, N , t ∈ (t0, T ) are
the intensities of communication, uk(t), k = 1, N , t ∈ (t0, T ) are external influences. Time
variable of values xk(t), k = 1, N , t ∈ (t0, T ) we describe by differential equation system

ẋk(t) = bk(t)xk(t)

(
L−

N∑
i=1

xi(t)

)
+ uk(t), t ∈ (0, T ), k = 1, N (1)

with initial conditions
xk(t0) = x0k, k = 1, N. (2)

Works [6] are devoted to analysis of solution oh this model (1), (2) with stationary
parameters and the special type of uk(t), k = 1, N , t ∈ (t0, T ). Conditions of existence of
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range of first-approximation stability of the solutions are considered in [7], [8]. A separate
practical-important case of the model (1), (2) is the equations with jumps discontinuity that
are appropriate to be modeled as pulsed perturbations (for example, [9]).

2. Analysis of the basis model of information spreading process. Now let us take a
detailed look at the model (1) and the external influences are simulated us

uk(t) = ak(t)

(
L−

N∑
i=1

xi(t)

)
, k = 1, N, t ∈ (t0, T ).

Then model (1), (2) has the following form

ẋk(t) = (ak(t) + bk(t)xk(t))

(
L−

N∑
i=1

xi(t)

)
, t ∈ (t0, T ), xk(t0) = x0k, k = 1, N. (3)

Theorem 1. Let the conditions b(t) = bk(t), k = 1, N , t ∈ (t0, T ) are satisfied for the
system (3). Than the solutions xk(t), k = 1, N , t ∈ (t0, T ) are calculated by the formulas

xk(t) = x0k exp

{∫ t

t0

b(s)y(s)ds

}
+

+

∫ t

t0

ak(τ)y(τ) exp

{∫ t

τ

b(s)y(s)ds

}
dτ , t ∈ (t0, T ), k = 1, N, (4)

where

y(t) =
y(t0)

exp
{
−
∫ t
t0
a(s)ds

}
+ y(t0)

∫ t
t0
b(τ) exp

{
−
∫ t
τ
a(s)ds

}
dτ
, t ∈ (t0, T ),

a(t) =
N∑
i=1

ai(t) + b(t)L, t ∈ (t0, T ), y(t0) = L−
N∑
k=1

x0k.

Proof. Let us denote y(t) = L −
∑N

k=1 xk(t), t ∈ (t0, T ). Therefore the next equalities are
fulfilled

ẏ(t) = −
N∑
k=1

ẋk(t) = −
N∑
k=1

(ak(t) + b(t)xk(t))

(
L−

N∑
i=1

xi(t)

)
=

= −

(
N∑
k=1

ak(t) + b(t)
N∑
k=1

xk(t)

)(
L−

N∑
i=1

xi(t)

)
=

=

(
N∑
k=1

ak(t) + b(t)(L− y(t))

)
y(t), t ∈ (t0, T ).

The function y(t), t ∈ (t0, T ) has the form of Riccati equation

ẏ(t) = (a(t)− b(t)y(t))y(t), t ∈ (t0, T ) (5)

with the initial condition

y(t0) = L−
N∑
k=1

x0k.
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Denote the function z(t) = (y(t))−1, t ∈ (t0, T ) and this function satisfies representation
ż(t) = −(y(t))−2ẏ(t), t ∈ (t0, T ).

Myltiplying the left-hand and the right-hand side of (5) by (−y−2(t)) we have the formula

− 1

y2
(t)ẏ(t) = b(t)− a(t)

y(t)
, t ∈ (t0, T ). (6)

Instead of differential equation (6) we have Cauchy’s problem for the function z(t), t ∈
(t0, T )

ż(t) = b(t)− a(t)z(t), t ∈ (t0, T ), z(t0) = y−1(t0). (7)

On the basis of the Cauchy formula the equation (7) has the solution

z(t) = z(t0) exp

{
−
∫ t

0

a(s)ds

}
+

∫ t

0

b(τ) exp

{
−
∫ t

τ

a(s)ds

}
dτ , t ∈ (t0, T ). (8)

Since the equality satisfies

y(t) = (z(t))−1, t ∈ (t0, T )

we get the next expression from (8)

y(t) =
y(t0)

exp
{
−
∫ t
t0
a(s)ds

}
+ y(t0)

∫ t
t0
b(τ) exp

{
−
∫ t
τ
a(s)ds

}
dτ
, t ∈ (0, T ). (9)

The equation (3) can be written as

ẋk(t) = (ak(t) + b(t)xk(t))y(t), t ∈ (t0, T ), k = 1, N (10)

with the initial conditions
xk(t0) = x0k, k = 1, N.

On the basis of the Cauchy formula the solutions of the system (10) are calculated as

xk(t) = x0k exp

{∫ t

t0

b(s)y(s)ds

}
+

+

∫ t

t0

ak(τ)y(τ) exp

{∫ t

τ

b(s)y(s)ds

}
dτ , t ∈ (t0, T ), k = 1, N.

The theorem has been proven.

Theorem 2. Let the conditions b = bk(t), ak = ak(t), k = 1, N , a = a(t), t ∈ (t0, T ) be
satisfied for the system (3). Than the functions xk(t), k = 1, N , t ∈ (t0, T ) are calculated as

xk(t) =
[
(x0k(a− y(t0)b)− aky(t0)) exp {(t0 − t)a}+ y(t0)(x

0
kb+ ak)

]
×

× (a exp {(t0 − t)a})−1 , t ∈ (t0, T ), k = 1, N. (11)

Proof. Since the parameters b, ak, k = 1, N of the system (3) are stationary the equality (9)
take the form

y(t) =
y(t0)

exp
{
−
∫ t
t0
ads
}

+ y(t0)
∫ t
t0
b exp

{
−
∫ t
τ
ads
}
dτ
, t ∈ (t0, T ). (12)
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The representation (12) can be written as

y(t) =
y(t0)

exp {(t0 − t)a}+ y(t0)
∫ t
t0
b exp {(τ − t)a} dτ

=

=
y(t0)

exp {(t0 − t)a}+ y(t0)b
a

exp {−at} (exp {at} − exp {at0})
=

=
ay(t0)

(a− y(t0)b) exp {(t0 − t)a}+ y(t0)b
, t ∈ (t0, T ).

In this case the equations (4) are presented in the following form

xk(t) = x0k exp

{
b

∫ t

t0

y(s)ds

}
+

+ak

∫ t

t0

y(τ) exp

{
b

∫ t

τ

y(s)ds

}
dτ , t ∈ (t0, T ), k = 1, N. (13)

We have the expression∫ t

τ

y(s)ds =

∫ t

τ

ay(t0)ds

(a− y(t0)b) exp {(t0 − s)a}+ y(t0)b
=

= −y(t0)

∫ t

τ

d(exp {(t0 − s)a})
exp {(t0 − s)a} ((a− y(t0)b) exp {(t0 − s)a}+ y(t0)b)

=

=
1

b

∫ t

τ

d((a− y(t0)b) exp {(t0 − s)a})
(a− y(t0)b) exp {(t0 − s)a}+ y(t0)b

−
∫ t

τ

d(exp {(t0 − s)a})
b exp {(t0 − s)a}

=

=
1

b

(
ln |(a− y(t0)b) exp {(t0 − s)a}+ y(t0)b|tτ − ln | exp {(t0 − s)a} |tτ

)
=

= ln
∣∣∣((a− y(t0)b) exp {(t0 − t)a}+ y(t0)b) exp {(t0 − τ)a}
exp {(t0 − t)a} ((a− y(t0)b) exp {(t0 − τ)a}+ y(t0)b)

∣∣∣ 1b , t, τ ∈ (t0, T ),

thus the formula (13) can be represented as

xk(t) = x0k exp

{
b ln
∣∣∣(a− y(t0)b) exp {(t0 − t)a}+ y(t0)b

a exp {(t0 − t)a}

∣∣∣ 1b}+

+ak

∫ t

t0

ay(t0)

(a− y(t0)b) exp {(t− τ)a}+ y(t0)b
×

× exp

{
b ln
∣∣∣((a− y(t0)b) exp {(t0 − t)a}+ y(t0)b) exp {(t0 − τ)a}
exp {(t0 − t)a} ((a− y(t0)b) exp {(t0 − τ)a}+ y(t0)b)

∣∣∣ 1b} =

= x0k

∣∣∣(a− y(t0)b) exp {(t0 − t)a}+ y(t0)b

a exp {(t0 − t)a}

∣∣∣+
+akay(t0)

(a− y(t0)b) exp {(t0 − t)a}+ y(t0)b

exp {(t0 − t)a}
×

×
∫ t

t0

exp {(t0 − τ)a} dτ
((a− y(t0)b) exp {(t0 − τ)a}+ y(t0)b)2

, t ∈ (t0, T ), k = 1, N.

The next expressions satisfied∫ t

t0

exp {(t0 − τ)a} dτ
((a− y(t0)b) exp {(t0 − τ)a}+ y(t0)b)2

=
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= − 1

a(a− y(t0)b)

∫ t

t0

−a(a− y(t0)b) exp {a(t0 − τ)a} dτ
((a− y(t0)b) exp {(t0 − τ)a}+ y(t0)b)2

=

=
1

a(a− y(t0)b)

1

(a− y(t0)b) exp {(t0 − τ)a}+ y(t0)b

∣∣∣t
t0

=

=
1

a(a− y(t0)b)

(
1

(a− y(t0)b) exp {(t0 − t)a}+ y(t0)b
− 1

a

)
=

=
1

a2
1− exp {(t0 − t)a}

(a− y(t0)b) exp {(t0 − t)a}+ y(t0)b
, t ∈ (t0, T ).

Therefore the functions xk(t), k = 1, N , t ∈ (0, T ) are found from the formulas

xk(t) = x0k

∣∣∣(a− y(t0)b) exp {(t0 − t)a}+ y(t0)b

a exp {(t0 − t)a}

∣∣∣+
+akay(t0)

(a− y(t0)b) exp {(t0 − t)a}+ y(t0)b

exp {(t0 − t)a}
×

× 1

a2
1− exp {(t0 − t)a}

(a− y(t0)b) exp {(t0 − t)a}+ y(t0)b
=

= x0k

∣∣∣(a− y(t0)b) exp {(t0 − t)a}+ y(t0)b

a exp {(t0 − t)a}

∣∣∣+aky(t0)

a

1− exp {(t0 − t)a}
exp {(t0 − t)a}

=

=
(x0k(a− y(t0)b)− aky(t0)) exp {(t0 − t)a}+ y(t0)(x

0
kb+ ak)

a exp {(t0 − t)a}
, t ∈ (t0, T ), k = 1, N.

3. Models of information spreading process with jump discontinuity. Consider the
case of model (3) with a jump discontinuity in the time moments tj, tj ∈ (t0, T ), j = 1,M .
Time variable of values xk(t), k = 1, N , t ∈ (t0, T ) are described by the system

ẋk(t) = (ak(t) + bk(t)xk(t))×
×
(
L−

∑N
i=1 xi(t)

)
, t ∈ (t0, T ), t 6= tj,

∆x(t)|t=tj = xk(tj + 0)− xk(tj − 0) = ζj,k,

xk(t0) = x0k,

j = 1,M, k = 1, N. (14)

Theorem 3. Let the conditions b(t) = bk(t), t ∈ (t0, T ), k = 1, N be satisfied for the system
(14). The functions xk(t), k = 1, N , t ∈ (t0, tM+1), tM+1 = T are calculated by the formulas

xk(t) =

[
. . .

[
x0k exp

{∫ t1

t0

b(s)y(s)ds

}
+

∫ t1

t0

ak(τ)y(τ) exp

{∫ t1

τ

b(s)y(s)ds

}
dτ + ζ1,k

]
×

× · · · × exp

{∫ tj−1

tj−2

b(s)y(s)ds

}
+

∫ tj−1

tj−2

ak(τ)y(τ) exp

{∫ tj−1

τ

b(s)y(s)ds

}
dτ+

+ζj−1,k

]
× exp

{∫ t

tj−1

b(s)y(s)ds

}
+

+

∫ t

tj−1

ak(τ)y(τ) exp

{∫ t

τ

b(s)y(s)ds

}
dτ , t ∈ (tj−1, tj), j = 1,M + 1, k = 1, N,
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where

y(t) =

[([(
. . .

[
y(t0) exp

{
−
∫ t1

t0

a(s)ds

}
+

+

∫ t1

t0

b(τ) exp

{
−
∫ t1

τ

a(s)ds

}
dτ

]−1

−
N∑
k=1

ζ1,k

)
× . . .×

× exp

{
−
∫ tj−1

tj−2

a(s)ds

}
+

∫ tj−1

tj−2

b(τ) exp

{
−
∫ tj−1

τ

a(s)ds

}
dτ

]−1

−
N∑
k=1

ζj−1,k

×
× exp

{
−
∫ t

tj−1

a(s)ds

}
+

∫ t

tj−1

b(τ) exp

{
−
∫ t

τ

a(s)ds

}
dτ

]−1

, t ∈ (tj−1, tj), j = 1,M + 1,

y(t0) = L−
N∑
k=1

x0k, a(t) =
N∑
i=1

ai(t) + b(t)L, t ∈ (t0, T ).

Proof. In this case on the basis (4) the functions xk(t), t ∈ (tj−1, tj), j = 1,M + 1, k = 1, N
have the following form

xk(t) = xk(tj−1) exp

{∫ t

tj−1

b(s)y(s)ds

}
+

+

∫ t

tj−1

ak(τ)y(τ) exp

{∫ t

τ

b(s)y(s)ds

}
dτ , t ∈ (tj−1, tj), k = 1, N, j = 1,M + 1, (15)

where
xk(tj−1) =

[
x0k, j = 1,
xk(tj−1 − 0) + ζj−1,k, j = 2,M + 1,

k = 1, N.

Substituting expressions xk(tj−1 − 0), j = 2,M + 1, k = 1, N into the right-hand side of
equations (15) we obtain

xk(t) =

[
(xk(tj−2)) exp

{∫ tj−1

tj−2

b(s)y(s)ds

}
+

+

∫ tj−1

tj−2

ak(τ)y(τ) exp

{∫ tj−1

τ

b(s)y(s)ds

}
dτ + ζj−1,k

]
exp

{∫ t

tj−1

b(s)y(s)ds

}
+

+

∫ t

tj−1

ak(τ)y(τ) exp

{∫ t

τ

b(s)y(s)ds

}
dτ , t ∈ (tj−1, tj), j = 2,M + 1, k = 1, N.

Using similar considerations we have the expressions

xk(t) =

[
. . .

[
x0k exp

{∫ t1

t0

b(s)y(s)ds

}
+

+

∫ t1

t0

ak(τ)y(τ) exp

{∫ t1

τ

b(s)y(s)ds

}
dτ + ζ1,k

]
× . . .× exp

{∫ tj−1

tj−2

b(s)y(s)ds

}
+

+

∫ tj−1

tj−2

ak(τ)y(τ) exp

{∫ tj−1

τ

b(s)y(s)ds

}
dτ + ζj−1,k

]
× exp

{∫ t

tj−1

b(s)y(s)ds

}
+
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+

∫ t

tj−1

ak(τ)y(τ) exp

{∫ t

τ

b(s)y(s)ds

}
dτ , t ∈ (tj−1, tj), j = 1,M + 1, k = 1, N.

The theorem has been proven.

Corollary 1. Let the parameters of the system (14) be constant functions on the intervals
t ∈ (tj−1 + 0, tj − 0), j = 1,M + 1 (the piecewise constant functions) and the conditions
aj,k = ak(t), bj = bj,k(t), j = 1,M + 1, k = 1, N be satisfied. The functions xk(t), k = 1, N ,
t ∈ (t0, T ) can be represented as

xk(t) =

((
. . .

(
x0k

(a1 − y(t0)b1) exp {(t0 − t1)a1}+ y(t0)b1
a1 exp {(t0 − t1)a1}

+

+
a1,ky(t0)(1− exp {(t0 − t1)a1})

a1 exp {(t0 − tj1)a1}
+ ζ1,k

)
× . . .

)
×

×(aj−1 − y(tj−2)bj−1) exp {(tj−2 − tj−1)aj−1}+ y(tj−2)bj−1

aj−1 exp {(tj−2 − tj−1)aj−1}
+

+
aj−1,ky(tj−2)(1− exp {(tj−2 − tj−1)aj−1})

aj−1 exp {(tj−2 − tj1)aj−1}
+ ζj−1,k

)
×

×(aj − y(tj−1)bj) exp {(tj−1 − t)aj}+ y(tj−1)bj
aj exp {(tj−1 − t)aj}

+

+
aj,ky(tj−1)(1− exp {(tj−1 − t)aj})

aj exp {(tj−1 − t)aj}
, t ∈ (tj−1, tj), j = 1,M + 1, k = 1, N, (16)

where aj =
∑N

i=1 aj,i + bjL, j = 1,M + 1.

4. Results of numerical experiment. Analysis of model with non-stationary parame-
ters of spreading of one type of information is given as an example.

Let us consider the special case of the model (3)

ẋ = (a(t) + b(t)x(t)) (L− x(t)) , t ∈ (t0, T ), x(t0) = x0 ∈ R1, k = 1, N. (17)

Suppose that at the points t0 < t1 < · · · < tM < tM+1 = T , tj ∈ (t0, T ), j = 1,M the
function a(t), t ∈ [t0, T ] is observed

ãi = a(ti), i = 0,M + 1. (18)

Then instead of analysis of the system (17) we investigate the next model ˙̂x = (â(t) + b(t)x̂(t)) (L− x̂j(t)) , t 6= tj, j = 1,M, t ∈ (t0, T ),
x(tj) = x(tj − 0) + ζj, j = 1,M,
x(t0) = x0,

(19)

where
â(t) =

ãj + ãj+1

2
, t ∈ (tj−1, tj), j = 1,M + 1, â(t0) = a(t0).

Thus the solution of the system (19) is the approximate solutions of the system (17).
Let the parameters of the model satisfy (17), if L = 100, x0 = 10, a(t) = 0.5 sin(3t),

b(t) = 0.003, t ∈ (0; 5), ∆t = tj+1 − tj = 0.5, j = 0; 10.
We obtain the function approximation of the parameter a(t), t ∈ (0; 5) (Fig. 1.). Then

on the basis the formula (16) we get the approximate solutions of the equation (17) (Fig. 2).
The analysis of these results has demonstrated the practical meaning to finding ap-

proximate solutions of the non-linear differential equations with non-stationary parameters
describing the information spreading processes with jump discontinuity.
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Figure 1: Dynamics of the parameter a(t), t ∈ (0, 5) of the system (3), where dotted line is
a(t), t ∈ (0, 5), hull line is âj, j = 1; 10, symbols ∗ is ãi, i = 0; 11.

Figure 2: Dynamics of the system (17) and (19), where dotted line is x(t), t ∈ (0, 5), full
line is x̂(t), t ∈ (0, 5).
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