Maremaruani Crymil. T.51, Ne2 Matematychni Studii. V.51, No.2

VYIK 517.537.6
M. M. SHEREMETA

LOCALLY UNIVALENCE OF DIRICHLET SERIES SATISFYING
A LINEAR DIFFERENTIAL EQUATION OF SECOND ORDER
WITH EXPONENTIAL COEFFICIENTS

M. M. Sheremeta. Locally univalence of Dirichlet series satisfying a linear differential equation
of second order with exponential coefficients, Mat. Stud. 51 (2019), 152-158.

Let h > 0,7 # 0, 1 # 0, 2 < —1 and |y1|/4 + |70|/6 < h/5. It is proved that the
differential equation w” + (ye2"® +v1€"* +v2)w = 0 has an entire solution F(s) = exp{sA;}+
> res frexp{sA;} locally univalent in the half-plane {s: Res < 0} and such that In M (o, F) ~
(v 1ol /h)eh? as 0 — +oo, where M (o, F) = sup{|F (o +it)|: t € R}.

1. Introduction. An analytic univalent in D = {z: |z| < 1} function

f(2) =) faz" (1)

is said to be convex if f(ID) is a convex domain. It is well known [1, p. 203] that the condition
Re{l+ zf"(2)/f'(2)} > 0 (¢ € D) is necessary and sufficient for the convexity of f. Due
to W. Kaplan ([2]) the function f is said to be close-to-convex in D (see also [1, p. 583])
if there exists a convex in D function ® such that Re (f'(z)/®'(z)) > 0(z € D). A close-
to-convex function f has a characteristic property that the complement G of the domain
f(D) can be filled with rays L which go from dG and lie in G. Every close-to-convex in D
function f is univalent in D and, therefore, f'(0) # 0. Hence it follows that the function f is
close-to-convex in D if and only if the function

9(z) =2+ gaz", (2)

is close-to-convex in D, where g, = f,/fi. We remark also, that the function (2) is said to
be starlike in D, if f(D) is starlike domain with respect to the origin. It is clear, that every
starlike function is close-to-convex.

S. M. Shah [3] indicated conditions on real parameters g, 71, 72 of the differential equati-
on

w
Tam it (702* + 112 + Y2)w = 0, (3)
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under which there exists an entire transcendental solution (1) such that f and all its deri-
vatives are close-to-convex in ID. In particular, he obtained the following result.

Theorem A. Ify; = v =0, =2 < vy < 0 then equation (3) has an entire solution (2) such
that all derivatives g®®"*Y (n > 0) are close-to-convex in D, and if y; = 0, 0 < |y5| < 2, 72 =
—1 then the equation (3) has an entire solution (2) such that all derivatives g©*™) (n > 0) are
close-to-convex in . For such solutions In M,(r) = (1 + o(1))\/|y0|r as r — +oco, where
My(r) = max{[g(2)]: |2 = r}.

Substituting z = e® into (3) we obtain the differential equation

d*w oh

R _'_ e S

d82 (/70
with h = 1. We will consider the case, where h is an arbitrary positive number and using a
certain result of M.S. Robertson we will investigate the locally univalence in some half-plane

of Dirichlet series with positive exponents satisfying the differential equation (4).

2. Auxiliary results. Let 0 < \; < A\; T 400 and f; # 0 for all £ > 2 and a Dirichlet series

+ el + y2)w = 0, (4)

F(s) = exp{s\i} + Z frexp{s\c}, s=o0+it, (5)
k=2

has the abscissa of absolute convergence o, € (—oo, +00o]. Then there is the greatest real
number 7 € (—o0, g,], for which

> Nelfelexp{rAr} < 1. (6)
k=2

Those functions F' given by Dirichlet series (5) which satisfy (6) is said to be of the
class 7. Recalling certain concepts of univalence introduced by P. Montel [4], we say that a
function f is locally univalent in a region G if f is regular in GG and if, for every closed domain
G* C (G and for every point zg € G*, there exists a positive number o independependent of
zp such that f is univalent in every disk {z: |z — zo| < o} lying within G. M.S. Robertson
[5] proved the following theorem.

Theorem B. Let function (5) belong to the class 7. If T > —% then F is locally univalent

in{s: Res <7}, and if 7 < —% then F' is locally univalent in

Ao +1n A
{82R68<%§T}.

Now we return to differential equation (4), where hy > 0, 79 # 0, 71 # 0 and 75 # 0.
Substituting (5) in (4), we obtain

> OF + e exp{sh} = =D wfreexp{s(h +h)} =Y qofeexp{s(\ +20)}.  (7)
k=1 k=1 k=1
If AT+ 792 # 0 then (Af + 72) exp{shi} = —(1+ o(1))y1exp{s(A1 + h)}, 0 — —oo, that is

A+ v = —(1+0(1))y exp{sh} — 0 (0 — —o0), which is impossible. Thus, A\? + v, = 0,
72 < 0 and A; = \/—7,. Therefore, the equality (7) implies

Z e\ 4 72) exp{s\i} = — Z%fk exp{s(\t + h)} — Z%fk exp{s(\x +2h)}. (8)
k=2 k=1 k=1
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and since A2 + v, # 0, we have
o0+ 72) exp{sha} = —(1 + (1)1 exp{sOh +h)}, & — —oc.

Hence it follows that Ay = A\ + h and fo = /\2_1;2. But then from (8) it follows that
2

Z e+ 72) exp{sAc} = — Z%fk exp{s(A\x +h)} — Z%fk exp{s(A\x +2h)}. (9)

k=3 k=2 k=1
Hence we obtain as 0 — —00

F3(03 4 72) exp{sAs} = —(1 + o(1))1 f2 exp{s(A1 + 2h)} — o exp{s(A\ + 2h)} =
= —(L+0(1))(n.f2 + 70) exp{s(M + 2h)},

i.e. A\3 =M\ +2h, f3= —)\gl—ffm — % Then from (9) it follows that

Z Fu(AF +72) exp{sA,} = — Z’hfk exp{s(Ax +h)} — Z’Yofk exp{s(\x + 2h)},
=4 =3 =2

whence, as above, we obtain

Y1f3 Yo f2

A = A3 + h, f4:_)\121+72_)\421+72'

Continuing this process, we come to the formulas

_ Y1 fre—1 _ Yofr—2
ANty A+

e =Moot + R, fu= (k > 3). (10)

Thus, the following statement is true.

Lemma 1. Let h > 0, v9 # 0, 71 # 0 and 75 < 0. Then the differential equation (4) has a
solution

F(s) = exp{sy/]2l} + > feexp{shc}, A=/l + (k= Dk, (11)
k=2
where fo = /\;1172 and for k > 3 the coefficients f, are determined by recurrent formula (10).

We need also the following lemma.
Lemma 2. Let h > 0, v9 # 0, 11 # 0 and v, < 0. If for some n € R

As| ol

As|m| hn Adlol 2hn A A:
e e+ e + ———e" <1, 12
A2(A3 +72) A2(AD+2) 21 A3+ 12)
then for the function (5)
> Ailgel exp{nAc} < 1. (13)

k=2
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Proof. In view of (10)

D Ml filexp{nAe} < Xolfol exp{nra}+

k=2

A A _
+Z (M et + M eplong ) -
k

)\k+1|71||fk| Xet2|70! | frl
= Aol fol exp{nha} + 3 SR oop it s + > et 2UOR oep Aot =
2| fal exp{nA2} E e pP{nAks1} ;.?1 SER— p{nAk+2}

= Nolfal exp{nre} + M exp{ns}+

A f A Yollf
_i_ZWGXP{nA k+1 }—i—ZM Xp{nAk-‘rQ}?

k—o k41 k+2 Y2

whence

i <1 el exp{n(Aeis — )} Awie[rol exp{n(Aei2 — /\k)}> »
S M Aepy +72) Ae(Af o +72)

<Nl filexp{nhi} < Aol ol explndo) + ‘”0' - expliia}.
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Since the sequences (—521 ) and (—2%:21L ) are decreasing and Agq — Ay = h, we have

(A7, +72) Ak (AR o t72)

o (1 ~ Nsllexp{hn} Mol exp{2hn}
- A2 (A5 + 72) A2 (A7 +72)

Az
<\ A As).
< Aol fol exp{nAs} + Xt exp{nAs}

) Akl frl exp{nAe} <

k=

From (12) it follows that

As|yilexp{hn}  Aalyol exp{2hn}
A2(A3 + 72) A2(Af + 72)

< 1.

Therefore,

Aol fol exp{nAs} + 272 exp{nAs}

D Ml exp{nA} < 1 _ Nabulexp{hn} _ Mabolexp(2hn}
A2(A3+72) A2(A24+72)

i. e. in view of (12) the inequality (13) holds.

3. Main result. The following theorem is true.

Theorem. Let h > 0, vy # 0, 71 # 0, 72 < 0 and for some n € R

(+/Ine] +2h) || o (v |72] + 3h)| 0] o2hn
4h(\/| 72| + h)? 3h(/ 2] + h)(3h 4+ 2+/]72])
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Ll Wz 1) exp{m/wé} i (/I +2h Wo'eXP{W"Vz} W1 (14)

Then the differential equation (4) has the entire solution (11) locally univalent in the half-

plan
n(v/hel +h) +1n \/W_zl}} (15)

{s: Res<min{n, N

and such that In M (o, F) = (1 + 0(1))—”,'1%‘6“ as 0 — +00.

Proof. The conditions (14) and (12) are equivalent. Therefore, by Lemma 2 the condition
(13) holds and, thus, F' belongs to the class 7 > 7. By Theorem B the function F is locally

univalent in half-plane {s: Re s < min {7’, T)‘i%h;m}} and, thus, in half-plane (15).
2 1

Now we show that series (11) is entire. Indeed, since for every o € R there exists kg =
ko(o) > 3 such that
7] h ol on 1
S 1 Y ol BT R A
Ao+ Bio+ 7 2

we have, as above,

> flexpfont < Y ;L%exp{axk}exp{a(ml — o)}

= b1 M1
i
" Z /\"YOH k exp{oAt} exp{o (Ao — Ak)} =
kg2 "2 T
il desbionel bl sepiods) , Pulolenioa)
)\zo + V2 )\zo + 72 /\ko ! e
> Il 5 ol on )
+ e’ + e exp{odet <
kzk: ()\z+1+72 Aiva + 72 il expton <
’71”fko 1| exp{o Ak, } + 1Yol | fro—2| exp{o Ak, } i [0l[ fro—1] exp{o A, - 1}
= Ay 72 Ao T 72 M1 +72
1 oo
S fesnton
k=ko

whence it follows that > 7, |fe|exp{oAr} < +o0, i. e. Dirichlet series (11) is absolutely
convergent in C.
For the study of the growth of (11) we use the Wiman-Valiron method. Let

w(o, F) = max{| fx| exp{oAs}: k> 1}

be the maximal term of the Dirichlet series of form (5) and

v(o, F) = max{k: |fx|exp{oAs} = p(o, F)}

be its central index.
We suppose that the exponents of the Dirichlet series (5) satisfy the condition

/ t21n n(t)dt < +o0,
0
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where n(t) = > 1, and put

0<An<t
n(z) = /OO t21n n(t)dt, I(z) = 77(1:10) In~? 77(193)7 k(x) = xzy/1/l(x).
Then [6] for every m € N and all s, Res =17, |7 — a| < 1/(30k()\,)),
F™(s) = \™(F(s) + o(M(7, F))), v=uv(o,F), (16)

as 0 < 0 — 400 outside of some set £ C [0 + oo) of finite measure and £ is contained in
the union of intervals [R, + 7,1, R, +7,) and 7, — 7,_1 — 0 as v — oo.

Let §(o) be an arbitrary positive function on [0, +00), which tends to zero as o — +0o0,
and A(o) = {s: Res =0, |F(s)] > (1 —d(c))M (o, F)}. Then choosing 7 = ¢ we obtain
from (16)

FM(s) = X"F(s)(1+¢(0)), s€ A(0), (17)

where e(0) = 0 as 0 — +00, 0 € E.
Suppose that the Dirichlet series (11) satisfies (4). Substituting (17) in (4) we obtain
A\ = |yle?" (1 +e1(0)), where €1(0) — 0 as ¢ — +00, o € E. Therefore,
Mor) = (1+0(1)/|le", o — +oo, o € E. (18)

Ifc e B/, thatiso,_1 =R, + 7,1 <0 <o, =R, + 1, for some v, then 0, —0,_1 — 0
and, thus,
=1 = (1 +0(1))e" = (1 + o(1))e"”

as v — 0o. Therefore,
(1 + 0(1))6hJ = (1 + 0(1))6h0”_1 = )\,,(gu_hp) < )\1,(0-7}7') < >\u(al,,F) =
= (L +o(1)e" = (1 +0(1))e", o — +oo,
e. (20) is true as o — +o0. But [7, p. 182] In p(o, F) = In p(0, F) + [ Ay, pydt. Therefore,

In p(o, F)=(1+ 0(1))@6}“7

as 0 — 400 and, since In A\, ~ In n as n — oo, we have [8,9|

In M(o,F)=(1+0(1))In p(o,F), o — +o0.

[
Suppose that 75 < —1 and 1 = 0. Then instead of (15) we have the half-plane
{s: Res < min{0, (In \/]72])/h}} = {s: Res < 0},
and condition (14) has the form
(v/Ial + 20) | N (v/Iral + 3h) ol |71 \/WJrh (vl + 2h) ol _
A(v/ o] + h)? 3(\/172|+h)(3h+2m (h+ Tl A(v/Tel + h) _19)
Since (
Vhel+20 L V12l + 3h <Ly Vel +2h

1
an )
4(v/ |2l | +R)2 4 3(v/ |2l + ) (Bh + 24/|2]) 3 4/ |2l +h) — 2

condition (19) holds if % + % < h, and the theorem implies the following corollary.
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Corollary. Let h > 0, 70 # 0, 71 # 0, 72 < —1 and 5|71|/4 + 5|7|/6 < h. Then differential
equation (4) has entire solution (11) locally univalent in the half-plane {s: Res < 0} and
such that

In M(o, F) = (1+ 0(1))%&”

as o — +oo.
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