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ON THE TRANSCENDENTAL MEROMORPHIC SOLUTIONS OF A
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differential equations, Mat. Stud. 51 (2019), 130-142.

We consider the differential equation
F® —ay = e{a(F —a1) + B},

where a;(z), a(2)(£ 0,0), B(z)(# ), i = 1,2 are small functions of F, 7 is an entire function
and k € N. Let f be a transcendental meromorphic function such that N(r,oco0; f) = S(r, f)
and n € N such that n > k+ 1. If F' = f" is a solution of the above differential equation, then
a0

aa—fB

F) =

Also we exhibit an example to fortify the condition of our result.

1. Introduction, definitions and results. In the paper a meromorphic function means it
is meromorphic in the open complex plane C. We use the standard notations of Nevanlinna
theory e.g., N(r, f), m(r, f), T(r, f), N(r,a; f), N(r,a; f), m(r,a; f) etc., see [6]. We denote
by S(r, f) a quantity, not necessarily the same at each occurrence, that satisfies the condition
S(r,f)=0{T(r, f)} as r — oo except possibly a set of finite linear measure.

A meromorphic function a = a(z) is called a small function of a meromorphic function f,
if T(r,a) = S(r, f). Let us denote by S(f) the class of all small functions of f. Clearly if f
is a transcendental function, then every polynomial is a member of S(f).

Let f and g be two non-constant meromorphic functions and a € S(f)NS(g). If f —a and
g — a have the same zeros with the same multiplicities, then we say that f and g share the
small function a CM (counting multiplicities) and if we do not consider the multiplicities,
then we say that f and g share the small function a IM (ignoring multiplicities).

Let k be a positive integer and a € S(f). We use Ny (r,a; f) to denote the counting
function of zeros of f — a with multiplicity not greater than k , Ny11(r,a; f) to denote
the counting function of zeros of f — a with multiplicity greater than k. Similarly we use
Niy(r,a; f) and N11(r,a; f) are their respective reduced functions.

In 1996, Briick [1] studied the relation between f and f” if an entire function f shares
only one finite value CM with its derivative f’. In this direction an interesting conjecture
was proposed by Briick [1], which is still open in its full generality.
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Conjecture A. Let f be a non-constant entire function. Suppose

) loglog T'(r,
() = hmsupw
r—00 ogr

)

the hyper-order of f, is not a positive integer or infinity. If f and f’ share a finite value a

CM, then

f'—a
f—a

—c 1)

for some ¢ € C\ {0}.

The conjecture for the special cases (1) a = 0 and (2) N(r,0; f') = S(r, f) had been
established by Briick [1|. From the differential equations

A Eral ®

we see that when p;(f) is a positive integer or infinity, the conjecture does not hold.
The conjecture for the case where f is of finite order had been proved by Gundersen and
Yang [5], the case that f is of infinite order with pi(f) < % had been proved by Chen and

Shon [3]|. Recently Cao [2] proved that the Briick conjecture is also true when f is of infinite
order with p;(f) = i. But the case pi(f) > 1 is still open. However, the corresponding

conjecture for meromorphic functions fails in general (see [5]). For example, if

_Qez—l—z—{—l
N e?+1

then f and f’ share 1 CM, but (1) does not hold.

It is interesting to ask what happens if f is replaced by a power of it, say, f™ in Briick’s
conjecture. From (3) we see that the conjecture does not hold without any restriction on the
hyper-order when n = 1. So we only need to focus on the problem when n > 2.

Perhaps Yang and Zhang [9] were the first to consider the uniqueness of a power of an
entire function ' = f™ and its derivative F’ when they share certain value and that leads to
a specific form of the function f.

Yang and Zhang [9] proved that the Briick conjecture holds for the function f” and the
order restriction on f is not needed if n is relatively large. Actually they proved the following
result.

f(2)

b

Theorem A ([9]). Let f be a non-constant entire function, n € N such that n(> 7) and
let F = f". If F and F' share 1 CM, then F = F' and f(z) assumes the form f(z) = cen?,
where ¢ € C\ {0}.

Improving all the results obtained in 9], Zhang [11] proved the following theorem.

Theorem B ([11]). Let f be a non-constant entire function, k,n € N and a(z)(# 0,00) €
S(f). If f*—a and (f)*) —a share 0 CM and n > k+5, then f* = (f")*) and f(z) assumes
the form f(z) = cen®, where ¢ € C\ {0} and \¥ = 1.

In 2009, Zhang and Yang [12] further improved the above result in the following manner.
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Theorem C ([12]|). Let f be a non-constant entire function, k,n € N and a(z)(# 0,00) €
S(f). Suppose f"—a and (f")*) —q share 0 CM and n > k+2. Then conclusion of Theorem
B holds.

In 2010, Zhang and Yang [13] further improved Theorem C in the following direction.

Theorem D ([13|). Let f be a non-constant entire function and k,n € N. Suppose f" and
(f")*) share 1 CM and n > k + 1. Then conclusion of Theorem B holds.

In 2011, Lii and Yi [7] proved the following extension of Theorem D.

Theorem E ([7]). Let f be a transcendental entire function, k,n € N such n > k + 1,
F = " and Q # 0 be a polynomial. If F — Q and F*) — Q share 0 CM, then F = F*) and
f(2) = ce®*/™ where ¢ and w € C \ {0} such that w* = 1.

Remark 1. It is easy to see that the condition n > k 4+ 1 in Theorem E is sharp by the
following example.

Example 1. Let f(z) = e [ e” ‘(1—e’)tdtandn=1, k=1. Then
f’(Z)-Z — ¢
f(z) ==

and f'(z) — z and f(z) — z share 0 CM, but f’ £ f.

Now observing the above theorem, Lii, Li and Yang [8] asked the following question:

Question 1. What can be said “if f* — @, and (f*)*) — Q, share the value 0 CM”, where
@1 and Q5 are polynomials, and QQ1Q2 Z 07

Li, Li and Yang [8] answered the above question for k = 1 by giving the transcendental
entire solutions of the equation

— Q1= Re"(F — Q2), (3)

where F' = f", R is a rational function and « is an entire function and they obtained the
following result.

Theorem F ([8]). Let f be a transcendental entire function and let F = f™ be a solution
of equation (3), n € N such that n > 2, then % is a polynomial and [ = n%Qf
We now pose the following questions as open problems.
Question 2. Is Theorem F true for equation (3) with F*) instead F?
Question 3. Is Theorem F valid for a transcendental meromorphic function?

Question 4. What are properties of the function f or F'if ()1, ()2 and R in Theorem F are
replaced by small functions of f7

Now our objective to write this paper is to solve the above questions. The following
theorem is the main result in this paper.
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Theorem 1. Let f be a transcendental meromorphic function such that N (r, 00; f) = S(r, f)
and a;(z),a(z)(# 0,00) € S(f), B(2)(# o00) € S(f), where i = 1,2. Let k,n € N such that
n>k+ 1. If F = f" is a solution of the equation

F® —ay = e {a(F — a)) + B},

where v is an entire function, then
Ao X

F® =
ao — [

F.

From Theorem 1 we have the following corollary.

Corollary 1. Let f be a transcendental meromorphic function such that N(r,o0; f) =
S(r, f) and a;(z),a(z)(# 0,00) € S(f), where i = 1,2. Let k,n € N such that n > k + 1. If
F = f" is a solution of the equation

F® — ) = ae?(F — ay),

where v is an entire function, then
Fo=2p
ai
Remark 2. It is easy to see that the condition n > k 4 1 in Theorem 1 is sharp by the
following example.
Example 2. Let

2

f(z) =€ +1,
where
1 2z z 2
ar(z)=1- At as(z) = i alz) =2z, B(z) = 157 and y(z) = 27,

Clearly ay, as,, 5 € S(f). Note that

2

F(2) = 2z¢7 ¢

Therefore
eO{al2)(f(2) ~ () + 6) } = (¢ 1) 1],
f'(z) = as(2) = 1<+?§Z2[(ez2-+ 1>ee£ +—1}.
Thus
F(2) = ax(z) = @{al=)(£(2) — (=) + B2) |
but
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2. Lemmas. In this section we present the lemmas which will be needed in the sequel.

Lemma 1 ([4]). Suppose that f is a transcendental meromorphic function and that

where P(f(z)) and Q(f(z)) are differential polynomials in f with functions of small proximity
related to f as the coefficients and the degree of Q(f(z)) is at most n. Then m(r, P) = S(r, f).

Lemma 2 ([6]). Let f be a non-constant meromorphic function and let a,(z), az(z) be two
meromorphic functions such that a; € S(f), i = 1,2. Then

T<T7f) §N(r,oo;f)—I—N(r,al;f)—I—N(r,ag;f)—FS(r,f).

Lemma 3 ([10]). Let f be a non-constant meromorphic function and let a,(z)(# 0), an—1(z),
- ao(z) € S(f). Then T(r, 327 g aif') = nT(r, f) + S(r, f).

3. Proof of the theorem.
Proof of Theorem 1. Let

By the given condition we have

F(k) — as

el = , le.,
Oé(F — al) + 6

F® — a5 = {a(F — ay) + B}. (5)

Note that

T(r,e”) <T(r, F*) az) + T(r,a(F —ay) + B) < T(r, F(k)) +T(r,F)+ S(r, F)+
+S(r, /) < (E+1D)T(r, f*") +nT(r, )+ S(r, f) =nlk+2)T(r, f) + S(r, f),

which implies that S(r,e) can be replaced by S(r, f). Also we see that

1Y _ 55,0

T(r,y)=m(r,y) = m(r,

and so 7' € S(f). Let £ = %/ + /. Therefore
o %
e —_ / < —_ / e
T(r,€) =T(r. - +7) <7(r, a) +T(r ) = S(r, f)

and so & € S(f). Differentiating (5) once we get
FED —ay = ey {a(F — ar) + B} + & {o/(F — a1) + o(F' — a)) + F'}. (6)
Now dividing (6) by (5), we have

F(k+1)_a/2_ /+Q/(F_a1)+a(F/_a/1)+5/
F®) — qq -7 alF—a)+ ’
aF*VE — (aya — B)F*Y — glaF + ayaba — dyff =
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= ’Y,(F(k) — a2) {Oz(F — al) + 5} + O/(F . a1)<F(k) . (ZQ)
+a(F® —ay)(F' —d)) + B/ (F® — ay),
Pkt _ (O/ + OW’)F(R)F QW

—|—(a’2a — asay — ago/)F + arazay’ + ajasd — ayaha + ajasa — as By — asf + ay
and so
FOp _¢p®p _ plpr — (7)
= é{ (aloz — B) FU+D) (alo/ +aja— B+ ajay — 57’)F(k) — ayaF'+
+(a'20z — asoy — ago/)F + ajasay’ + ajasd’ — ayaba + ajasa — as Sy — asf + agﬁ}.

Now we consider following two cases.

Case 1. Suppose FFHOE —¢p®p — PR R £,

Immediately we have following two subcases.

Subcase 1.1. Suppose n > k + 1. By induction we deduce from (4) that

k) — ZAuflé(f’)l? L (fRR,
A
where 3,13, .., [} are non-negative integers satisfying
J

k
Zl%‘:n, n—kﬁlé‘gn—l
j=0

and A, are constants and

FOD =37 B i (frpd L (f ke
A

where p), p?, . . . ,péﬂ are non-negative integers satisfying Zf:é p? =n,n—k—1<p) <n-—1,
ie., 0< pé <n —1 and Bj, are constants. Note that
F(k) _ fnfkfl Z Al)\fléf(nfkfl)<f/)li\ o (f(k:))li‘, (8)
A

where 1 <1} —(n—k—1) <k and

Fk+1) fr—h-1 Z Bv\fp(’}—(n—k—l)(f’)Pi\ o (f(k+1))z>2+1, (9)
A

where 0 < p) — (n —k —1) < k. Now from (4), (8) and (9), we get
where

P(f) =3 B0yt (f e —
A
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—¢ Z Auflg‘—(n—k—l)(f/)lf o (f(k))lfc‘ _n Z Av\flé—(n—k)(f/yf-i—l o (f(k))l?
A A

is a differential polynomial in f of degree k + 1. In particular every monomial of P(f) is of
the form

Ra(er, o/ o) f0 (f1) L (fOFD) i,
A A . . . . k+1 N A
where ¢, ...,q;,, are non-negative integers satisfying Z] 0q; = k+1and ¢ < K,
Ry(a,/,v') is a polynomial in o,/ and 7' with constant coefficients. Now from (7) and
(10) we have

fr P () = Q) (11)

1
Q(f) = E{(ala — B)FHEY — (a10/ + dya — B+ aray — By ) F®) — apaF'+
+(aha — azay — aed) F + a1as0y + aras0’ — ayaha + ajasa — a3y — a8 + agﬁ}

is a differential polynomial in f of degree n. Since fmf"*1P(f) = F*+VF — ¢FpWEF —
F®F" £ 0, it follows that P(f) # 0. Now from Lemma 1 and (11) we have

m(r,00; P(f)) = S(r, f) and m(r, o0; f*"* 7' P(f)) = S(r, f).
Since N(r,o00; f) = S(r, f), we have

P(f) € S(f) and f"~""1P(f) € S(f).

Note that

o 741) = (001 1 P ) < oo 4 P) + (oo ) <

< S0 [) +T(r, P(f)) = S(r, f),

i.e.,, m(r,00; f) = S(r, f). Therefore T'(r, f) = N(r,o00; f) + m(r,o00; f) = S(r, f), which is
impossible.
Subcase 1.2. Suppose n = k + 1. Now from (4) we deduce that

B o (S ) Sy K Y ) S G S e
S O S R
= b Dk L {02+ ek S Lo
R P R R E s
ke DL {2} + 2k e+

k—3

dzk
e P Lok yy S
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k(k — 1)
1

= (k+ DIF(f)* + (k4 D2+ + (k1) fEf®,

Therefore

and
FED = (k+ 1)) + M(k + DU+ DY (14)
Putting (4), (12), (13) and (14) into (7), we have
frP(f) = Q(f), (15)
where Q(f) is a differential polynomial in f of degree n and
P(f) = F0 —¢r® — nf?'pw = —k(k+ DI = R+ DS+ (16)
JREFDE =R+ D ir g gy e

4
—(k+DEF P — b+ 12 B = —k(k+ DI + Ri(f),

is a differential polynomial in f of degree k + 1 and R;(f) is a differential polynomial in f
such that each term of R;(f) contains f™ for some m(1 < m <n — 1) as a factor.

Since f"P(f) = F*VEF —¢FWEF — FRE £ 0, it follows that P(f) # 0. Then by
Lemma 1 we get m(r, 00; P) = S(r, f). Since N(r,00; f) = S(r, f), we have

P(f) € S(f) and P'(f) € 5(f). (17)

Let z; be a zero of f with multiplicity p;(> 2). Then from (16) we see that z; is a zero
of P(f) with multiplicity (p; — 1)(k+ 1) > 2(p1 — 1) > p;. Consequently we have

Na(r, 0 f) < N(r,0; P(f)) < T(r, P(f)) = S(r, f).

Also from (16) we have

m(r, ?’SQ) =S(r, f).

Consequently
1 P(f 1
m(r, W> < m(r, #) +m(r, P(f)> <T(r,P(f))+ S(r,f)=S(r, f),
ie., m(r, %) = S(r, f). Therefore
T(r. ) = N03f) + m(r. 5) = N0 ) + S0, ). (18)

Note that from (16) we get

P'(f) = Ai(f) "+ Bi(f)* ' + Su(f), (19)
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is a differential polynomial in f, where 4; = —1k(k + 1)*(k + 1)!, By = —(k + 1)!¢ and
S1(f) is a differential polynomial in f such that each term of S;(f) contains f™ for some m
(1<m <n-—1)as a factor.

Let z9 be a simple zero of f. Then from (16) and (19) we have

P(f(22)) = —k(k + 1!(f'(22))""" and P'(f(22)) = Ai(f'(22))" f"(22) + Bi(22) (f'(22))" .
This shows that zy is a zero of P(f)f" — [K1P'(f) — KoP(f)]f’, where K; = #ﬁl)! and
K, = %. Also we see that K; € S(f) and Ky € S(f). Let

_ PN = [KWPI(f) = Ko POPIS
7 :

Suppose ®1(z) # 0. Then clearly m(r, ®1) = S(r, f) and since No(r,0; f) + N(r,00; f) =
S(r, f), we have ®; € S(f). From (20) we obtain

1

(20)

f(2) = an(2) f(2) + Bi(2) f(2), (21)
where
O P
Oél_P(f) d 5, KlP(f) K. (22)

We note that (21) is also true even for ®;(z) = 0. Actually in this case a;(z) = 0. Also (22)
yields

P = (5 +72)P0) 23
and so
P —kGDIPY) B
=Ky R =4 B " A

P(f)

A+ By —i—/{:(/{:—i-l)!P(f)

= 0. (24)

Now we consider following two subcases.
Subcase 1.2.1. Suppose €” € S(f). Now from (5) we have

F® — ae'F = ay — ajoe” + Be’. (25)

Suppose a; — ajae? + fe’ # 0. Since n = k + 1, from (25) we have Nyy(r,0; f) = S(r, f).
Therefore from (18) we arrive to a contradiction. Therefore as — ajae” + fe? = 0 and so
from (25) we get

Ao

F® =
aa — [

F,

which is the desired result.
Subcase 1.2.2. Suppose ¢” € S(f). Following two subcases are immediately.
Subcase 1.2.2.1. Suppose k& = 1. Now from (16) and (21) we have

P(f) = =2(f)* =26 +2f " = =2()* + (280 = 2O) [ /' + 200 f*
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and so

P'(f) = (=280 = 28)(f')* + (26, — 26" + 28] = 2B:6) [ f' + (2011 — 2018 + 20) f*.

Note that K; =1 and Ky = £ and so from (23) we have

(B =& =B+ )+ (—2u€+a))f =0. (26)

We claim that 8] — & — 1€ + €2 # 0. If not, suppose
pr—&—pE+e=0 (27)
Let $; = £. Then a simple calculation gives 2(% +7) = % and so on integration we get

o?e®” = dyP(f), where dy € C\ {0}. This shows that ¢ € S(f), which is a contradiction. So

By # £ Now from (27) we get Bﬁi;i =¢= %/ ++. So on integration we get ae” = dy (5 — &),
where d; € C\ {0}. This contradicts the fact that ¢ € S(f). So 8] — & — 1 +&* # 0. Since
ff #0, from (27) we conclude that —2a1& + o #Z 0. Then from (26) we see that if z3 is a

simple zero of f, then z3 is either a pole of —2a1& + ] or a zero of 3] — & — 1€ + £2. Hence

N1)<T70; f) S N(’/’,OO; _20515 + 0/1) + N(TJO;Bi - gl - Blg +£2) = S(T’, f)

So we arrive to a contradiction by (18).
Subcase 1.2.2.2. Suppose k > 2. From (12) and (14) we have

F® =T (f), F*Y = (E 4+ DI + To(f),

k) _ (k+ 1)2(/€+2) (k + 1)!(f,)kf”+T3(f),

where T1(f), To(f) and T3(f) are differential polynomials in f such that each term of T;(f),
To(f) and T5(f) contains f as a factor. Comparing (11) and (14) and noting that F' = f" =
1 we have

aQ(f) = (ala — B)F(kﬂ) — (alo/ +aja— B+ ajay — 57’)F(k) — asaF' + (28)
+(aha — azay’ — agd ) F + 6 = (arae — B) {(k + DI+ Ty(f)}
—(alo/ +aja— [+ ajay — ﬁv’)Tl(f) — (k+ Dagaf*f' + (aéoz — asory — ago/)ka + 9,
where § = ajasay’ + ajasd — ajaba + dlasa — a8y — asf’ + abB. First, we claim that

ajae — B Z 0. If not, suppose a;a — 5 = 0. In this case § = 0. Then from (15) and (28) we
have

(alo/ +adia— '+ ajay — 67’) F® 4 goaF" — (a'Qa — ayay’ — aza’ — aP(f))F =0, (29)

where asar # 0. Since n = k + 1, from (29) we have Ny)(r,0; f) = S(r, f). Therefore from
(18) we arrive to a contradiction. Hence a;ac — 8 # 0.
Next we claim that §(z) # 0. If not, suppose d(z) = 0. Then from (15) and (28) we have

(o= B){(k+ DI + T} = (ma +dia = B+ aey' = BY)Ti(f)=  (30)
—(k+ Dasaf* f' + (aha — asay’ — asd — aP(f)) f* =0,
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Now from (30) we see that a simple zero of f must be either a zero of ajav — 5 or a pole of
at least one of a1/ + aja — ' + a1y — 7, «, adyar — asay’ — azd’ — aP(f). Therefore
Nyy(r,0; f) < N(r,0; a1 — 8) 4+ N(r,00;a10’ + aja — 8" + a1y’ — B) <
< N(r, 00; ) + N(r, 00; aha — asary’ — asd — aP(f)) < S(r, f).

So we arrive to a contradiction from (18). Hence 6(z) # 0. We further note that § € S(f).
Differentiating (28) we have

(@Q(f)) = (ara + ara’ = B)FED 4 (a0 — B)F D — (31)

—(ma’ +dia = §' + amay — By ) FHY -
—(ad + dya — B + ayoy’ — BY) F® — (ap0) F' — agaF"+
+(aya — agay’ — azd’)' F + (aq0 — agary’ — agd ) F' + &' =

= (@i + aa’ = B){ (k+ DI +To(f) f+

Hano - ) EEEED g ()}

(a0’ + dha = F + a0y’ = 5] (h+ DU+ Ta() )
— (a1 + e — 8 + aroy — By ) Th(f) — (k + 1) (aga) f* f'—
_a2a{k(k; + D)+ (k+ 1)fkf”} + (ahor — agary’ — aga) fFH14-
+(k + 1) (aha — agary’ — asd ) fFf' + 6.

Let z4 be a simple zero of f(z). Then from (15), (28) and (31) we have

0(za) = Alza) (f (2)"1, 0'(24) = Aa(20)(f'(24))"f"(20) + Balza) (' (20))"

where

AZ) = ~(k + Dl (2)a(z) - ). Ax(z) = - CFEDEED 41y, 2)az) - B2,

By(2) = (k+ Dlar(2)a(z) — B(2))7'(2).

This shows that z, is a zero of 0 f" — [K30" — K40]f’, where K3 = Ai; and K, = %' Also
we see that K3 € S(f) and K, € S(f). Let

0" = [Ksd' — Kol S’
; .

Suppose ®9(z) # 0. Then clearly m(r,®3) = S(r, f) and since Ny(r,0; f) + N(r,00; f) =
S(r, f), we have ®5 € S(f). From (32) we obtain

fr=of +nf, (33)

P, (32)

where

d 5
b1 = 72 and ¢ = Kgg — K. (34)
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We note that (33) is also true even for ®5(z) = 0. Actually in this case ¢;(z) = 0.
Now we claim that ¢4 # £y. If ¢y = 5 then from (22) and (34) we have

2 & 2 , 4 P(j) 4
| GAD)k+2)0  Grnk+) S Gr12 () Rk
ie.,
2k(k + 2)1;((% — k(k+ 1)% = (K* +3k+4)y +2(k + 2)%.
On integration we have
0 20042) J(k243h )y — dgP(f)*(+2)

Sk(k+1)

where d3 € C\ {0} and so from (17) we have ¢ € S(f), a contradiction. So we suppose that
Y1 # i

Now from (33) we have

fO = iaf + i f, (35)
where i > 2 and ¢;_1 € S(f), ¥i—1 € S(f). Also from (16), (19) and (35) we have respectively
k+1
P(f) = —k(k+ DU+ D TP (f) (36)
7=1
k+1
P(f) = (Ao + B+ 3 S, (f)F9) (37)
7=1

where T; € S(f) and S; € S(f). Multiplying (36) by P'(f) and (37) by P(f) and then
subtracting we get

Ho(fV + Hif(f)f + ...+ He 1 =0, (38)

where

P’(f)]
P(f)

and H; = P(f)S; — P'(f)T; for j = 1,2,...,k + 1. Note that Hy € S(f) and H; € S(f)
for j =1,2,...,k+ 1. Since 5; # 14, it follows from (24) and (39) that Hy #Z 0. Now from

(38) we see that a simple zero of f must be either a zero of Hy or a pole of at least one of
Hy, Hy,...Hi.y. Therefore

Hy = P(f) |Ayths + By + (k + 1) (39)

k+1
N1)(7",O;f) S N(T,O;Ho)—{—ZN(T,OO;Hi)—FS(T,f) = S(Taf)a
i=1
because H; € S(f) fori =0,1,2,...,k+ 1. So we arrive to a contradiction from (18).

Case 2. Suppose FFDVE —¢p® p — PR E/ = (. Then we have

On integration, we have F'*) = d;ae?F, where d; € C\ {0}. Now from (5) we have

(dy — Dae? " = ay — (a1 — B)e”. (40)
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If dy = 1, then from (40) we have ay — (a1 — 5)e” = 0. Now from (5) we get F¥) = T2,
which is the desired result.

Next we suppose dy # 1. Now we consider following two subcases.
Subcase 2.1. Suppose e? € S(f). Clearly from (40) and Lemma 3 we have n T'(r, f) =
S(r, f), which is a contradiction.
Subcase 2.2. Suppose €7 € S(f). Now from (40) we have e = (dy — 1) = f" + é(ala —p).
By Lemma 3 we get

T(r,e”) =T(r,e”?) +01) =nT(r, f) + 5 f)
and so S(r, f) = S(r,e”). Therefore ay, as, a, f € S(e7). Also from (40) we have

— 1 1
N(r L;e”) < —N(r, L;e”) < =T(r,e).
B n

a0 — f3 ~n

Now by Lemma 2 we have

_ _ — 1
T(r,e”) < N(r,00;€") + N(r,0;¢7) + N('r, Lﬁ; 67) +S(r,e?) < =T(r,e”) + S(r,e?),
ajo — n
which is impossible since n > k41 > 2. O]
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