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For a simple graph we introduce notions of the double star sequence, the double star fre-
quently sequence and prove that these sequences are inverses of each other. As a consequence,
we express the general second Zagreb index in terms of the double star sequence. Also, we
calculate the ordinary generating function and a linear recurrence relation for the sequence of
the general second Zagreb indices.

1. Introduction. Let G be a simple graph whose vertex and edge sets are V(G) and E(G),
respectively. Let d, be the degree of the vertex v € V(G). For any real p the general second
Zagreb index is defined by

MP(@) = > (dud),

weE(G)
see [1] for more details. Put n = |V(G)| and m = |E(G)|. The double star graph S,;,0 <
a < b is a three with the following degree sequence a + 1,0+ 1,1,...,1.
——

a+b times
For example 3070 = PQ, 5071 = Pg, 8171 = P4 and 807(1 is the star SJ;_H.

Denote by S,4(G) the number of subgraphs of G which are isomorphic to the double
star S,p. For instance Sp(G) is equal to the number of edges of G. It is easy to see that
there exists only one connected graph G of order n such that S, _2,-2(G) = 1, namely, the
graph with the degree sequence n — 1,n —1,2,...,2.

Also, we have that S, ,—1(G) = 0 for all a.
The triangle

SO,O(G)7 SO,I (G)a ey SO,n—Q(G)v
Sl 2(G>7 R Sl,an(G%

is called the double star sequence of a graph G. The value S, ;(G) can be counted by simple
combinatorial techniques:
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see [2], the formulas (1.7)—(1.8). For small p we have M”(G) = So0(G) =m, and

MP(G) = My(G) = > dudy= > 14 (dy— 1)+ (dy — 1) + (dy — 1)(dy — 1) =

weE(G) uweE(G)

e 2 () () ()
= S0.0(G) + S01(G) + S1.1(G).

Also, by using the simple identity

(e vo=r=1+s((7)+ (7)) +2((3)
S(()E)+6)0)

MQ(Q) (G) — Z (dudv)2 — So,o(G) "— 3 Sgyl(G> + 2 SQQ(G) + 95171(G)‘|‘
weE(G)

+6 5172(G) + 4 SQVQ(G).

We generalize these expressions for the general second Zagreb index MQ(p )(G) for any
natural p. See also [3] for similar results for the general first Zagreb index. The main result
of the paper is the formula for expressing of the general second Zagreb index in terms of the
double star sequence:

n—2 n—2
. +1 p+1
MP(G) = IR Six(G),p €N
P =SS m {77 T sucpen
here {f } are the Stirling numbers of the second kind.

Also, we calculate the ordinary generating function for the integer sequence {MP(G)}.
Denote by C,, the set C,, ={i-j |0 <14,j <n}. Then
|Cr—1]—1 min(k,|Cr—1])
Cnf —1
S 1Y o)

i MP(G)2 k=0 \i=max(0,k—|Cn-1]) [Cna] =
2P = ,

— 2 [1 (1—c-%)

CEC’nfl

and the linear recurrence relation for the integer sequence {MZ(p ) (G)} -
Croa]=1
Ch— n—1 i
D M L]
i=1
here [C"i‘l} are the Comtet numbers of the first kind associated with the set C,,_;.
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2. Double star and double frequently sequences. Any edge {u,v} € E(G) is the

double star Sg,_14,-1,dy < dp. Let f;; denote the number of edges in G which are the

double stars S; ;. For example, fy is the number of isolated edges in G. For the graph G

with the degree sequence n — 1,n —1,2,...,2, we have f, 2,2 =1, fon—2 = 2(n — 2) and
——

n—2 times

fi.j = 0. The integer triangle

f0,07f0,17 CI) fO,n—Qu
f1,17 ceey fl,n727

fn—2,n—2;
is called the double star frequently sequence of a graph G.

Example 1. Let G = K,. Then the double star sequence and the double star frequently
sequence have form

SO,O(G) =6, 50,1(G> = 24, 50,2(G) =12, fo,o =0, f0,1 =0, f0,2 =0
S1,1(G) = 24,5 2(G) = 24, Ji1=0,fi2=0
Ss2(G) = 6, fa2 = 6.

The double star sequence and the double star frequency sequence are a pair of multinomial
inverse sequences, see [4, section 3.5| for more details. The following theorem holds.

Theorem 1. Let G be a simple graph. Then

52 () ()=

o S e ()0 + ()()) swcna<s
ab = nz:jf( 1)”3'(2)(‘2)&](6?)@:17

Proof. (i) The statement follows immediately from the definitions of f; ;.
(73) For simplicity, we consider only the case a = b. We have

i i ) ( ) (‘2) 5ij(G) = nz_i(—l)i+i <;) (;) Sii(G)+

i=0 j=i =0

Z 2 () Qso-Z ()0 ZZ () (e

i=0 j=i+1

£ 2 (OER(00)
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“SES(OO)Z OO O)) o

Now we use the orthogonal relation (see [4])

and the simple identity

(zi;CL) (;bk) Za’b +Z Z (aiby + biay,).

1=0 k=i+1

Then the coefficient of f, , equals

S0000-£E (0

(2

Thus

a

(7)56) = (At =

as required.
The proof of the case a # b is almost identical to that of the case a = b and is omitted. [

As a consequence, we obtain the double star variant of the Handshaking lemma

Y g = ZZ(é)(‘é)f” So0(G) = m.
=0 j=1 =0 j=t

From [5] we know that

S (2+2)=n-n
du d’u - 0

weE(G)

here ng is the number of isolated vertices of G. Then by the definition of the double star
frequently sequence we get that

n—2 1
( J+1>f” e

J=t

l\.')

n—

I\
=)

7
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3. The second general Zagreb index. For the second general Zagreb index we have

n—2 n—2

MP(G) =N (i + DG+ V)P fiy.

=0 j=1t

Now we can express the second general Zagreb index MJ(G) in terms of double star
sequence:

Theorem 2.
n—2 n—2
. p+1 p+1
= k! Sik(G),
Z ! {z‘+1}{k+1} #(@)
1=0 k=1
for any natural number p.

Proof. We have

n—2 n—2 n—2 n-—2
, p+1) [p+1 : p+1l] Jp+1
1 . — 11 .
E Z'k'{i—i—l}{k—i—l}sl’k(G) E ,lz'k'{i—l—l}{k—l—l}sl’k(G)—i_

1=0 k=i 1=0 k=i+
n—2 2
L p+1
|

I T ECE
S S w{THIES (0 (0)0) -

SRS S OO0 0) -

Thus the coefficient of f,; in

p p
. p+1 p+1
E E 1! (G

i=0 k=i
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SN OO s wHEHO O ()0)-

SO @ e

1=

=

We are using here the identity

p
1
(S.)i! {PJF } = (s+1),
—\i 1+ 1

which can be derived from the formula (see [8])

n n n J
In fact, using the summation interchange formula Z a; Z b = Z b; Z a;. we have

> ({200}

i= Jj=t

SOLOC) S0

Jj=

Thus
n—2 n—2 p p
p+1 p+1
DD ikl { i1 } {k 1 } Sin(@) =D ((s+1) (t+ 1) fur = MP(G),
i=0 k=i s=0 t=s
as required. O

Example 2. For any simple graph G we have

@)

I
&

2 (G),

M“ (@) = Soo(G) + So.1(G) + S1.1(G),

MP(G) = S50(G) +3801(G) + 2 S02(G) + 951 1(G) + 6 S12(G) + 4 552(G),
M

@) = So0(G) 4 7501(G) + 12 S02(G) + 6 So5(G) + 495, 1(G) + 84 515(G)
42 Sl 3(G) + 144 SQ 2(G) + 72 S2,3(G) -+ 36 Sg}g(G).

,0

Similar formulas for triangle free graphs are derived in [2].

4. Recurrence relations for the generalized second Zagreb indices. The following
generalization of the Srirling numbers of the first kind is well known, see [6], [7]. Let S be
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an arbitrary set of natural numbers of cardinality |S|. Then the Comtet numbers of the first
kind [ﬂ associated with the set S are defined by

s =16 —Zﬂ

here (z)g is the generalized Pochhamer symbols.
The Comtet numbers of the first kind associated with the set S = {0,1,--- ,n — 1}
coincides with the usual Stirling numbers of the first kind.

Example 3. Denote by C,, the set C;, = {i-7 | 0 < 4,57 < n}. For n = 4 we have
C, =1{0,1,2,3,4,6,8,9,12, 16}, and

(), =2(z=1)(2=2)(2=3)(2—4)(2—6)(z—8) (2 —9) (. — 12) (z — 16) =
=219 —612° + 1555 2% — 21655 27 + 180628 28 — 929908 2° + 2932320 24—
—5411520 22 + 5239296 22 — 1990656 2.

Thus, the corresponding Comtet numbers of the first kind are as follows

ﬁ‘*] = —1990656, [(ﬂ = 5239296, [g“] = —5411520, [i“] = 2932320,

A AN AN il
{5}_ 929908,[6]—180628,[7]— 21655,{8}—1555,
Cy Cy Cy
— —61 —1 — 0.
o] =L =[] =0

Let G(Ma,t) =27, M2(p )(G)tp , be the ordinary generating functions of the sequence of
the second general Zagreb indices. Let us express the generating functions G(Ma, t) in terms
of the double star sequences. The following theorem holds.

Theorem 3. Let G(M,,t) be the ordinary generating functions of the sequence of the second
general Zagreb indices. Then

|Crn—1]—1 min(k,|Cn—1])

Ch_ i
> 2 Lo 1,1_J wre |
. k=0 i=max(0,k—|Cp—1]) "
(1) G(My,t) = IT (1—ct) 7
ceCn_1

ICpr]|~1
D il el PTG

i=1
where [“ﬂ is the Comtet numbers of the first kind associated with the set S.

Proof. We have

G(My,t) = iMQ(P)(G)tp - i (nini@vkl {fill} {Zi 1 } Si,k(G)> p—

p=0 p=0 \i=1 k=i



122 L. BEDRATYUK

S »3 <§:z!k' {p+ 1} {p“}tp) SinlC) =
— ‘\ = 1+ 1 k+1 ’

555 <iz!k' {“ 1} {“ 1}tp> Sik(G).
- — 1+ 1 k+1 ’

. p+1 p+1
E | L1 P __
4Z'k'{i+1}{k+l}t

p=i
o [itl il s k+1 »
S
—\‘= 1+ 1 r e kE+1 Jj
] i+l ' PN ke o
= — -1 2+1TT< ) -1 k+1—j ( . ) t P _
(i+1)(k+1) (;( ) r ;( ) J j ; rjt)
_ % % YT ()R (Z + 1) (k + 1) (rjt)’
(i+1 k +1) & & r j — (r)t’

It follows that the partial fraction decomposition of the generating function G(M,,t) is a
linear combination of fractions of the form m, 0 <r,j <n—1. After simplification we

get
ag + alt + a2t2 + .o+ a|c _1|,1t|0"71|71
My, t) = =
g( 2 ) H (1 _ Ct)
ceCpr_1
for some unknown numbers ag, a1, ..., a,_1. To define these numbers let us observe that
Cn—l
1 1 Cho ,
— — #1Cn—1] — — #Cn—1] _ — n—1 |Cr—1]—i
I @—ct)y=t 1H<t c)—t l(t)c _Z{ilt =i,
ceCh_1 ceChp_1 n—1 =0
Now
|Cn71| C o0
ao + art + agt? + -+ ae, 1t = { ",‘1] tlOn-al=¢ ( Mz(”)(G)tp> =
i=0 ! p=0
00 min(p,|Cpn—1])
Cn— —1
_ Y L MG | e
. |Cn_1| — 1
p=0 \i=max(0,p—|Crn—1])
min(p,|Cpn—1]) C ‘
Equating coefficients of ¥ yelds a, = Z [ nl } Mz(p ﬂ)(G). Therefore
|Cn71| —1

i=max(0,p—|Cn—1])

|Cr—1]—1 min(p,|Cn—1]) C ) (p—)
Sl [ e ) e
p=0 t=max(0,p—|Crn_1]) n-t

g(M27 t) -
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i1) Since a, = 0 for p > |C,,_1| we have the identity
P

min(p,|Cn—1]) C ! -
= " M, (G 0
A|Cp_1]| Z [|Cn 1| —Z:| ( ) )

i=max(0,p—|Cr—1

|Cn 1‘ ‘Cn 1|
_ Ch- i o

Z [ }M;'Cnl NG = Z { 4 1} MS?(G) = 0. Tacking into account

= LICn- 1| — i=0 L
Cn 1 . . .

0 | C ‘ = 1 we can rewrite the last expression in the form

n—1
|Cp1]—1 c
Chn— n—1 i
e Y R !
i=1

Example 4. For n = 4 we have C3 = {0, 1,2,3,4,6,9}. Then
(2)os =2(—1)(2=2)(2=3) (2 —4) (2 —6) (2 —9)
= 27— 2520423925 — 1115 2% 4+ 2664 2% — 3060 2% + 1296 2.

The Comtet numbers of the first kind are as follows:

03 03 03 C’3
o) o ] =[] = oo [5] <

03 03 03 03
{4} 1115,{5} 2397{6} 25,{7}

Then for a simple graph G with 4 vertices the following recurrence relation holds
M(G) = —1296 MV(G) + 3060 MSP(G) — 2664M57(G) + 1115MY (G)—
—239M(@) + 25 M9(@).
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