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In this paper, the matrix representations of derivatives, differentials and Taylor’s formulas
for functionals and mappings are presented. The behavior law of intermediate points in the
formula’s remainder terms is found for shrinking the expansion interval of mapping to a point.
This, in particular, allows one to analyze the local uncertainties in the remainder terms of
Taylor’s formula and to develop and explore the new effective methods for solving systems of
nonlinear algebraic equations.

1. Introduction. If some method of solving a given problem is iterative, then in the case
of its convergence to the solution, the distance from the approximate values to the solution
tends to zero. Since many of these methods use Taylor’s formula, it is important to clarify
the behavior of the intermediate point in the remainder of this formula while shrinking the
expansion interval of mapping to the point. However, with the increase of the space dimension
and the order of derivatives and differentials, the complexity of Taylor’s formula increases
rapidly. This complicates its application and analysis of the uncertainty in its remainders.

For example, for a mapping F': R® — R™ (m > 1) the mean value theorem according
to known statement from the one dimensional case is a false statement. Although there are
three approaches [1,2] to solve this problem, the remainder term of Taylor’s formula has not
been estimated [1].

There are three manuals considering general Taylor’s formula for mapping from a normed
space to another normed space [6, p. 599], [8, p. 87|, |7, p. 715|. They also propose some
estimates of the remainder term.

To do this, a specific form of k-linear mappings of the k-th order derivatives and corres-
ponding differentials of mapping F' must be found. This gives us the matrix representation
of Taylor’s formula. Hence, the corresponding operations with such k-linear mappings can
be used to analyze the behavior of the intermediate point in the remainder of this formula
while shrinking the expansion interval of mapping to the point.

2. A matrix representation of derivative maps in finite-dimensional spaces. We
need the following theorem.
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Theorem 1 ([1]). Let a mapping F': R" — R™ be k times differentiable. Then mapping

between K(R” X R" x -+ x R, Rm) and L (R, L (R", --- , L(R", R™))), which maps
kt;:nes kt;;Les

each element A € L (R", L (R",--- L (R™, R™))) to K € K (R* xR" x --- x R" R™) by
the formula

K@D, 2@, 2®) = (A2®) 2@) ) 26Dy 5@, (1)

is linear, isometric and one-to-one. Besides, the image of the space L(R™ L(R",---
L(R™ R™))) is the whole space K (R" x R™ x --- x R" R™).

Corollary 1 ([1]). k-th order derivative of mapping F can be considered as an element of
space K(R” X R" x ... x R, Rm).

~
k times

Lemma 1. Let mapping F (x) with components fi, fa, ..., fm be Gateaux differentiable
and its derivative is linear mapping A (A = (a;;)). Then its derivative is a column vector
(f1, f3-++, f1)T of component derivatives (Jacobi matrix).

Proof. Let Ax = e;, where e; is a j-th coordinate vector. Then by the definition of the
Gateaux derivative a;;(i,j = 1, m) of the mapping F'(z) one has

iy i@ +t-ej) = fi(w) —tay] _
t—0 t

0,

that is, the derivative of the mapping F'(x) is linearly ordered by the first index of the set
of derivatives of its components. Lemma 1 is proved. O

Remark 1. Since the linear mappings R” onto R™ form a linear normalized space, the
components of such mappings form column vectors. Therefore, before the differentiation of
the mappings in the case when their components form row vectors, each such a vector must
be pre-transposed into a corresponding column vector.

Ay
We use a formal notation (A; Ay ... A,)" instead of ,2 , where A; is some matrix
Ay
or block of matrices.
Let F': R" — R™ be a mapping with components F' = (fi, fa, -+, fm). Assume that it
is the Gateaux k-times differentiable mapping. We denote
akz
fl (.CCl,.CL"Q,...,.%n), (2)

where z(j) € {@1,29,..., 20}, (i,5,p=1,n,l=1,m, k=1,2, ...), and

9ij1, 21 Gijl,z0 " Gijl, x,
9ij2, z1 Yij2,z2 " 9i52, 2n

(k=1,2 ), (3)

Gijn, z1 Gijn,zo  ° YGijn, zn
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where g¢,;,(z) is the g-th element of the j-th row of the generating matrix S(]fi_l)(m) and
Gijgw,(T) = %gijq(x); the generating matrix 5}21) (i.e. for k = 2) is the Hessian matrix of
the mapping f: R” — R. A matrix S](ckz(x), (t=1,n2 jpg=1n k=2 3, ...)1s
called i-th generating matrix of the k-th order derivative of functional f, created by i-th row
of j-th generating matrix S§f€;1)(x), (r=(i—1)n+j) of (k— 1)-th order derivative of this
functional.

The obtained results give an opportunity to formulate and prove the following theorem.

Theorem 2. Let a functional f: R® — R! be k-times differentiable. Then the k-linear
structured hypermatrix

k)
S( , n(nk—3— 1)+1<.’I}>

S (@)

is k-th derivative f*)(x) of functional f at a point x € R™.

Proof. The proof is based by the method of mathematical induction.

Let k = 1. Then the derivative of the y = f(x) = f(x1, x2,...,x,) is the transposed
gradient of this function at z, that is, f'(z) = (fz, (%), fo,(2), <=+, fo,(2)).

Let k& = 2. By Corollary 1 the derivative f'(z) = (fi, (), fuo(T),..., fz,(z)) is the
element of the space K; (R", R"). But the mapping F(x) of this space has components

fac1<x)7 fm('r>’ T facn(l‘) Hence, FJ/“(‘T) = (fm( ) fm( ) facn( ))T and F]/‘/ ({L‘) =

(FJ’C(:E))I Then by Lemma 1 F}/(ZE) = ( (), fo (@), o) f;n( ))
The components f,,(x), fu,(x), - -, fo, (z) are functlonals Therefore,
(facl(x)): dgclle('r) dmffcl(x) d:pnffl(x)
o | Ge) | | E ) ) - @ |
Ff (z) = : = . =

(fun(2)) Lh@) A f@) e )
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frra1 (%) firas(2) ferz, (T)
_ fmzm(x) f:pm (z) fwgrn (z) _ Hf(a:) (5)
frnzr (%) fapes (@) fapea ()

Since Hy(z) = S}?)l(x), taking into account (5), we obtain the equality F}?’)(m) =
<S§c?)1(x)>. The mapping F7(x) is an element of the space K (R™ x R™, R"). According

to Corollary 1, this element can be considered as the second derivative f”(x) of the functi-
onal y = f(x). Here, it is taken into account that by Theorem 1 the image of the space
L(R™ L(R" ---, L(R" R™))) is the entire space K (R" x R" x --- x R" R™).

The proof of formula (4) starts with the next step.

Let k = 3. The mapping F () of the space K (R™ x R", R") has n components

( Jere (%) foran () feren () )a( Jaoar () faan () Jezen () )7
(AN CO R A ) fonen (@) ),

where each components is the corresponding derivative f,, (x), fo,(x), ---
first derivative of Fj(z). Since F}' (z) = (F{(z)) , by Lemma 1 we have

y fu,(z) of the

/

( fora1(T)  frren () ferz, (T) ),
F}”(x) _ ( Jerer (T)  faoas (5’3) Jesen () )
(frunr (@) Fruas(@) - frnan(@) )

Consequently applying Corollary 1, differentiating each row, we obtain

ferara () frrzia,(T) ferz12,(T)
foraaey (T)  farzans (T) fer2p2, (T)
fmwn'xl (z) f:vwn;m (2) fmxnxn (z)
fesrray (T)  frpwian (T) fesziz, (T)
frswazy (T)  frywors (T) faywse, (T)
Fy' (x) = : : :
T ) B PR ) feswnan (T)
Jonzizy (T)  frpaizs (T) fenwian (T)
fenwoer (T) frprws (T) fenwre, (T)
Fononar (@) Fonones(@) + Fornan (@)

Taking into account (2), (3), the last formula can be expressed as following

O @)

If k = 3, formula (6) becomes (4).

FY (z) = (s}?>1(x) SE () ...
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Assume that for & = ko, (ko > 3), the conclusions of the theorem are valid. Let us
show, that for & = ko + 1 the theorem is also true. According to the assumption, the

mapping F}kO)(x) of the space K(R” xR" x - x R" Rm) has components F}ff)(ac),

a"'e

ko times

F{(@), .., F{)(x), that is,

T
k k k k
Fi () = (FE(@) F(a) . P @)

’

Since F}kOH) (x) = <F}k°)(x)) , by Lemma 1 we obtain

FR D () = ((F;f?@:))l (F}fj(x))' (F}f?(x))l)T. (7)

But the components F' ]Eff’)(x), (1 = 1, n) consist of n components F}ffjj (x), (j
So by Lemma 1 it follows from (7) that

I
\'}—‘
S

(0~ (Cy Cy ... Co)T cj:((F}fj;(@), (FI @) ... (F}fjin@))’)T (8)

5T

(1 < j < n) and so on, until the mapping components F ;k(’)(x) become the generating

matrices S](ff‘;)(x), (z =1, nk0—2>. The determination of the derivative F }kﬁl)(a:) is reduced

to the finding the first derivative of mapping, components of which are generating matrices

of derivative F' ;kO)(x). Now the derivatives of these mappings are found successively to each

such bilinear mapping. As a result, we are convinced that all conclusions of the theorem are
true statements. Thus, this theorem is proved. O]

Remark 2. It follows from the proved theorem that the orders of differentiation with respect
to variables x1, za, ..., x, in each functional fx(z) 23T () (x) are different, and they together
cover the whole set of possible sequences of differentiations, each of which is performed &
times.

From Theorem 2, we obtain the following algorithm to find derivative F}k) (x) of functional
f and some of its generating matrices S](ckz(x)

The algorithm for determination of derivative F ]Ek)(:c) of functional f and its generating

matrices Sj(ck)z(x) has been developed using Theorem 2.

Algorithm 1. If the functional f: R" — R! has the derivative of the k-th order, (k > 2),
then it is a hypermatrix F }k)(x) ((k — 1)-linearly ordered set of all generating matrices
S(?Z(aj), (2 =1, N, N = nk*2)), in which the variables of differentiating in the functionals
fey2s).w (T) Of generating matrices are as follows:

1. differentiation with respect to x(9) of all functionals of generating matrices

— whose numbers belong to the interval [1, Ni| where Ny = N/n is the differentiation
with respect to xy,i.e, T = Ty;

— whose numbers belong to the interval [N7 + 1, 2 Ni|, is the differentiation with
respect to xa, 1.e., T(2) = Ta;
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and so on;

whose numbers belong to the interval [(n — 1) Ny + 1, NJ, is the differentiation
with respect to xy, L.e., T(a) = Tp;

2. differentiation with respect to x(s) of all functionals of generating matrices

whose numbers belong to the intervals [1, Ns], [Ny+1, Ny+ Ns], [2 N1 +1, 2 N1+
Nol...; [(n—=1) Ny +1, (n—1) Ny + Ns|, where Ny = Ny /n, is the differentiation
with respect to xy, i.e.,x3) = x1;
whose numbers belong to the intervals [No + 1, 2 Ny, [N1 + Na+ 1, Ny + 2 Ns,
2N +1, 2N+ Ny|..., [(n—1) Ny + 1, (n—1) Ny + Ny, is the differentiation
with respect to xa, i.e. T(2) = Tp;

and so on;
whose numbers belong to the intervals [(n—1)Na+1, Ni|, [N1+(n—1) No+1, 2 Ny],
[2 N1+ (n—1) No+1, 3 Nq], ..., [(n—1) Ni+(n—1) No+1, NJ], is the differentiation

with respect to x,, i.e., T3y = Tp;
and so on;

as long as the differentiation is performed with respect to x(;—1);

k — 1. Differentiation with respect to x(;—1y of all functionals of generating matrices

in all the first rows is the differentiation with respect to w1,
in all the second rows is the differentiation with respect to xo,
and so on.

in all n-th rows is the differentiation with respect to x,,

k. Differentiation with respect to x(,_1) of all functionals of generating matrices

in all the first rows is the differentiation with respect to x1,
in all the second rows is the differentiation with respect to x»,
and so on.

in all n-th rows is the differentiation with respect to x,,.

Example 1. Let the function f(x, y, 2z) be four times differentiable. Calculate its derivatives
up to the four orders inclusively.

To simplify the notations, in the functions fu , 2 ..xq, () we will not specify the value of
argument x, remembering that this value in all the functions is the same. Then, successively
applying at n = 3 Formula (5) and Algorithm 1, we obtain

fx:p fmy fxz
f/(l‘, Y, Z) - (faca fya fz)a f”(ZL‘, Y, Z) = fyz fyy fyz 5
fzz fzy fzz
Jore Josy Josz \ [ fosz Fowy Fyzz \ [ Ferw Sy Far \\
[, y, 2) = Joye  Joyy  Jaye Foye Fyyy Ty foya foyy foye )
faczac fxzy fxzz fyzac fyzy fyzz fzzac fzzy fzzz
fO(x, y, 2) = (A Ay A3)", A; = (Bjy Bjs Bjs)",

Bll =

fxzyx fzzyy fzxyz ) B12 - f:ryya: fxyyy fzyyz ) B13 - fxzya: fxzyy fxzyz 3
f:}ca:zoc f:]c:]czy f:v:vzz fzyzx fxyzy f:vyzz fxzzx fxzzy fyczzz
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fyrmz fymzy fyma:z fyyxm fyyry fyymz fyzzz fyzxy fyzmz
BZl = fyacyac fywyy fyacyz s BZ2 = fyyyac fyyyy fyyyz 5 BQS = fyzya: fyzyy fyzyz )
fyxz:c fya:zy fyxzz fyyzx fyyzy fyyzz fyzzx fyzzy fyzzz
fzxmx fzxmy fzmxz fzyxm fzymy fzy:pz fzzmc fzzxy fzzxz
B31 = fzmy:p fzmyy fzryz > B32 = fzyyw fzyyy fzyyz 5 B33 = fzzym fzzyy fzzyz
fz:vzac fza:zy fza:zz fzyzac fzyzy fzyzz fzzzx fzzzy fzzzz

Remark 3. If the functional f: R® — R! has all continuous partial derivatives of the
k-th order, (k > 2), then all the generating matrixes Sj(ck)z(x), (z =1, N, N = nkfz) are the
symmetric ones.

Since the derivative of the functional vector is a vector of derivatives of these functionals,
then from Theorem 2 we have the following corollary.

Corollary 2. Let the mappings F: R" — R™ (m > 1), whose components f;: R — R!
(m > 1) are functionals, be differentiable. Then a linearly structured hypermatrix

F'(z) = (fi(x) fa(x). . fr(a)”, 9)

is a derivative of this mapping at the point x, where f!(x) are the derivatives of the
corresponding components f;(x) of mapping F'.

3. Matrix representation of Taylor’s formula for mappings in finite-dimensio-
nal spaces. Let the mapping f: D C R” — R! be given. Thus, f (z) = f (z1,22,...,7,).
Assume that in the neighborhood Dy C D of a certain point x = (x1, xo, ... , ,) this
function has all continuous partial derivatives up to k+ 1 order, inclusively. We will give the
argument such an increase A that the point x + A also belongs to the neighborhood Dg of
the point x. Then by Taylor’s formula

1 af

f($—|—A)—f()+Fi:1 2,;;%18% Aj+ oo
Z Z Z 3%0@2 o, JAVAVAVEERINVAVE
1= 112 1 =

= OFHLf(z + 0A)
l ZZ Z 0L O+ - - Oxs AilAiz'”AikH? (1())
i1=1142=1 tpr1=1 2 Tht1
where A = (Aq, Ag, -+, Ay) T or using the total differentials,
fla+D) = f @)+ mdf (2)+ 5d2f (@) + -+ d*f (x) + P (540 A) =
1! 2! k! (k+1)!
1 " (1] 1 "9 2] 1 "5 (k]

1 n P [k+1]
ol (; 3o, -AZ) flz+0-A), (11)
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where the following symbolic notation is used

0 o \" 9 \"
dsf(as):(a—mAl—l—a—@Ag—l----—l-%An) f(x):<Z%Az> f (o)
n i=1 v

(s=1k+1).

The conclusions of the following theorem make possible to show the process of computing
differentials of the functional by means of operations over the generating matrices of its
corresponding derivatives.

Theorem 3. Let the functional f: D C R™ — R! be k times continuously differentiable in

the neighborhood Dy C D of a certain point x. Then its differential of order k at this point
is

T

T (AT q(k) T o(k) T o(k) g
AT (AT, A ATSE LA, e ATSE A)

Y

T T
7 (87 80 A7y 27 8) )

fy (mh=4-1) n42 = o

T
(AT <AT (AT s 1y A, ATSE A, ATSEL LAY

T T
AT (ATSY) A, ATS® A ATS® LAY 12
O R e A L R - (12)

Proof. From Algorithm 1 of obtaining a derivative of the functional, it follows that the
hypermatrix (4) contains all its partial derivatives. We directly convince that for all such
x, A € R" that x + A € Dy, the quantity f'(z) A is a total differential of the first order of
the functionf(z) , and AT f”(x) A is its second-order differential.

Let £ = 3. Then, we successively get

(@) =d (Bf@) = d (ATSPi() A) = d (ATf"(2) A) = ATd (f"(x) A) =

() & () & ara (1))’
(o) A ata (1))

(for) A a (/) A) ATd ({fxg’)T)

dfﬂm 1 <fac1 ﬂ?l)lA
AT : AT :
dfxl Tn (fJ?l I’n)/ A
= AT : =AT :
dfa:n 1 (fxn ml)/ A
AT : AT :
dfx" Zn (ffn $n>l A
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AT S A
£l -
= AT : = AT(ATSP A, ATSP A
AT 8P A
fin

Let formula (12) be valid for k = kq. Let us prove that it is valid for & = kg + 1. Indeed, in
this case

ATS) A

AT :
T ;
A ATs(ko) A
AT
(ko)
y ( s — )
ATS
d™ f(x) = AT
T ¢(ko)
A Sf n(nko i1 A
AT ..
ko
ATSf RONIPVAY
AT :
T (ko)
AT A Sf (ib(n’“0 3)+1 S
ATS f’“‘))k LA
Since d**! f(x) = d (d* f(z)), one has
d(ATSI) A)
AT :
AT ‘
d(ATS(kO) A)
AT
ko)
AT ATS](‘ n n—1 +1 A)
ATS A)
dk0+1f(l') — AT
ATS iy A)
AT DY
ATS 1 A)
AT :
ATS(k:o wro-y41 D)
AT
ATkaO o2 A)
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Therefore, it is sufficient to prove the validity of the statement for any single component
of this mapping. For example, let us prove it for its first component.

d (ATS{ (@) A) = ATd (SP9(@) A
(Forormi ) A E fml
N (far 1 - z) A _ AT (farzs o 2120) B
(f:cl 1 ....:m :vn)/ A d ( fxwl zlxn >
ATd (((frer - zm)')T AT S P
=AT A'd <(fm1x1 leg)/>T _ AT dfl’wt “T1TL Tn )
: oo e
AT (o)) ) AT

delIl X1 Tn

’

(fﬂ?l xr1 - T1 T1 331) A
AT :
(f:tl 1 - 2171 xn)/ A AT S(k(iJrl) A

(fl“l T1 - X1 T xl)/ A AT S ko-i—l) A
AT :

’

(fxl T1 - T1 T xn) A
T
= AT (ATSI A, - ATSI A

Taking into account Remark 2, we convince that d**! f(z) is the total k-th order differential
of the functional f. The theorem is proved. O

From (10), (11) we deduce the following corollary.

Corollary 3. Let a mapping F': R™ — R™, (m > 1), whose components are the functionals
fi: R" = RY, (i =1, m), be k times differentiable. Then the vector

" F () = (d°fi(@), d*fo(w), -, d*f())" (13)

where d* f;(x) are differentials of k-th order of the corresponding components f;(x) of mappi-
ng F, is k-th order differential of F' at the point x.

Example 2. Let a function f(x, y, z) be four times differentiable. Construct its differentials
of the fourth orders in a matrix form.

To simplify the notations, let us do not specify the argument value x in the functions
fm(z)m(g)...x(k) () and let us assume this argument is the same in all functions. Then, successi-
vely applying formula (12), the following results are obtained

dVf(x, y, z) =
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(Aaz? Aya Az) fxwya: fwxyy fx:vyz Ay
f:ca:zx f:c:czy fxa}zz Az
f:pyxz f:ryzy fzya:z Am

(Aﬂf? A?J? AZ) (AW A?/? AZ) f:vyy:v fxyyy fxyyz Ay
fzyza: fmyzy fmyzz Az
facz:ca: fmzwy fmza:z Aac

(A:m Aya Az) fxzya: fxzyy fxzyz Ay
fxzzx fzzzy fxzzz Az
f yrre f yrzy f YTz Am

(AJE’ Ay? AZ) fymyfb fyryy fy:]cyz Ay
fy:vzx fyaczy fy;rzz Az
f yyrT f yyTy f YyyTz Ax

= (A;E, Aya Az) (Am Ayv AZ) (Ax, Aya AZ) fyyyw fyyyy fyyyz Ay
fyyzm fyyzy fyyzz Az
fyz:mc fyzxy fyz:rz Az

(Aaca Aw AZ) fyzyz fyzyy fyzyz Ay
fyzza: fyzzy fyzzz Az
fza;xx fz:cacy fzxxz A:c

(Awa Ayy Az) fzxy:t fzxyy fzzyz Ay
fZ[L'Z$ fZ[L'Zy fZCEZZ AZ
fzym: fzya:y fzymz Aa:

(A$7 Ay) AZ) (Aaﬁ) A’y7 AZ) nyyZ‘ fzyyy nyyZ Ay
fzyzx fzyzy fzyzz Az
fZZ:L‘I fZZCL‘y fZZLI?Z A:):

(Amy Ay7 Az) fzzyx fzzyy fzzyz Ay

fZZZ:E fZZZy fZZZZ AZ

From Theorems 2, 3, Corollaries 2, 3 and equalities (10), (11) the following corollary is
obtained.

Corollary 4. Let the mapping F: D C R* — R™ (m > 1), whose components are
the functionals f;: R® — R, (i = 1, m), be k-th times continuously differentiable in the
neighborhood Dy C D of the point x. If =+ A € Dy, then

Fzx+A)=F(z)+ F'(2) -A—i—lF”(x) (A A+ e+

2!
I Aﬂhﬂmy@ghﬂ+iF®¢p+w}Ay@mh (14)
(k—1)! k!
where (A)" = (A, -+, A), A= (Ay, Ay, -, AT, 0<0< 1,
S

F(o+8) = F (@) +d'F () +5dF (@) + - +

d"1F (2) + ialkF (x+{6} A). (15)

+ k!

(k— 1)

The derivatives FU) (x) and differentials d/F (z), (j = 1, k) for (14), (15) can be found
in accordance with (9), (13), respectively. The intermediate points = + 6; A, (0 < §; < 1)
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in the components f;® (z 4 6; A), d*f; (x 4 6; A), the mapping F*) (2 + {(9} A) and vector
d*F (x4 {0} A), generally speaking, are different, so the mapping F® (z + {6} A) and
vector d*F (x + {0} A) can not be k-th Gateaux derivative and j-th order differential of
mapping F' respectively.

Formulas (14), (15) are a matrix representation of the Taylor formula for mappings.

4. Methods for eliminating functional uncertainties when the expansion interval
of the mapping shrinks to a point. The conclusion of the following theorem makes
possible to analyze the local uncertainties in the residual terms of the Taylor formula and to
construct and explore new effective methods [3-5] for solving systems of nonlinear algebraic
equations.

Theorem 4. Let the mapping F': D C R" — R™be (k+1) times continuously differentiable
by Fréchet in the neighborhood Dy C D of a certain point xz, all (k + 1)-th order partial
derivatives of all its components f;, (i = 1, n) are not identically equal to zero and at least
one of the equalities f;(0) =0, f/(0) =0, -, fi(kfl)(O) = 0 is not fulfilled. If x+ A € Dy,
then

1
lim %) =
A—0 ]C +1’

where x + 0% A, (0 < 0% < 1) is the intermediate point in the remainder term in formula
(10).

(16)

Proof. Let the conditions of the theorem be satisfied. Firstly, we prove that the value %) as
a function of A, is not a constant value. In fact, if f;(z) =0, f/(z) =0, ---, fi(kfl)(x) =0

but all other conditions of the theorem are fulfilled, then

O fru(a + 6 A)
Fule b 8)= 5 3 Zaxlm el A, A

11=11=1 =

All terms in the right-hand side of this equality contain products of the form A; A, --- A;

1k
and are not identical to certain constants. Therefore, the functions f,,(x + A) = u,,(z +

A) ATIAY - A, (s;> 1, j =1, k). Since A # 0, we have z = 0.
Therefore,

S1 S92 s . akfm )
um(B) A AL Ay = k! ZZ Z ¢ 0w, 0y, - - - Oy, il Qi

i1=112=1 =

k)
Consequently, 6%) will not depend on A only when every term () A) JAVIVAVIRRINVAY

6%13112 326% k
has the following form c; gj(H,(,’f)) U (A) AJTAT -+ AjF, where ¢; are some non-zero
constants. It follows that this is possible only for the functions f,(t) = ¢, AF AR ... Akn,
where k; = k + «a;, aj > 0 are constants.

All differentials of each functional are the corresponding functionals, and all differenti-
als of each mapping are linear mappings which components are also certain corresponding

functionals. If the conditions of the theorem are satisfied then we have

F(r+A)=F(x)+d'F(z) +
1
(k—1)!

2
SPF (@) +

d"UF (2) + —dk(x+wW}Ay (17)

+ i
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Assume that the mapping F' has the components fi, fo,---, f,,. Then, the mapping
d*F(z + {0™}A) has the components d* f;(z + ng) A), d* fo(z + Gék) A), - dEf(r+

ok A). Applying the mean value theorem to the mapping d*F (x + {6*)} A), one consi-
quently obtains

d'F (2 + {00} A) = d*F () + (d*F (z + {00} {09} A)) {80} A =
(¢ il + 6080 )

. ®) 30 Ay

(dk Fnl + 0% ) A))
(dk Filz + 6% g® A)) o™ A
(d’f Fol + 0% 6P A)) o) A

(dk ol + 0 6% A)) 0% A

0P Ed’fﬁ(m + 6" Y A)%

0% a1 <dk ol + 00 g® A))

Hence,
d"F (z+{0W} A) = d"F (2) + {6®} " F (z + {6®} (W} A) | (18)
where . .
0" D) £ (4 688 8 A)

9§k) A fo (2 + Hék) ggk) A)

{0} & F (o 4+ {6,}{ 01} A) = (19)

o 0+ 1, (o 4 60 59 A)
Next, let us substitute (18) in (17). Then

1

F(x+A)=F(z) +d'F () +%d2F<x> L T

d"1F (x) +

1 L 1 k+1 k n(k
= d"F (1) + 5 {0} P (2 + {99} (69} ).

But under conditions of the theorem, the following equality is also fulfilled

F(zx+A)=F(2)+dF(z) +%d2F(x) + o+ (k:—ll)! d"1F (x) +
1 1 +1 1
i d"F (z) + ] d"F (x4 (0%} A) .
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Hence,
1 _ 1
= {0} A" (2 + {0W} {6} A) = T AP (x4 {0%DY A (20)
that is,
0 dtD £y (x + 61 019 A) =D f (e + 61 A)
1 Qék) A fo (2 + ng) Qék) A) 1 A fo (2 + Qék) A)
k! : (k+1)! :
0% A £ (x + 05 05 A) A fo (x4 0% A)

By Theorem 2 and Corollary 2, we state that equality (20) is equivalent to the equali-
ties between all the corresponding generating matrices of each pair of the corresponding
components of the mappings k,{@}d’““F(m—i—{@ JHO®IA) and  dPPLE (2 {0FHDTA).

As elements of the generating matrices S +1) (z) (i =1, m; j = 1, nF) are the corresponding

k+1

functionals gf bl )( ),(p, ¢ =1, n). Hence,

0 (i@ +00A) g1+ 0PIA) o gD (e 4+ 0M50A)
k k k) p(k k k) p(k k k) p(k
1| a0 e o) e ) |
k! : a
9““)( E @+ oMYA g @+ 00 A) - gE D (@ o e“A))
g( H)(:r; 9k+1)A) g}k+1< +9(k+1 A) - g;kﬂ (x+0k+1)A)
SR TP SN e L T N R g +070A)
(k+1)! ’
G 4 0 A) gAY ) (o g g

where 1 = 1, m; ka), H_Z(k), ngﬂ) € (0, 1).
Since, under the conditions of the theorem, all partial derivatives g](cizlq) (x), (p, =1, n)
in the neighborhood of point z, are continuous functions, then

: (k+1) B AN — Ty o(F) (k) plk) Ay _ (k+1)

: (k) _
Thus, 2120491- = k+1 for all i = 1, m that is equivalent to (16). O]
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