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ON INTERPOLATION PROBLEM WITH DERIVATIVE
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We obtaine the conditions on a sequence (bg1;br2), k € N, such that the interpolation
problem g(Ax) = bi 1, ¢'(Ax) = bi,2 has the unique solution in a subspace of entire functions
g satisfying the condition In My (r) < ciexp (N(r) + N(pir)), where |Ag/Apy1] < A <1, and
N(r) is the Nevanlinna counting function of the sequence (\y). These results have been applied
to describe solutions of the differential equation f” + agf = 0 with a coefficient ag from the
some space of entire functions.

1. Introduction. Let (\z), Ay # 0, k € N, be a sequence of distinct complex numbers
without finite limit points. For ()\y), the Nevanlinna counting function is defined by N(r) =
N @dt, where n(r) is equal to the number of points of the sequence in the disk |z| < r. We
note that N(r) = >_), <, log my- To characterize the growth of an entire function g(z) we
introduce the function My(r) = max {|g(2)|: |z| = r}.

Various interpolation problems in spaces of entire functions were investigated in papers of
many authors (see [1-15]). A. Gel'fond ([1]) and Y. Kaz’'min (|4]) considered the interpolation

problem g(\) = by, k € N, where \, = 871, |3] > 1. From their results the theorems follow.
Theorem H (Hel’fond). The unique entire function such that

g(B"1) =0, keN,
In?r Inr
li In*" M,(r) — —— — — | = —
tin (100 = iy =55 ) = =
is g = 0.
Theorem K (Kaz'min). Let A\, = 8571 || > 1. Then for every sequence (by,) such that

(k—

T - )
T (877 [l <, e (1/18150),

interpolation problem g(\;) = by has the unique solution in the space of entire functions g,
that satisfy the condition

In®pir Inr
In M, < —
nM,) <ot te
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for each py > ry.
The aim of this paper is to investigate a solution of the interpolation problem

gAk) =bk1, g(M) =br2, keR, (1)

in the case for some A € (0;1) the sequence (\y) satisfies the condition

‘)\k/)\kJrl‘ <A, keR. (2)

Let

L) =11 (1-%), zec
]:
Note that condition (2) ensures the convergence of L(z).

Here we directly select classes of solution existence by characteristics of the sequence
(Ar). It is important to investigate some bases (see [10], [15]). Earlier interpolation problems
in similar terms were considered in papers by I. I. Ibragimov and his disciples (e.g., see [16]).
Our main result is the following.

Theorem 1. Let (\;) be a sequence of complex numbers satisfying condition (2) for some
A < 1. Then for every sequences (by1) and (bg2) such that for some g € (A;1)

[bra| < crexp (2N (qlAe])) [ Aellbr2| < csexp (N (JA]) + N (qlAe])), ke N, (3)

(henceforth, ¢; is a positive constant) interpolation problem (1) has the unique solution in
the space of entire functions g satisfying the condition

My(r) < cgexp (N(r) + N(pir)) (4)

for each py € (¢;1). The following function

. d L”(Ak)bk,l L2(2> bk72 LQ(Z) bk,1 LQ(Z)
9z) =2 (_ 50w 7= POz —h T L2(M) (s = )\k)2>

()

k=1
is its solution.

This theorem can be applied to study zeros of solutions of the differential equation f” +
aof = 0. It is considered in Section 3.

2. Proof of Theorem 1. First, we shall prove the uniqueness of the solution. On the
contrary, we assume that for the sequences (by1) and (bg2) with properties (3) there exist
two different entire functions g = f; and g = fs, satisfying (4) and solving problem (1). Then
the function f = fs — f; has zeros of order my > 2 in all points \; and satisfies the condition
(4) for some p; < 1. Therefore, from the Jensen inequality we obtain N(r) < N(pyr) + co.
But it contradicts to the assumption of the theorem, because N(r) — N(pir) — 400, if
p1 < 1 and r — 4o00. Thus, the uniqueness is proved.
Next, for given F(z) = L?(z) we denote

Qu(z) = ;Akm (z jAk)(m_l)’ = (%)m

2=
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(-
(P — )l

Ak,m = — 1 Zcé m Vk,2—m+1— lbkl—H

Then the series (see, for example, [4])

2)) Qil2)
k=1
satisfies condition (1). Let us show that g also satisfies condition (4). One should observe
that v,1 = m, V2 = L,,g((i’z) and therefore g admits representation (5). Thus,
T ) b L*(2) L"(N\g)  bia
Z L2(M) z — M| L2 (2 — /\k)z L) L2() 2 — )\k ;‘FZ"’Z
Since i - i
A A A
exp (V) = 24 exp (gl = LD gen L
I T T
for any g € (A; 1), the relationships
In Mp(r) = N(r)+O(1), r€[0;+00), (6)
In (AL (M) = N (|\]) +O(1), k€R, (7)
L My ((1
max{ . _(Z))\k ’: 2] < T} < c(g)w, keR, re|0;+00), € >0, (8)

hold for some function

I-11(5)

see [14, 15]. Using (3), (6)—(8) and denoting ps := (1 + ¢), we obtain

b || L?(2) [ Akl exp (N ([Ak]) + N (gl A])
’LQ()\k) Z— A §C4eXp(N(7’)+N(p27°)) exp(2N(\)\k|)) <T+‘)\k|) -
_ Aelg"!
= C4 €XP (N<T) + N(p2r)> (’l" + |)\k|>7

if |[z] <rand k € N.
Further, we suppose |A,| <7 < |[Any1l, |2| < 7 and p; = p2g. Then m = n(r) and

0o bk2L2 ) 0 |>\ ’qk—l
2 (== ) L20%) < cyexp (N(r)) exp (N(pzr))’;m <
< cyexp (N(r)) exp (N (par)) (Z q’“@Jr > q’“) <

< caexp (N(r)) exp (N(par)) (qul%+ > Q’”) <



ON INTERPOLATION PROBLEM 33

< 5 exp (N(r)) exp (N (par)) (%Z (4)"+ ﬂ) <

< csexp (N(r)) exp (N(P27’))( A (41 + linq> <
A

< s exp (N (1)) exp (N (por))  —Lc + L )g

< csexp (N(r))exp (N(par)) g™ = csexp (N(r)) exp (N(pzr) —mln é) :

Moreover, there exists a constant ¢; > 0 such that for each p; > 1 with pyA < 1 (and for
every p1, 0 < p1 < po), that inequality n(par) < n(r) + ¢ is fulfilled.

Indeed, assume that |\,,| <7 < |A\n1] and 1/AS! < py < 1/AS for some s € R. Then
n(r) = m and

1 |>‘m+1’

1
p2r < poAmi] < S Am] = s 55 < [Amstl-

|)‘m+s+1| N
Hence, n(per) <m+s+1=n(r)+s+1 and

par

N(par) — N(pir) = / @dt < n(pyr)log P2 _ (s +1)log P2 + n(r)log P2

ks P1 P1 pr
Thus, N(par) < N(p1r) + c1log 22 + n(r) log £2. Hence,
> - i ) ] < aew (V) e (V) ol <
- = (z — M) L k)
Similarly,
bra  L*(2) Al exp (2 (g A])

5| < caexp (2N (par))

LP0w) (= = M) exp (2N (|A]) (r+ )”

Mel? exp (2N (g|A o[22 k1)
’ k‘ p( (q‘ k’)) <C4€Xp(2N(p27"))’ k‘ q

e><p(2l\7(|>\k|))(7’+Mkl)2 B (r+Ael)*

ble ‘ exp (2N Z| | 2(k—1)
Cyq €X -
TEWE L’Q(/\) PN 2

< caexp (2N (par))

o0

¥y

k=1

A o0
< cgexp (2N (par) (Zqz(k 2 (| k‘) + Z q2(k_l)> <

k=m+1

< cyexp (2N (par)) (Z (Am—qu—1)2+ Z (qz)k1> <

k=m+1

A2m m q 2k q
< cyexp (N(por)) <q2 Z(Z) +1—q2 =

k=1
2m 2m m
A ¢ (%) L)
2 A2<)2_1 1_q2 —

>l

< csexp (2N (par)) (

LS
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2m 2m

q q 1
< IN = 2N —2min=- | =
< cqexp (2N (por)) <q2 A2 + - q2) C5 €XP ( (par) —2mIn q)

= 5 exp <2N(p2r) —2n(r)In %) < cgexp (2N(p1r)) < cgexp (N(r)) exp (N(p17)), 2] < 7.

Since (see [19], [20]),

Ll(Ak) n=1, n#k )\n - Ak,
it follows that
L" (M) 1k
L) | — (Al

Hence,

'_ '), IAz)
ng(/\k) k’lz - /\k

Al exp (2N (g 1Mu])
(r+ D) exp (2N (D))
el

(r+ )

v X0 (V1)) exp (N par)

< csexp (N(r)) exp (N(par))

Consequently,

oo

b1 L(2 k| A |2k
< N N _—
> =35 L, | S e (V) e (V) S FE <
< ey exp (N (r)) exp (N(par)) } j \qu < cpexp (N(r)) exp (N(pir)), [2] <.

From the previous considerations it follows that series (5) converges uniformly on the
every disk |z] < r, 0 < r < 400, and ¢ is an entire function satisfying (4). The proof is
complete.

Remark 1. If \, = 857! then N(r) = 222 4 B+ O(1), r € [1;+00), (4) is equivalent to

2Inp3
— In*r  In®(pr)
li In My(r) — - -1
rﬂlinoo(n o(r) 2Inps 2In|p| nr) < oo,

and the condition |by 1| < ¢1 exp (2N (g|Ax])) is equivalent to

_ (k=1
sup {18175

Therefore, Theorem 1 contains (see also [13]) some result from [2].

kﬂmthN}<+w.

It is not difficult (see [1, 2]) to prove the next assertion.
Remark 2. If (\) satisfies (2), then

In?r Inr
N(r) < — 1: .
(r)_zlnl/A—l— 5 +c, 1€ (L;+00)

Remark 3. If ()\;) satisfies (2) and condition (4) is fulfilled then
My(2) < s exp (2N (par)) (9)
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for each ps € (/p1;1). Indeed, let [A,,| < r < |Apqi| for some m € N. Then |A,—;| <
Afd| < pr|Am| < p1ir < prfAmra] < [Amgal- So [Amoa] < pir < psr < p3| | < [Amial:
Thus, if 1) |An| < p1r < psr < |Am+1], then

exp (N() = o, exp (N(o1r)) = L e (N (pyr)) = 127
IT Al IT [Anl IT [l
n=1 n=1 n=1
and
exp (N(T) + N(p1’l“)) _ n];lllAn‘.nl;Il‘)\n| [ P1 " <1
B CNGsr) o o \g) <h
IT Al?
n=1
2) If (M| < pir < |\l [Am] < psr < [Amaal, then
m—1
1T
exp (N(prr)) = 20"
IT A
n=1
and
7 (pyr)™ !
exp (N(r) + N(pur)) _ MDA o\l )" LA 1
exp (2N (psr)) (pr)”™ P2 pr pi) Apr r T A
nl;[1|>\n|2
3) If |Ap—1] < p1r < psr < [Aml, then
r m—1 r m—1
exp (N(prr)) = LD e (N(pyr)) = L2
IT [l IT [Anl
n=1 n=1
and
()t
m m—1
exp (N(r) + N(pr)) _ L Pl I1 ] _ (&)m_l T < (&)m_l i pir i
exp (2N (psr)) par)™ 2 P Ml = \02) o1l T o
I a2

On the other hand, (2) and (9) yield validity condition (4) for any p; € (p3;1).

3. Application to differential equation. Interpolation theorems can be applied in the
analytic theory of differential equations. Let us consider the equation

f"+aof = 0. (10)

Problem. Let (\;) be a given sequence of distinct complex numbers without finite limit
points. Does there exist an entire function ag such that the differential equation (10) has the
solution f with the zero-sequence (\y)?
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One of the first answer to this question was given by V. Seda. He proved the next
statement ([17], [18]).

Theorem S. For every sequence (\,) of distinct complex numbers without finite limit points
there exist the entire function ay such that differential equation (10) has an entire solution
f with the zeros exactly at the points (\g).

This result was developed in many papers [18-24]. S. Bank ([19]) proved the following
theorem.

Theorem B. Let d > 1 be a real number and let (\;) be a sequence of nonzero complex
numbers satisfying |Ar41| > d|A\x|, & € N. Then there exists an entire transcendental function
ag of order zero, such that (10) has a solution f with the zero-sequence (\y).

In that paper the solution was given in the form f(z) = L(z)e*). Then
f'(z) _ L'(z) +2L(2)d'(2)
f(2) L(z)

Later J. Grohn, J. Heittokangas [20] supplemented Bank’s result and obtained estimate
for the growth of ay:

—(9°(x) +9"(2)). (11)

ap(z) =

In M, (r) = O(In*r), r — oc.
Theorem 1 implies the next assertion.

Theorem 2. Let (\;) be a sequence of complex numbers satisfying condition (2) for some
A < 1 and sequences (bg 1), (bg2) satisfy the conditions (3) for some q € (A;1). Then there
exists an entire function ag such that (10) has a solution f with the zero-sequence (\;) and

In Ms(r) < N(r) + csexp (N(r) + N(pir)) (12)
for each py € (¢;1) and for all r > 0.

Proof. Let g(z) be an entire function of form (5), that is a solution of (1) with b, = 0,

b2 = —%. So, if f(z) = L(2)e?®, then ag of the form (11) is an entire function and by
Theorem 1 it follows that f(z) satisfies condition (12). O

Corollary 1. Let (\;) be a sequence of complex numbers satisfying condition (2) for some
A < 1. Then there exists an entire function ag such that (10) possesses a solution f with
the zero sequence () and

In M¢(r) < N(r) + czexp (2N (psr))

for each p3 € (/p1;1).

Corollary 2. If () satisfies condition (2) for some A < 1, then there exists an entire
function aqy such that (10) has a solution f with the zeros sequence (\;) and

a0(2)] < e exp (4N (par) (13)
for each Ry € (p3;1) and all r > 0.

The statement is true because
L//(Z)
L(2)

L'(z)
L(z)

ao(2)] < \ L2ld(2)

\ P+ 19"
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and My (r) < cMy((1+4¢)r), e > 0. Next, we use (see |21, Col. 3|) the estimate

L) (2) ,
El(k—J) y
‘L(n(—z) < |z ., k>j>0,

which holds for some €; > 0 and for all z € C outside an exceptional set of disks of finite
sum of radii. Then following [19, Lemma C], we get (13).
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