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Let (A\,) be a positive sequence increasing to +oo, m > 2 and Dirichlet series Fj(s) =
Yoo gan,exp{sA,} (j = 1,2,...,m) have the abscissa A € (—oo, +00| of absolute conver-
gence. We say that Dirichlet series F(s) =Y ; a, exp{s\,} is similar to Hadamard composi-
tions of of Dirichlet series Fj if a,, = w(an,1, an,2) for all n, where w: C? — C is some function.
Clearly, if w(an,1, an,2) = an1ay2 then F is the Hadamard composition of the functions Fj
and F5.

In the case |an| < [[}L, |an;|* as n — +oo, where w; > 0 and Y7, w; = 1, it is
investigated the belonging of F' to some convergence class with respect of the belonging to this
class of functions Fj}.

1. Introduction. Let
fl(z) = Zamlz”, fg(Z) = Za,ﬂz” (1)
n=0 n=0

be entire transcendental functions. We say that the function

1) = e (2)

n=0

is similar to the Hadamard composition of the functions f; and fy if a, = w(a,1, an2) for
all n, where w: C? — C is some function. Clearly, if w(u,v) = u - v then f is the Hadamard
composition of the functions f; and fs.

E. G. Calys [1] investigated the functions similar to the Hadamard compositions of the
special kind and proved the following theorem.

Theorem A ([1]). Let entire functions fi, fo of form (1) have the same order o[fi] =
olfa] = 0 € (0,400) and types o[f1] = o1, o[f2] = o2, respectively. Suppose that a,; # 0
and |ans| > |an1|/l(1/|anq|) for all n > ng, where [ is a slowly varying function ([9]). If
lan] = (1 + o(1))\/|an1|lans|, n — 400, then the function f of form (2) has the order
o[f] = o and type o[f] < \/o102.
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In paper [2], the results of E.G. Calys are generalized on the case of entire Dirichlet series
of finite generalized orders. Moreover, there are considered m > 2 entire Dirichlet series
instead of two entire functions.

Let A = (\,) be an increasing to +o0o sequence of nonnegative numbers, S(A, A) be
the class of Dirichlet series

F(s) = Z apexp{s\,}, s=o+it, (3)
n=1

with a given sequence (\,,) of exponents and an abscissa 0, = A € (—00, +00) of absolutely
convergence. We write M (o, F') = sup{|F'(c +it)| : t € R} for 0 € (—o0, A).

As in [3], by L we denote the class of positive continuous functions o on (—o0, +00) such
that a(z) = a(zg) for x < zg and 0 < a(z) T +oo as g < z T +00. We say that o € LY
if « € L and a((1 +o(1))x) = (1 + o(1))a(x) as x — +oo. Finally, a € Ly, if « € L and
a(cx) = (1 + o(l))a(x) as * — +oo for each ¢ € (0, +00), i. e. « is a slowly increasing
function. Clearly, L,; C L°.

Ifael,peLand F e S(A, +00), that is series (3) is entire, then the value

oualF) = T S

is called generalized order of F. If g, 3[F] € (0, +00) then we define the generalized type

_ = In M(o, F)
Ta,ﬁ[F] - Ul_H_oo O(_I(Qa,ﬁ[F]ﬁ(O-)) '

The following theorem is proved in [2].

Theorem B ([2]). Let the functions o € Ly; and 8 € L° be continuously differentiable,

dln o™ (0B(2))
dln z

— 0, a@x)=(14+o(l))lnz z— 40

and Dirichlet series F; € S(A, +00) of form

Fi(s) = Z anjexp{si,}, 2<j<m, (4)
n=1

have the same generalized order o, 5(F;] = 0 € (0,400) and types T, 3[F;] € (0,+00). If
In n =o0(A,) (n = +00), an, # 0 for all n > ny, and for some w; > 0 and 37" | w; = 1

o)l (o b)) o

j=1

and

ﬁ(iln ! )§(1+o(1))@(i1n !

>\n ‘an,j| )\n |an,l‘

) (n — +00)

for all 2 < j < m, then Dirichlet series F' of form (3) has the generalized order g, s[F| = o
and the type Ty g[F'] < [}, Ta s[Fj]*7.
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Here we study the belonging of Dirichlet series to classes of convergence. Thus, we disti-
nguish cases A = +00 and —o0 < A < +00.

2. Case A = +oo. If T,3[F] = 0 then to characterize of the growth of entire Dirichlet
series (3) we define the generalized convergence class C, of functions F' € S(A, +00) by the

condition
o0

/ In M(o, F)

mda < 400, 0= 0a8[F] ()

o0

Theorem 1. Let o € L and € L be positive continuously differentiable functions such
that for each o € (0, +00)

dln o' (B(o))
do

=0(1), o — . (6)

Suppose that In n = O(\,,) as n — +oo and for some w; > 0 such that ) w; =1
j=1

m
la,| < H la, ;|1“7,  n — 4o0. (7)
j=1

If for all j, 1 < j < m, functions of form (4) F; € C,, i.e. they belong to the same
generalized convergence class, then the function of form (3) F' € C,, i.e. it also belongs to
this class.

If, in addition, a,; # 0 for all n > 0 and |a, ;| < |an1| asn — 400 for all j =2,...,m,
then the condition F' € C, implies that F; € C, for every j, 1 < j < m.

Proof. 1t follows from (6) that if C' is a positive number then for some ¢ € (o, 0 4 C)

dIn a”'(0B(0))
do

In o HoB(c +C)) —In a (oB(0)) = C \Uzgg C) < +o0,

i. e. the function 3,(c) = ca~(gB(0)) satisfies the condition
fi(c + O(1)) = O(f1(0)), o — +oo.

On the other hand, since In n = O(\,) as n — +oo and F' € S(A, +00), one has |6, c. 184]
In M(o,F) <ln u(c+0(1), F) as 0 — 400, where u(o, F') = max{|a,|exp{oA,} : n >0} is
the maximal term of series (3). Therefore, in view of Cauchy’s inequality u(o, F') < M (o, F)
condition (5) can be replaced by the condition

an (o, F) . ~
o) do < +o00. (8)

a

Thus, if all functions (4) belong to generalized convergence class defined by condition (5)
then .
In (o, F})
————=do < +00. 9
5(0) (9)

o0
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From (8) it follows that

D wiln fap| +h <Infap| < wiln jan ;| + H (10)

j=1 j=1

for some numbers h and H and all n. Since Z;”Zl w; = 1, we have

I Jan| + oAy <Y wiln fangl + > wiod, + H =Y wi(ln a,|+oX,)+H  (11)

Hence, it follows that
In p(o, F) < ij In pu(o, F;) + H. (12)
j=1

Since H = o(In u(o, F') as 0 — +o0, condition (9) yields (8). The first part of Theorem 1 is
proved.

If a,1 # 0 for all n > 0 and |a, ;| < |a,1| as n — 400 for all j = 2,...,m, that is
In |a, ;| + M < Inla,1| < Inla, | + Hy for some numbers h; and H; and all n > 0 and
j =2,...,m. Therefore, from (10) we obtain

In |a,| > wiln |a,1] + ij(ln lan1| — H1) +h =1n |a,1| — H; ij + h,

Jj=2 Jj=2
whence

In |ap1| + oA, <1In |a,| + o\, + Hy ij + h.
=2
On the other hand, for 2 < j < m we have In |a, ;| + o), <In |a,1]| + oA, + hy. Hence, it
follows that In p(o, F;) <In p(o, F) 4+ const for all j =1,...,m. O

For o € L, f € L and entire Dirichlet series in [7] a modified generalized convergence
af-class is defined by condition

7ﬁ<10)a (ln M((f’ F)) do < +oo. (13)

Denote this convergence class by Cqg.
For such convergence class the following theorem is true.

Theorem 2. Let a € L°, B(z) = avy(z), v € L°,
Inn=0 Ny a(\)), n—+oo, (14)

and (7) holds. If all functions of form (4) Fj € Cop, then also F' € Cyp. If, in addition, a,; # 0
for all n > 0 and In |a, ;| < In |a,| as n — 400 for all j = 2,...,m, then the condition
F € Cop implies F; € Cop for all j, 1 < j <m.
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Proof. Tt is proved in |7], if o € L°, B(z) = xvy(z), v € L° and (14) holds then condition (13)
is equivalent to the condition

/B (h”‘a F>> do < +oo. (15)

Thus, if for all functions of form (4) F; € C,p then

/ﬁa (ln“ F')>da<+oo, 1<j<m. (16)

Since In u(o, Fj) = 400 as 0 — +oo and « € L, we obtain from (12)

o (D) <o (Gt )+ 1)) < 03 (g ot 1)+ 1)) <

<(1+ O(l))max{a (M) 1< < m} < (1+0(1)) Zm:a (lnﬂ(@ Fj))

o - o
Jj=1

as 0 — +00. Therefore, in view of (16) we get (15), and the first part of Theorem 2 is proved.

If a,p # 0 for all n > 0 and In |a, ;| < In |a,,| for all j = 2,...,m as n — 400
then hyln |a, ;| < In|a,1| < Hyln |a, ;| for some numbers hy and H; and all n > 0 and
j=2,...,m. So from (10) we obtain

In |a,| > win |a, ;| +Zﬁjln lan1| +h = (w1 +ZFJ> In |an1].
=2 1 =2

Hence, in view of the inequality h;In |a, ;| < In |a, 1| we obtain the inequality In |a, ;| <
qIn |a,| for some number ¢ > 0 and all n and j. Therefore,

In p(o, F;) = max{ln |a, ;| + oA, : n >0} <max{qln |a,| + 0\, : n >0} =
= gmax{ln |a,| + (¢/QA: n >0} = qlnpu(o/q, F),

/Ooﬁa (hw ) /5 ana/% )>d":

= / Blgo)” (lnuéa F)) i o

a0/q

It is proved in [8] that if @ € L° then « is RO- increasing [9], i. e. for every h € [1,aq],
1 < a < 400, and all z > x( the inequality 1 < = ( < M(a) < 400 is true. Therefore,
from (15) and (17) we get (16), and the proof of Theorem 2 is completed. O

3. Case —o0 < A < oo. In mathematical literature there are usually studied Dirichlet
series with a zero abscissa of absolute convergence. Choosing A = 0, for such series we
get a corresponding result. On the other hand, if in Dirichlet series (3) with the absolute
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convergence abscissa 0, = A € (—00,+00) the variable s is replaced by s — A then we obtain
Dirichlet series with zero abscissa of absolute convergence. Thus, without loss of generality
we consider the class Sy(A) := S(A,0) instead of class S(A, A) with —oo < A < 400.

The analog of Theorem B for the class S(A, A) with —oco < A < 400 was obtained in [4].
For such Dirichlet series the quantity

is called a generalized order. If Qg’ slF] € (0, +00) then we define the generalized type

0 (g In M(oF)
Taslt] =18 S 0B o)

The following theorem is an analog of Theorem B.
Theorem C ([4]). Let 8 € Lg;, a(e®) € L°, a™(cB(x)) € Ly such that

T T

—  t 400, at (cﬂ (—)) =(1+o(1))a(cB(x

o B o T(eBmy) )~ e

as vo < x — +oo for each ¢ € (0, +00), and Dirichlet series F; € Sy(A) of form (4) have
the same generahzed order ¢}, 5[Fj] = o € (0,+00) and the types T 5[F;] € (0,+00). If
Inn = o(a ' (cB(N\,))) as n — 4oo for each ¢ € (0, +00), an1 # 0 for all n > ng, for some
wj >0 (1 <j <m)such that 37" w; =1

0= Qg,B[F]'

m

n (|an]) = (14 o) [T (I (Jang)®, 0 — +oo,

j=1
and for all2 < j<m

InIn (|a,;|) > (14+o0(1))In In (Jap1]), n — +oo.
then Dirichlet series F' of form (3) has the generalized order g}, 4[F| = o and the type

F] < [[ T2 51E5)
j=1

If T3 5[F] = 0 then to characterize of the growth of Dirichlet series (3) from Sy(A) we
define the generalized convergence class Cg by the condition

In M 0 F) . _ 0
/ oo (a1l < Too 2= CeslF) (18)

Theorem 3. Let the function a € L ; B € L% and 1(z) = a (0B(x)) € L° for each
€ (0, 400). If all functions of form (4) F; € C),

— Ilnn

im < hg < 400 (19)
n—+oo In ]anjl

for all j = 1,2,...m, and condition (7) holds, then the function of form (3) F € Cg. If, in
addition, a, # 0 for all n > 0 and |a, ;| < |an,1| as n — +oo for all j = 2,...,m, then the
condition F € C)) implies that all functions of form (4) F; € C).
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Proof. In [10], it is proved that by condition (19) for each € € (0, 1) and all o € [o¢(¢), 0)

h +
In M(U,Fj)g(1+ho+5)1nu<0+

ot |0| F)+1n K(e),

where K(g) is a positive constant depending only on e. Therefore, in view of Cauchy’s
inequality

In p(o, F) ln M(o, F})
— I o< | ———1
JIePB /D™ = J TR /lo)
0 ln,u(a—l— Zoi€|0| F)
0
o251 (1/]o])

do

do + const =

_ (1+ho+5)(1—5)/0 In p(o, )

]_—I—ho 1—¢
o1 |‘7| b1 m

Since the function 8; € LY, we repeat considerations from the proof of Theorem 2 and obtain
that the integrals

do + const,

[ MF) [ ploF)
[ 1ePal) " S oPao)

converge or diverge simultaneously.
Further, from (10) and (19) we have

do

. In |ay, _ “wiln Ja, il +h . In |a,,| = 1
lim > lim ) ZZ —_h—Oijzh—07

n—s+00 Inn n—+oo = Inn n—>+oo In n

J=1 Jj=1

e. (19) also holds with |a,| instead of |a, ;|. Thus, in (18) M(o, F) can be replaced by
(o, F).
From (19) it follows that |a,| — +o00 as n — 400, whence p(o, F) — +o0 as o 1 0.
Therefore, since (19) implies (12), from (12) it follows that the condition

In p(o, F;) ,
g Ande. 1<ji<m, (20)
lo[261(1/1a])

implies the condition
In (o, F)
o ?51(1/]el)
0

The first part of Theorem 3 is proved.

If a,1 # 0 for all n > 0 and |a, ;| < |an1| as n — +oo for all j = 2,...,m then as
in the proof of Theorem 1 we obtain the inequality In p(o, F;) < In p(o, F') + const for all
j=1,...,m. Thus, (21) implies (20). O

do. (21)
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For Dirichlet series (3) with zero abscissa of absolute convergence in [11] the generalized
convergence a/f3-class Cgﬁ is defined by the condition

/ ol i F))da < 400. (22)

|o26(1/]o])

g0
where « € L and 3 € L.

Theorem 4. Let o € LY, B € LY,

a(y~'(1/x)))
dxr < 400, 23
/=50 )
xo
and a sequence (\,) satisfy the condition
— 1
m ——— < By < 400, (24)

l -
n=tso Ay (o)

where 7 is some positive continuous decreasing to 0 function on [0, +00) such that ty(t) T +oo
as t — 4oo. If all functions of form (4) F; € Co4 and condition (7) holds then the function
of form (3) F € C)p.

If, in addition, a,; # 0 for all n > 0 and In |a, ;| < In |a,1| as n — +oo for all
j=2,...,m, then the condition I’ € Cgﬁ for a function of form (3) implies F; € Cgﬁ for all
functions F; of form (4).

Proof. At first, we remark that in view of Cauchy’s inequality condition (22) implies

[ ol (o, F))

J Teie) )

It is proved in [5] that if condition (24) holds then for every € > 0 there exists K(g) > 0
such that for all o < 0

w5052 (o 2 (i)} )

If we choose € = 1 then we obtain

g

In M(o,F)<Ilnpu (5) +71 (zL(L’)) + const,

whence in view of condition o € L° we deduce

a(ln M(o, F)) < a <3 max {m " (%) L (ﬁ) }) <

st s (3 (i) ) -
@ (wn (3)) 0 (v (105 ) )} <
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< M(3) (a (ln " (%)) +a (7—1 <$))) . (26)

Since 3 € LY, from condition (23) it follows that

GIEED)

lo26(1/lo])

do < +o0

g0

and, therefore, (25) and (26) imply (22).
If all functions (4) belong to the generalized convergence af-class then (25) holds with
F; instead of F. Since (7) implies (12) and a € L°, we have

a(lnp(o, F)) < a <ijln w(o, Fy) —|—H> <a(max{lnpu(o, F;): 1 <j<m}+H) <

j=1
< a(2max{max{lnu(c, F;): 1 < j<m}, H}) <

< M(2) max{max{a(Inpu(o, F;)) : 1 < j<m},a(H)} < Za(ln,u(a, F;))+ o(H).

7j=1

We remark that from (23) it follows that

Therefore, the first part of Theorem 4 is proved.

If a,p # 0 for all n > 1 and In |a, ;| < In |a,1| as n — 400 for all j = 2,...,m then
as in the proof of Theorem 2 we obtain the inequality In pu(o, F;) < ¢lnp(o/q, F) for some
numbers ¢ > 0 and all j =2,...,m and ¢ < 0. Hence

[alnp(o. F) , /Oa(qlnu(ff/q,F)) o / o(gIn (o, F))

do.
o?8(1/|o]) lo?8(1/]o]) qlo|?B8(1/(qlo]))
o0 oo oo/q
Since o € LY and 3 € L°, the proof of Theorem 4 is completed. O
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