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Let (λn) be a positive sequence increasing to +∞, m ≥ 2 and Dirichlet series Fj(s) =∑∞
n=0 an,j exp{sλn} (j = 1, 2, . . . ,m) have the abscissa A ∈ (−∞, +∞] of absolute conver-

gence. We say that Dirichlet series F (s) =
∑∞

n=0 an exp{sλn} is similar to Hadamard composi-
tions of of Dirichlet series Fj if an = w(an,1, an,2) for all n, where w : C2 → C is some function.
Clearly, if w(an,1, an,2) = an,1an,2 then F is the Hadamard composition of the functions F1

and F2.
In the case |an| ≍

∏m
j=1 |an,j |ωj as n → +∞, where ωj > 0 and

∑m
j=1 ωj = 1, it is

investigated the belonging of F to some convergence class with respect of the belonging to this
class of functions Fj .

1. Introduction. Let

f1(z) =
∞∑
n=0

an,1z
n, f2(z) =

∞∑
n=0

an,2z
n (1)

be entire transcendental functions. We say that the function

f(z) =
∞∑
n=0

anz
n (2)

is similar to the Hadamard composition of the functions f1 and f2 if an = w(an,1, an,2) for
all n, where w : C2 → C is some function. Clearly, if w(u, v) = u · v then f is the Hadamard
composition of the functions f1 and f2.

E. G. Calys [1] investigated the functions similar to the Hadamard compositions of the
special kind and proved the following theorem.

Theorem A ([1]). Let entire functions f1, f2 of form (1) have the same order ϱ[f1] =
ϱ[f2] = ϱ ∈ (0,+∞) and types σ[f1] = σ1, σ[f2] = σ2, respectively. Suppose that an,1 ̸= 0
and |an,2| ≥ |an,1|/l(1/|an,1|) for all n ≥ n0, where l is a slowly varying function ([9]). If
|an| = (1 + o(1))

√
|an,1||an,2|, n → +∞, then the function f of form (2) has the order

ϱ[f ] = ϱ and type σ[f ] ≤ √
σ1σ2.
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In paper [2], the results of E.G. Calys are generalized on the case of entire Dirichlet series
of finite generalized orders. Moreover, there are considered m ≥ 2 entire Dirichlet series
instead of two entire functions.

Let Λ = (λn) be an increasing to +∞ sequence of nonnegative numbers, S(Λ, A) be
the class of Dirichlet series

F (s) =
∞∑
n=1

an exp{sλn}, s = σ + it, (3)

with a given sequence (λn) of exponents and an abscissa σa = A ∈ (−∞, +∞) of absolutely
convergence. We write M(σ, F ) = sup{|F (σ + it)| : t ∈ R} for σ ∈ (−∞, A).

As in [3], by L we denote the class of positive continuous functions α on (−∞, +∞) such
that α(x) = α(x0) for x ≤ x0 and 0 < α(x) ↑ +∞ as x0 ≤ x ↑ +∞. We say that α ∈ L0

if α ∈ L and α((1 + o(1))x) = (1 + o(1))α(x) as x → +∞. Finally, α ∈ Lsi, if α ∈ L and
α(cx) = (1 + o(1))α(x) as x → +∞ for each c ∈ (0, +∞), i. e. α is a slowly increasing
function. Clearly, Lsi ⊂ L0.

If α ∈ L, β ∈ L and F ∈ S(Λ,+∞), that is series (3) is entire, then the value

ϱα,β[F ] = lim
σ→+∞

α(ln M(σ, F ))

β(σ)

is called generalized order of F . If ϱα,β[F ] ∈ (0, +∞) then we define the generalized type

Tα,β[F ] = lim
σ→+∞

ln M(σ, F )

α−1(ϱα,β[F ]β(σ))
.

The following theorem is proved in [2].

Theorem B ([2]). Let the functions α ∈ Lsi and β ∈ L0 be continuously differentiable,

d ln α−1(ϱβ(x))

d ln x
→ ϱ, α(x) = (1 + o(1)) ln x x → +∞

and Dirichlet series Fj ∈ S(Λ,+∞) of form

Fj(s) =
∞∑
n=1

an,j exp{sλn}, 2 ≤ j ≤ m, (4)

have the same generalized order ϱα,β[Fj] = ϱ ∈ (0,+∞) and types Tα,β[Fj] ∈ (0,+∞). If
ln n = o(λn) (n → +∞), an,1 ̸= 0 for all n ≥ n0, and for some ωj > 0 and

∑m
j=1 ωj = 1

α−1

(
ϱβ

(
1

ϱ
+

1

λn

ln
1

|an|

))
= (1 + o(1))

m∏
j=1

α−1

(
ϱβ

(
1

ϱ
+

1

λn

ln
1

|an,j|

))ωj

(n → +∞),

and
β

(
1

λn

ln
1

|an,j|

)
≤ (1 + o(1))β

(
1

λn

ln
1

|an,1|

)
(n → +∞)

for all 2 ≤ j ≤ m, then Dirichlet series F of form (3) has the generalized order ϱα,β[F ] = ϱ
and the type Tα,β[F ] ≤

∏m
j=1 Tα,β[Fj]

ωj .
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Here we study the belonging of Dirichlet series to classes of convergence. Thus, we disti-
nguish cases A = +∞ and −∞ < A < +∞.

2. Case A = +∞. If Tα,β[F ] = 0 then to characterize of the growth of entire Dirichlet
series (3) we define the generalized convergence class Cρ of functions F ∈ S(Λ,+∞) by the
condition

∞∫
σ0

ln M(σ, F )

σα−1(ϱβ(σ))
dσ < +∞, ϱ = ϱα,β[F ]. (5)

Theorem 1. Let α ∈ L and β ∈ L be positive continuously differentiable functions such
that for each ϱ ∈ (0, +∞)

d ln α−1(ϱβ(σ))

dσ
= O(1), σ → ∞. (6)

Suppose that ln n = O(λn) as n → +∞ and for some ωj > 0 such that
m∑
j=1

ωj = 1

|an| ≍
m∏
j=1

|an,j|ωj , n → +∞. (7)

If for all j, 1 ≤ j ≤ m, functions of form (4) Fj ∈ Cρ, i.e. they belong to the same
generalized convergence class, then the function of form (3) F ∈ Cρ, i.e. it also belongs to
this class.

If, in addition, an,1 ̸= 0 for all n ≥ 0 and |an,j| ≍ |an,1| as n → +∞ for all j = 2, . . . ,m,
then the condition F ∈ Cρ implies that Fj ∈ Cρ for every j, 1 ≤ j ≤ m.

Proof. It follows from (6) that if C is a positive number then for some ξ ∈ (σ, σ + C)

ln α−1(ϱβ(σ + C))− ln α−1(ϱβ(σ)) = C · d ln α−1(ϱβ(σ))

dσ

∣∣
σ=ξ

≤ C1 < +∞,

i. e. the function β1(σ) = σα−1(ϱβ(σ)) satisfies the condition

β1(σ +O(1)) = O(β1(σ)), σ → +∞.

On the other hand, since ln n = O(λn) as n → +∞ and F ∈ S(Λ,+∞), one has [6, c. 184]
ln M(σ, F ) ≤ ln µ(σ+O(1), F ) as σ → +∞, where µ(σ, F ) = max{|an| exp{σλn} : n ≥ 0} is
the maximal term of series (3). Therefore, in view of Cauchy’s inequality µ(σ, F ) ≤ M(σ, F )
condition (5) can be replaced by the condition

∞∫
a

ln µ(σ, F )

β1(σ)
dσ < +∞. (8)

Thus, if all functions (4) belong to generalized convergence class defined by condition (5)
then

∞∫
σ0

ln µ(σ, Fj)

β1(σ)
dσ < +∞. (9)
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From (8) it follows that

m∑
j=1

ωj ln |an,j|+ h ≤ ln |an| ≤
m∑
j=1

ωj ln |an,j|+H (10)

for some numbers h and H and all n. Since
∑m

j=1 ωj = 1, we have

ln |an|+ σλn ≤
m∑
j=1

ωj ln |an,j|+
m∑
j=1

ωjσλn +H =
m∑
j=1

ωj(ln |an,j|+ σλn) +H. (11)

Hence, it follows that

ln µ(σ, F ) ≤
m∑
j=1

ωj ln µ(σ, Fj) +H. (12)

Since H = o(ln µ(σ, F ) as σ → +∞, condition (9) yields (8). The first part of Theorem 1 is
proved.

If an,1 ̸= 0 for all n ≥ 0 and |an,j| ≍ |an,1| as n → +∞ for all j = 2, . . . ,m, that is
ln |an,j| + h1 ≤ ln |an,1| ≤ ln |an,j| + H1 for some numbers h1 and H1 and all n ≥ 0 and
j = 2, . . . ,m. Therefore, from (10) we obtain

ln |an| ≥ ω1 ln |an,1|+
m∑
j=2

ωj(ln |an,1| −H1) + h = ln |an,1| −H1

m∑
j=2

ωj + h,

whence

ln |an,1|+ σλn ≤ ln |an|+ σλn +H1

m∑
j=2

ωj + h.

On the other hand, for 2 ≤ j ≤ m we have ln |an,j| + σλn ≤ ln |an,1| + σλn + h1. Hence, it
follows that ln µ(σ, Fj) ≤ ln µ(σ, F ) + const for all j = 1, . . . ,m.

For α ∈ L, β ∈ L and entire Dirichlet series in [7] a modified generalized convergence
αβ-class is defined by condition

∞∫
σ0

1

β(σ)
α

(
lnM(σ, F )

σ

)
dσ < +∞. (13)

Denote this convergence class by Cαβ.
For such convergence class the following theorem is true.

Theorem 2. Let α ∈ L0, β(x) = xγ(x), γ ∈ L0,

ln n = O
(
λnγ

−1(α(λn))
)
, n → +∞, (14)

and (7) holds. If all functions of form (4) Fj ∈ Cαβ, then also F ∈ Cαβ. If, in addition, an,1 ̸= 0
for all n ≥ 0 and ln |an,j| ≍ ln |an,1| as n → +∞ for all j = 2, . . . ,m, then the condition
F ∈ Cαβ implies Fj ∈ Cαβ for all j, 1 ≤ j ≤ m.
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Proof. It is proved in [7], if α ∈ L0, β(x) = xγ(x), γ ∈ L0 and (14) holds then condition (13)
is equivalent to the condition

∞∫
σ0

1

β(σ)
α

(
lnµ(σ, F )

σ

)
dσ < +∞. (15)

Thus, if for all functions of form (4) Fj ∈ Cαβ then

∞∫
σ0

1

β(σ)
α

(
lnµ(σ, Fj)

σ

)
dσ < +∞, 1 ≤ j ≤ m. (16)

Since lnµ(σ, Fj) → +∞ as σ → +∞ and α ∈ L0, we obtain from (12)

α

(
lnµ(σ, F )

σ

)
≤ α

(
1

σ

( m∑
j=1

ωj ln µ(σ, Fj) +H
))

≤ α
( 1
σ

(
max
1≤j≤m

ln µ(σ, Fj) +H
))

≤

≤ (1 + o(1))max
{
α

(
lnµ(σ, Fj)

σ

)
: 1 ≤ j ≤ m

}
≤ (1 + o(1))

m∑
j=1

α

(
lnµ(σ, Fj)

σ

)
as σ → +∞. Therefore, in view of (16) we get (15), and the first part of Theorem 2 is proved.

If an,1 ̸= 0 for all n ≥ 0 and ln |an,j| ≍ ln |an,1| for all j = 2, . . . ,m as n → +∞
then h1 ln |an,j| ≤ ln |an,1| ≤ H1 ln |an,j| for some numbers h1 and H1 and all n ≥ 0 and
j = 2, . . . ,m. So from (10) we obtain

ln |an| ≥ ω1 ln |an,1|+
m∑
j=2

ωj

H1

ln |an,1|+ h =

(
ω1 +

m∑
j=2

ωj

H1

)
ln |an,1|.

Hence, in view of the inequality h1 ln |an,j| ≤ ln |an,1| we obtain the inequality ln |an,j| ≤
q ln |an| for some number q > 0 and all n and j. Therefore,

lnµ(σ, Fj) = max{ln |an,j|+ σλn : n ≥ 0} ≤ max{q ln |an|+ σλn : n ≥ 0} =

= qmax{ln |an|+ (σ/q)λn : n ≥ 0} = q lnµ(σ/q, F ),
∞∫

σ0

1

β(σ)
α

(
lnµ(σ, Fj)

σ

)
dσ ≤ q

∞∫
σ0

1

β(σ)
α

(
lnµ(σ/q, F )

σ

)
dσ =

= q2
∞∫

σ0/q

1

β(qσ)
α

(
lnµ(σ, F )

qσ

)
dσ. (17)

It is proved in [8] that if α ∈ L0 then α is RO-increasing [9], i. e. for every h ∈ [1, a],
1 < a < +∞, and all x ≥ x0 the inequality 1 ≤ α(hx)

α(x)
≤ M(a) < +∞ is true. Therefore,

from (15) and (17) we get (16), and the proof of Theorem 2 is completed.

3. Case −∞ < A < ∞. In mathematical literature there are usually studied Dirichlet
series with a zero abscissa of absolute convergence. Choosing A = 0, for such series we
get a corresponding result. On the other hand, if in Dirichlet series (3) with the absolute
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convergence abscissa σa = A ∈ (−∞,+∞) the variable s is replaced by s−A then we obtain
Dirichlet series with zero abscissa of absolute convergence. Thus, without loss of generality
we consider the class S0(Λ) := S(Λ, 0) instead of class S(Λ, A) with −∞ < A < +∞.

The analog of Theorem B for the class S(Λ, A) with −∞ < A < +∞ was obtained in [4].
For such Dirichlet series the quantity

ϱ0α,β[F ] = lim
σ↑0

α(ln M(σ, F ))

β(1/|σ|)
,

is called a generalized order. If ϱ0α,β[F ] ∈ (0, +∞) then we define the generalized type

T 0
α,β[F ] = lim

σ↑0

ln M(σ, F )

α−1(ϱβ(1/|σ|))
, ϱ = ϱ0α,β[F ].

The following theorem is an analog of Theorem B.

Theorem C ([4]). Let β ∈ Lsi, α(ex) ∈ L0, α−1(cβ(x)) ∈ Lsi such that

x

α−1(cβ(x))
↑ +∞, α−1

(
cβ

(
x

α−1(cβ(x)

))
= (1 + o(1))α−1(cβ(x))

as x0 ≤ x → +∞ for each c ∈ (0, +∞), and Dirichlet series Fj ∈ S0(Λ) of form (4) have
the same generalized order ϱ0α,β[Fj] = ϱ ∈ (0,+∞) and the types T 0

α,β[Fj] ∈ (0,+∞). If
ln n = o(α−1(cβ(λn))) as n → +∞ for each c ∈ (0, +∞), an,1 ̸= 0 for all n ≥ n0, for some
ωj > 0 (1 ≤ j ≤ m) such that

∑m
j=1 ωj = 1

ln (|an|) = (1 + o(1))
m∏
j=1

(ln (|an,j|))ωj , n → +∞,

and for all 2 ≤ j ≤ m

ln ln (|an,j|) ≥ (1 + o(1)) ln ln (|an,1|) , n → +∞.

then Dirichlet series F of form (3) has the generalized order ϱ0α,β[F ] = ϱ and the type

T 0
α,β[F ] ≤

m∏
j=1

T 0
α,β[Fj]

ωj .

If T 0
α,β[F ] = 0 then to characterize of the growth of Dirichlet series (3) from S0(Λ) we

define the generalized convergence class C0
ρ by the condition

0∫
σ0

ln M(σ, F )

|σ|2α−1(ϱβ(1/|σ|))
dσ < +∞, ϱ = ϱ0α,β[F ]. (18)

Theorem 3. Let the function α ∈ L0 , β ∈ L0 and β1(x) = α−1(ϱβ(x)) ∈ L0 for each
ϱ ∈ (0, +∞). If all functions of form (4) Fj ∈ C0

ρ ,

lim
n→+∞

ln n

ln |an,j|
≤ h0 < +∞ (19)

for all j = 1, 2, . . .m, and condition (7) holds, then the function of form (3) F ∈ C0
ρ . If, in

addition, an,1 ̸= 0 for all n ≥ 0 and |an,j| ≍ |an,1| as n → +∞ for all j = 2, . . . ,m, then the
condition F ∈ C0

ρ implies that all functions of form (4) Fj ∈ C0
ρ .
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Proof. In [10], it is proved that by condition (19) for each ε ∈ (0, 1) and all σ ∈ [σ0(ε), 0)

ln M(σ, Fj) ≤ (1 + h0 + ε) ln µ

(
σ +

h+ ε

h0 + 1
|σ|, Fj

)
+ ln K(ε),

where K(ε) is a positive constant depending only on ε. Therefore, in view of Cauchy’s
inequality

0∫
σ0

ln µ(σ, Fj)

|σ|2β1(1/|σ|)
dσ ≤

0∫
σ0

ln M(σ, Fj)

|σ|2β1(1/|σ|)
dσ ≤

≤ (1 + h0 + ε)

0∫
σ0

ln µ

(
σ +

h0 + ε

h0 + 1
|σ|, Fj

)
|σ|2β1(1/|σ|)

dσ + const =

=
(1 + h0 + ε)(1− ε)

1 + h0

0∫
σ1

ln µ(σ, Fj)

|σ|2β1

(
1− ε

(1 + h0)|σ|

)dσ + const,

Since the function β1 ∈ L0, we repeat considerations from the proof of Theorem 2 and obtain
that the integrals

0∫
σ0

ln M(σ, Fj)

|σ|2β1(1/|σ|)
dσ,

0∫
σ0

ln µ(σ, Fj)

|σ|2β1(1/|σ|)
dσ

converge or diverge simultaneously.
Further, from (10) and (19) we have

lim
n→+∞

ln |an|
ln n

≥ lim
n→+∞

m∑
j=1

ωj ln |an,j|+ h

ln n
≥

m∑
j=1

ωj lim
n→+∞

ln |an,j|
ln n

≥ 1

h0

m∑
j=1

ωj =
1

h0

,

i. e. (19) also holds with |an| instead of |an,j|. Thus, in (18) M(σ, F ) can be replaced by
µ(σ, F ).

From (19) it follows that |an| → +∞ as n → +∞, whence µ(σ, F ) → +∞ as σ ↑ 0.
Therefore, since (19) implies (12), from (12) it follows that the condition

0∫
σ0

ln µ(σ, Fj)

|σ|2β1(1/|σ|)
dσ, 1 ≤ j ≤ m, (20)

implies the condition
0∫

σ0

ln µ(σ, F )

|σ|2β1(1/|σ|)
dσ. (21)

The first part of Theorem 3 is proved.
If an,1 ̸= 0 for all n ≥ 0 and |an,j| ≍ |an,1| as n → +∞ for all j = 2, . . . ,m then as

in the proof of Theorem 1 we obtain the inequality ln µ(σ, Fj) ≤ ln µ(σ, F ) + const for all
j = 1, . . . ,m. Thus, (21) implies (20).
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For Dirichlet series (3) with zero abscissa of absolute convergence in [11] the generalized
convergence αβ-class C0

αβ is defined by the condition

0∫
σ0

α(ln M(σ, F ))

|σ|2β(1/|σ|)
dσ < +∞. (22)

where α ∈ L and β ∈ L.

Theorem 4. Let α ∈ L0, β ∈ L0,
∞∫

x0

α(γ−1(1/x)))

β(x)
dx < +∞, (23)

and a sequence (λn) satisfy the condition

lim
n→+∞

ln n

λnγ(λn)
≤ h0 < +∞, (24)

where γ is some positive continuous decreasing to 0 function on [0, +∞) such that tγ(t) ↑ +∞
as t → +∞. If all functions of form (4) Fj ∈ C0

αβ and condition (7) holds then the function
of form (3) F ∈ C0

αβ.
If, in addition, an,1 ̸= 0 for all n ≥ 0 and ln |an,j| ≍ ln |an,1| as n → +∞ for all

j = 2, . . . ,m, then the condition F ∈ C0
αβ for a function of form (3) implies Fj ∈ C0

αβ for all
functions Fj of form (4).

Proof. At first, we remark that in view of Cauchy’s inequality condition (22) implies

0∫
σ0

α(ln µ(σ, F ))

|σ|2β(1/|σ|)
dσ < +∞. (25)

It is proved in [5] that if condition (24) holds then for every ε > 0 there exists K(ε) > 0
such that for all σ < 0

M(σ, F ) ≤ µ

(
σ

1 + ε

)(
exp

{
ε|σ|
1 + ε

γ−1

(
ε|σ|

(1 + ε)2(h0 + ε2

)}
+K(ε)

)
.

If we choose ε = 1 then we obtain

ln M(σ, F ) ≤ ln µ
(σ
2

)
+ γ−1

(
|σ|

4(h0 + 1)

)
+ const,

whence in view of condition α ∈ L0 we deduce

α(ln M(σ, F )) ≤ α

(
3max

{
ln µ

(σ
2

)
, γ−1

(
|σ|

4(h0 + 1)

)})
≤

≤ M(3)α

(
max

{
ln µ

(σ
2

)
, γ−1

(
|σ|

4(h0 + 1)

)})
=

= M(3)max

{
α
(
ln µ

(σ
2

))
, α

(
γ−1

(
|σ|

4(h0 + 1)

))}
≤
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≤ M(3)

(
α
(
ln µ

(σ
2

))
+ α

(
γ−1

(
|σ|

4(h0 + 1)

)))
. (26)

Since β ∈ L0, from condition (23) it follows that

0∫
σ0

α

(
γ−1

(
|σ|

4(h0 + 1)

))
|σ|2β(1/|σ|)

dσ < +∞

and, therefore, (25) and (26) imply (22).
If all functions (4) belong to the generalized convergence αβ-class then (25) holds with

Fj instead of F . Since (7) implies (12) and α ∈ L0, we have

α(lnµ(σ, F )) ≤ α

(
m∑
j=1

ωj ln µ(σ, Fj) +H

)
≤ α(max{lnµ(σ, Fj) : 1 ≤ j ≤ m}+H) ≤

≤ α(2max{max{lnµ(σ, Fj) : 1 ≤ j ≤ m}, H}) ≤

≤ M(2)max{max{α(lnµ(σ, Fj)) : 1 ≤ j ≤ m}, α(H)} ≤
m∑
j=1

α(lnµ(σ, Fj)) + α(H).

We remark that from (23) it follows that∫ ∞

x0

dx

β(x)
< +∞.

Therefore, the first part of Theorem 4 is proved.
If an,1 ̸= 0 for all n ≥ 1 and ln |an,j| ≍ ln |an,1| as n → +∞ for all j = 2, . . . ,m then

as in the proof of Theorem 2 we obtain the inequality lnµ(σ, Fj) ≤ q lnµ(σ/q, F ) for some
numbers q > 0 and all j = 2, . . . ,m and σ < 0. Hence

0∫
σ0

α(lnµ(σ, Fj))

|σ|2β(1/|σ|)
dσ ≤

0∫
σ0

α(q lnµ(σ/q, F ))

|σ|2β(1/|σ|)
dσ =

0∫
σ0/q

α(q lnµ(σ, F ))

q|σ|2β(1/(q|σ|))
dσ.

Since α ∈ L0 and β ∈ L0, the proof of Theorem 4 is completed.
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