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In this paper we study an iterative differential-difference method for solving nonlinear least
squares problems with nondifferentiable residual function. We have proved theorems which
establish the conditions of convergence, radius and the convergence order under Lipschitz and
w-conditions for the first-order derivatives of the differentiable part and for the first and second
orders divided differences of the nondifferentiable part of the nonlinear function. The carried
numerical experiments demonstrate the efficiency of the proposed method.

1. Introduction. Mathematical modeling of complex physical processes very often requires
solving a nonlinear least squares problem. There are many methods for numerical solving
this problem. The choice of method strongly depends on the properties of the problem, the
computational complexity, the convergence order, the radius of convergence of the method,
and so on. The basic method for its solving is the Gauss-Newton method [1, 2, 10, 11]. Tts
convergence order for problems with zero residual is quadratic but it requires calculation of
derivatives of nonlinear functions. Moreover, this method cannot be applied for problems
with nondifferentiable residual functions. As an option, we can use iterative-difference me-
thods, which have similar computation efficiency and convergence order as the Gauss-Newton
method, but do not require a calculation of the matrix of derivatives. They include the Secant
type method, the Kurchatov type method and the Potra type method [1, 2, 5, 12, 14, 15].
There are no universal methods to solve successfully a wide range of such problems, therefore
the problem of constracting new effective algorithms is relevant.

Some nonlinear problems can contain differentiable and nondifferentiable parts. In this
case, the methods with decomposition of the nonlinear function can be used. This approach
was applied and well recommended itself for solving of nonlinear equations [1, 2, 7, 9, 13,
18, 19]. These methods use the derivatives of the differentiable part of the function and the
divided differences of the nondifferentiable part of the function. We apply this technique to
constract methods for solving of nonlinear least squares problem with the nondifferentiable
residual function.

Let us consider the nonlinear least squares problem |6, 16, 17|

o1
min - (F(z) + G(x))" (F(z) + G(x)), (1)
xT
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where the residual function F' 4 G is defined on R? with its values on R™ and it is nonlinear
by z; F is a continuously differentiable function; GG is a continuous function, differentiability
of which, in general, is not required. If m = p, then (1) reduces to a system of nonlinear
equations.

For finding the solution of problem (1), we propose the method based on the Gauss-
Newton method and the Potra type’s method [15]

Tyl = T — (A{Ak)ilAg(F(fL‘k) + G(C(]k))7 k= O, 17 2, cee

2
Ak = F/(ZL‘k) + G(l’k,l’k_l) + G({L‘k_g,l‘k) - G(l’k_27l’k_1). ( )
Here F’(xy) is a Fréchet derivative F(x) at the point xy, G(zk,xk-1), G(Tk_2,xk),
G(xg—2, 1) are divided differences of the first order of the function G(z) at the appropriate
points [20]; zg,x_1,x_o are given initial approximations. In case when m = p, this method
reduces to the Newton-Potra methods ([13]).
In this article, we provide a local convergence analysis of the Gauss-Newton-Potra method
(2) under classical Lipschitz conditions [4]|, which extend the convergence domain obtained
in [17] and under weak w-conditions ([3, 8, 9]), which do not required differentiability of the
nonlinear function in the solution.

2. Convergence Analysis. Let us denote by Q(z*,r) = {x € D C RP: ||z — z*|| < r} as
an open ball with the radius r (r > 0) centred at x*, D is an open convex subset of R?.

Sufficient conditions of the local convergence of the iterative process (2) are given in the
following theorem.

Theorem 1. Let the function FF + G : RP — R™, m > p, be continuous on a subset
D C RP, where F' is a continuously differentiable function. Assume that problem (1) has
a solution x* € D and the matrix (ATA,)™! exists, where A, = F'(z*) + G(x*,2*), and
(AT A,)7|| < B. Suppose that the Fréchet derivative F'(z) satisfies the Lipschitz conditions
on D

1F(z) = F'(a")]| < Lollz — =7, (3)
[1F' () = F'(w)ll < Lilz = yll; (4)

the function G has the first and the second order divided differences G(-,-) and G(-,-,-) and

|G (z,y) = Gu,v)[| < M([lz = ull + [ly —vl), ()
1G(u, 2, y) = G(v, 2, )| < Nllu— v (6)

for each x,y,u,v € D; Ly, L, M and N are non-negative numbers; Ly < L.
Furthermore,

[F(z") + G@)[| <n, Al <, B(Lo+2M)n <1 (7)
and Q = Q(x*,r,) C D, where the radius r, > 0 is the unique root of the equation

q(r) = B[(a+ (Lo +2M)r +2N7*)((1/2 - L + M)r + 4N7?)+
+ (Lo + 2M + 2N7)n] + B [2a + (Lo + 2M)r + 2Nr?] [(Lo 4+ 2M)r + 2Nr?] —1=0. (8)
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Then, for each xo, v_1, x_o € Q) the sequence {xy} generated by the method (2) is well-
defined, located in §2 for each k > 0, and converges to x*. Moreover, the following estimate
holds for each k > 0

l2rs1 — 27| < Cillay — 2™ + Collay, — 2™ [1* + Callw—1 — @™ ||| — 2*|| + Callaw — 27|+
+C5|lwg — 2*|[[lor—1 — 2" [[lwr—2 — 2*|| + Collw — 2™ [*zk-1 — 2" |22 — 2" [+ (9)

+Crlzy, — z*||[|wpo1 — 2| wp—2 — |7,

where

ol
C1 = g(rn(Lo + 2M), Cy = g(rs) (7 + CYM>7 Cs = 2g(r,)nN,

1
Cy = g(r) (GL+ M ) (Lo +2M), Cs = 4g(r.)aN,
Cs = g(r.)(4Lo + L + 10M)N, Cr = 8g(r,)N?,
-1
g(r) = B [1 — B[2a + (Lo + 2M)r + 2Nv?] [(Lo + 2M)r + 2Nr2]] .
Proof. According to the intermediate value theorem, under conditions (7) the polynomial ¢
has a positive root 7, on [0;r] for a sufficiently large r. Since ¢'(r) > 0 for r > 0, this root is

unique on [0, 7].
Let us choose arbitrary xg,z_1,z_5 € €2 and denote

Ap = F'(xp) + G(ap, vp-1) + G(vp-2, 21) — G2, Tp-1).
Let £ = 0. Then we obtain the following estimation

17— (ATA) AT Aoll =
= [[(ATA) T A (A = Ag) + (AL — Ag) (Ao — A + (A, — Ap Al < (10)
< Blaf|A. = Aol + [ A7 = Ag [l Ao — Al + ol AT = Ag D).
Using conditions (3), (5), (6), we get
140 — Aul| = | F(z0) — F'(a") + G, 2*) — G(a",2°) + G0, 51) — Glan, 2°)+
$G(o 3, 0) = Glw-2,27) + Gl 2,27) — Gla_p,51)]| < (1)
< (Lo +2M)|[zo — z7[| + N([lz—2 — =7[| + [lzo — 2™ [)lz 1 — 27

Since for the Euclidean norm || A, — Ao || = || AT — Al||, then from (10), (11) and the definition
of r, we get

11 — (ATA) AT Aol| < B [2a0+ (Lo + 2M)r, + 2N77] [(Lo + 2M)r, + 2Nr?] < 1. (12)

According to the Banach lemma on invertible operator [11| and (12), it follows that
(AT Ag)~ exists and

145 A0) ™| < g0 = B(1 = B2a+ (Lo + 2M) lwo — o[ +
+N([lz—2 = 2" + [lzo — 2" ) [l2—1 — 27[|] %

-1
x [(Lo +2M)|lxo — &™|| + N(|Jz—2 — 2"[| + [0 — 2*[)lo—1 — :v*H]) <
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~1
< g(r,) = B<1 — B[2a + (Lo + 2M)r. + 2Nv?] x [(Lo + 2M)r. + 2Nrf})
Hence, x; is well-defined. Next, we can write

loy — 27| = flzo — 2" — (A5 Ao) ™ (Ag (F (l’o)+G( 0)) — A (F(z") + G(")l| <

< |l = (A5 40) 'l

ap Ao—/F/x + two — 2))dt—
0

~Gla,a")) (w0 — 2) + (AT = AT)(F(") + G("))]|.

Thus, by conditions (4), (5), (6) and inequalities

HAO - /1F'(x + (o — *))dt — Gz, @ H_ HF o) /IF'(x* 4tz — o)) dt+
0 0
+G (o, 2-1) + G(r_9,20) — G(r_2,2_1) — G(xg,a:*)Hg

—_

< S Lllwo — 2™l + M[zo — 2™ + AN [z 1 — &[22 — 2],

[Aoll < [ ALl + ]| A0 — Auf| <
< a+ (Lo+2M)llwg — 2™[| + N([lz—2 — 2™ + [lzo — 27|} [z—1 — 27

\)

we obtain
lz1 — 27| < Bla + (Lo + 2M) |20 — &*|| + N(J|lz—s — 27| + [0 — &™) ey — 27| x
X [(%L + M)|zo — &*|| + AN [lz—y — 2*[[lz—2 — 27|} [Jzo — 2"+
+n[(Lo + 2M)|Jzo — ™| + N([|z—2 = 2"[| + [Jzo — |} [Ja—1 — 2"[|]/
/[1 — B[2a + (Lo + 2M)||lwo — 27| + N([lz—2 — 2™|| + [lwo — 27[)[Jz—1 — 2] %
x [(Lo +2M)||zo — 2™|| + N(||lz—z — 2| + [lzo — 2" |) -1 = JJ*HH <
< go[[a + (Lo +2M)||lzo — 2*[| + N(|Jz—2 — ™[ + l|lzo — 2*[)lz—1 — 27[[] x

X [(%L + M)|zo — &”|| + AN [lz—y — 2" [[|lz—2 — 27|} [Jzo — [+

+n[(Lo + 2M) |z — || + N([lz—2 — 2™ + [Jzo — ") [Ja—1 — $*||]] <

< g(rs) [[oz + (Lo +2M)r, + 2Nrf] X

1
X [<§L+ M)r* - 4N7’f}r* + (Lo +2M + 2]\77“*)7"*7]]

Let us suppose that x; € Q for £ > 0 and estimate (9) holds. We prove that x;, € Q
and estimate (9) holds.
Using conditions (3), (5), (6), we get

17— (ATAD) T ATA] <
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< B(2a+ (Lo + 2M)[xy, — 2%|| + N([[p—2 — 2™[| + [ — 27D wp-1 — 27[]) X
X((Lo 4 2M) ||z — ™[] + N([lze—2 — 27| + [Jax — 27|) lzx— — 27]])) <
< B [2a+ (Lo + 2M)r, + 2Nr?] [(Lo + 2M)r, + 2N1?2).

Thus, (AT A;)™! exists and

I(AT A) M) < gi = B[1 = B[2a + (Lo + 2M) |, — * |+
N (ks = 2|+ law = 2 ) anr = 27 [] x [(Lo +20) e — 2|+
N (rncs = 4 o — 2 et — 2] < o).
Hence,
lonss —o*| < Bla+ (Lo + 2M) (i — "))+
FN (22 = 2] + ok — 2 [) s — 2] x
X (5L + M)llax = o | + 4l — a*lllais — a° ] llox — |+
(Lo + 2M) |2 = &) + N(llax-s = 2" + llow = 2| lan-1 =[]/
/[1 = BR2a+ (Lo + 2M)llzi = 2|l + N(llzis — )| + llow = 2* [} s — 2] x
< [(Lo+2M0)lzr = ]| + N(llzims = 2*l| + e = 2|} 21 —27]] <
< gufa+ (Lo +2M)lJe — 2*l| + N(lle-s — @ + lan = 2*[])llzis — ] x
<[5+ M)z — | + 4Nz — a*lllzics — a° ) llos — |+

+n[(Lo +2M) |2k — 2™ + N(lza—z — 2"|| + [z — 27 [l wr—r — 27|]] <
< gi[a+ (Lo + 2M)||zy — 27| + 2N ||z — 2" 2k-1 — 27[|] %
1 * * * *
<[ (GE+ M) llow = 2l + ANljn-y = 2 |[lan-z — 2|l — 2|+
+n[(Lo + 2M) |2k — 27| + 2N [Jwr—2 — 2 |[[|lzp—1 — 27] <

1
< g(r) [[a + (Lo + 2M)r, + 2Nr?] [<§L + M) r. + 4N7~§} 7o+ (Lo + 2M + 2N7.)r0

and xp41 € Q(z*, 7).

Thus, iterative process (2) is well-defined, xp1 € Q(z*,7,) for £ > 0 and estimate (9)
holds for each k > 0.

Let’s prove, that z;, — 2* for k — co. Let’s define functions a, b on [0, r,] as

a(r) = Cy + Cor + Cyr* + Cort, b(r) = Car + Csr? + Cer®. (13)
According to the choice of r,, we get
a(ry) >0, b(r.) >0, a(r.) + b(r.) = 1. (14)

Using estimate (9), the definition of the functions a, b and constants C; (i = 1,...,11),
we get

lorr = 2% < Cillwy — 27| + Collag — 2% + Cslap—y — 2™ [|r+
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+Cy||lve — 2|72 + Csl|lzp_y — 2|72 + Cg||lzp_1 — 2*||r> + Cr||lzp — 2*||rt = (15)

= a(ro)llex — 27| + b(r) |z — 2.

In view of the proof in [1, 2|, under conditions (13)—(15) the sequence {z}} converges to x*
for k — oo. O

In paper [17|, we proved a similar theorem. But in this article we add new conditions
(3) and (5). This allows to extend a convergence ball of method (2). Note that such an
approach for extending the convergence domain was applied for the Gauss-Newton-Secant
method in [6].

Corollary 1. The convergence order of iterative method (2) with zero residual is equal to
1.839....

Proof. If n = 0, we have the nonlinear least squares problem with zero residual in the
solution. In this case constants C; = 0, C5 = 0, and estimate (9) reduces to:

[@ps1 — ¥ < (Cs + Cors + Cor?) o — ||| ap—r — *[|||wp—z — 2*||+
+(Cy + Cyry)||zx — 3c*||2

From the last estimate the assertion of the corollary follows. O

Let G(z) = 0 in (1). Then M = N = 0 and constants C; = 0, ¢ = 1,3,5,6,7. The
estimate (9) reduces to:

ks — 27l < (Co + Cara)l|loy — 2|

Thus, the convergence order of method (2) is quadratic.
Let F(z) =01in (1). Then L = Ly = 0 and constants C; = 0, i = 1, 3. Estimate (9) takes
the form

[@ps1 — ¥ < (Cs + Cors + Cor2) o — ||| ap—1 — *[|||wp—z — 2*||+
+(Cy + Cyr) || — 2|

Thus, the convergence order of method (2) is 1.839....

Let us consider the Gauss-Newton-Potra local convergence theorem under w-conditions.
These conditions are weaker than Lipschitz conditions, moreover, the existence of the ope-
rator [F'(z*) + G(z*, 2%)] ~! is not supposed.

Theorem 2. Let the function F +G: D C RP — R™ is continuous on a subset D, and F' is
continuously differentiable on this subset. Assume that problem (1) has a solution x* € D,
F(2*)+G(x*) = 0, and a matrix (AT A,)™, where A, = F'(x*) + G(Z, z*), exists for & such,
that || — z*|| = 6 > 0 and ||[(AT A,)™!|| < B. Suppose that Fréchet derivative F' satisfies
the condition on D

1 (z) = F'()ll < wolllz = wl), (16)

where wy: Ry — R, is continuous non-negative function such, that continuous non-negative
function h: [0,1] — R, exists, and wy(tz) < h(t)wo(z) for t € [0,1] and z € [0,00),
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T = fo t)dt, and the function G has divided differences of first order satisfying condi-
tion

1G(x, y) = G(u, v)]| < wi(lle = ull, ly = v, (17)

where wy: Ry x Ry — R, is continuous non-negative function of two arguments.
Moreover, ||A.|| < «, and there exists r, € Ry such that Q = Q(z*,r,) C D and

p(r.) +p(r.) <1, (18)

where

p(r) = By(r,0)[2a + g(r, 0)], p(r) = Bq(r)[er + g(r, 9)],
g(r,0) = wo(r) + wi(r+6,7) + w1(0,2r), q(r) = Twe(r) +wi(0,7) +wi(0,2r).

Then, for each xq, x_1, x_5 € €, the iterative process (2) is well-defined and generates
the sequence {x}, k = 0,1,..., located in Q) that converges to the solution x*. Moreover,
the following estimate holds for k > 0

p(rs)
1 —p(r.)

Proof. Obviously, (18) implies p(r,) < 1, p(r,) < 1 and 5 G - ) < 1. The proof of this theorem
is analogous to that of Theorem 1 by the method of mathematical induction.

Let us denote Ay = F'(xy) + G(xg, vx—1) + G(2k—2,2x) — G(Tp—_2,Tk—1). Assume that
ZTpr1 € Q and estimate (19) holds for n = 0,...,k — 1. Let us prove that zx; € Q and
estimate (19) holds.

Taking into account the previous calculations and conditions (16), (17), we can deduce

[2p4 — 27 < ek — 7. (19)

17— (AT AD) T AL A < B2+ wo(llow — 27 ) + wi(law — 27 + 2" = 2, [lzes — 27[)+
twr([lee-2 = ze-all, [l2e — 2ol wollze — 27)+
tor(llon — 2™ + |27 = 2, lora = 27])) + wr(lor—2 = zrall; x — 2alD)] <
< B2 + wo(rs) + wi (e + 6, 74) + w1 (0, 2r)] [wo(r4) + wi(re + 0, 7%) + w1 (0, 2r,)] < 1.

Hence, (AgAk)fl exists and

(AL AR) M < pi =
= B{1 = Bl2a + wo([lzx = 27]) + iz — 2™ + [lo* = Z[|, lzx — 27])+
+w1(0, [lze — 27| + fl2™ — 2ra[[)]x
X[Two(llax — 2™ [)) + wrllee — 27 + N2 = 2, [lee—1 — 27[))+
+wi (0, [l — 2" + [l2" — 2l D]} < p(r).

So, the iteration zj; is well-defined and the following estimate holds
ks = @[] = [l — 2" — (Ap Ap) AL (F o) + Glaw) — AL (F(a") + G(a"))]|| <

< = (A AR) T I(=Ak (A — /0 F' (2" + t(w — 7)) di—
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—Glag, "))z — ") + (A = AD(F(2*) + G@))]]| <
< prlo+ wo(llze — 27() + willaw — 2|, [lze—1 — 2*[]) + wi(llze—2 — zr—al, [ — 21 [[)]
X[Two(ller — =*|]) + wi(llzr — 2], lze—1 — 27|+
Fwr([|lzp—2 = zp-all, [lr — zpallze — 2™ <
< p(ro)la + wo(llze — 2*[]) + wi(llze — 2], lze—y — 7)) + w1(0, [|ax — w1 |])] x
X[Two(ller — =*|]) + wr(llzr — 2], lze—1 — 27[)) + w1(0, [ — zp—a )]l — 27| <

ﬁ(?”*) * *
< —— — < — < Ty
<7 _p(r*)l\ﬁck o S e
Hence, iterative process (2) is well-defined, =5 €  and (19) holds for each & > 0. O

3. Numerical experiments. Let us compare the convergence rate of the Gauss-Newton-
Potra method (2) with other methods for nonlinear least squares problems on several test
cases. In particular, we compare it with the Potra type’s method [15]:

Tpo = xp — (AT Ap) YA (F (z1) + G(r)), k=0,1,2, ...,
Ap = F(ap, xp-1) + F(0p-g, 7x) — F (g9, Tp-1)+ (20)
+G(Ika ﬁk—1) + G(xk—% xk) - G<Ik—2; xk—1)7

the Gauss-Newton-Secant method [16]:

Tpo1 = xp — (AT Ap) PAL(F (z1) + G(r)), k=0,1,2, ...,

(21)
Ak = F/<£L'k) -+ G(:L‘k,:ck,l)
and the Secant type’s method [15]:
Tpt1 = T — (AgAk)flAg(F($k) + G(xy)), k=0,1,2, ..., (22)

Ak = F(.ﬁEk,.%k_l) + G(l’k, iL'k_l).
Let us denote H(x) = F(z) 4+ G(z) and h(z) = 3 H(z)" H(x).

Testing is carried out on nonlinear problems with a nondifferentiable function with zero
and non-zero residual. The classic Gauss-Newton and Newton methods cannot be used for
solving of such problems. The solution was obtained with the accuracy ¢ = 10~%. Calculations
are performed until the following condition is satisfied

|Zr1 — ]| < e

Table 1 gives a number of iterations, which are needed for numerical solving of nonlinear
least squares problems. Obtained results show that the method (2) usually has an advantage
over other methods.

Example 1. (|16])

Hi(z,y) =32y +y* — 1+ |z — 1],
Hy(z,y) = 2 + ay® + |y,

2 = (2%, y") ~ (0.8946554, 0.3278265), h(z*) = 0.
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Example 2. ([16])

Hi(z,y) = 32"y +y* — 1+ |z — 1],
Hy(z,y) = 2* + 2y’ + |yl
Hy(z,y) = [2* —y|,

2 = (2", ") ~ (0.7486280, 0.4303915), h(z*) ~ 4.0469349 - 10~2.

Initial approximations (z_1,y_1) and (z_s,y_2) were chosen as follows

(z_1,y-1) = (20 — 107", yp — 1077),
(_9,y_2) = (g —2-107%, 5o —2-107%).

Method

(2) | (20) [ (21) | (22)
03,09 | 9 | 9 | 10 | 14
1 (05,05) | 10 | 14 | 11 | 15
0,27) |10 | 14 | 11 | 17
(1,0.1) | 11| 11 | 14 | 21
2 (15,00 |12 ] 14 | 12 | 22
(055,2.7) | 23 | 25 | 15 | 21

Example (0, Yo)

Table 1: Number of iterations for solving test problems.

Let us show that new conditions allow to increase the radius of the convergence domain.
We use the Euclidean norm.
Example 3.

Hy(x) = 2 — 0.50% — 1.75 + [a% — 2
{l(x) X v =2 05, ) =0,

Hy(z) =222 — 2+ |x + 1],

Let us denote D = [0.1,0.9]. Then we can write

P = (70) = (T4
and

Py - ) = (P0Gt - o = (TUT ),

So, Ly = 5.1224994, L = 5.9464275, M = 1, a = 3.0923292, B = 0.1045752, n = 0. A
constant N = 0 because all elements of G(u,x,y) are real numbers and do not depend on u,
x, Y.

We calculate radii 7,., and r,4 as positive solutions of equations

B(Lo+2M)(Lo+ L/2+3M)r* + Ba(2Lo + L/2 +5M)r —1 =0
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and
3 5
B(L + 2M)<§L+ 3M>7"2 + Ba<§L+ 5M>r —1=0,

respectively, and get 7,6, = 0.1416082, 7,4 = 0.1297157. So, a convergence ball is extended.

4. Conclusions. In order to check the efficiency of the proposed method, a numerical
experiment was conducted on problems with zero and non-zero residual. Taking into account
the obtained results, it can be argued that combined methods, in particular, the Gauss-
Newton-Potra method (2), as the Gauss-Newton-Secant method (21), usually converge faster
than iterative-difference methods (20) and (22). Therefore, they are more effective for solving
nonlinear least squares problems with a nondifferentiable residual function. Moreover, we
verified the theoretical results and confirmed the expediency of new conditions of Theorem 1.

Acknowledgments. Authors are grateful to the unknown reviewer for useful remarks which
helped them to improve the paper.
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