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In this paper we obtain some differential subordinations and superordinations related to
a generalized fractional derivative operator for higher order derivatives of multivalent func-
tions. Moreover, we derive some sandwich results under certain assumptions on the parameters
involved, and these new results generalize some previously well-known theorems.
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1. Introduction. Let H(U) denote the space of analytic functions in U := {z ∈ C : |z| < 1}
and let H[a, p] denote the subclass of functions f ∈ H(U) of the form

f(z) = a+ apz
p + ap+1z

p+1 + . . . , z ∈ U (a ∈ C, p ∈ N = {1, 2, . . . }) .

Also, let A(p) denote the subclass of multivalent functions f ∈ H(U) with the power
series expansion

f(z) = zp +
∞∑
n=1

ap+nz
p+n, z ∈ U (p ∈ N) . (1)

For two functions f, g ∈ H(U), we say that the function f is subordinate to g, written
f ≺ g, if there exists a Schwarz function w, analytic in U, with w(0) = 0 and |w(z)| < 1,
such that f(z) = g(w(z)) for all z ∈ U.

Furthermore, if the function g is univalent in U, then we have the following equivalence
(see [9, 11]):

f ≺ g ⇔
(
f(0) = g(0) and f(U) ⊂ g(U)

)
.

Let ϕ(r, s, t; z) : C3 × U → C and h be univalent in U. If p is analytic in U and satisfies
the second order differential subordination

ϕ(p(z), zp′(z), z2p′′(z); z) ≺ h(z), z ∈ U, (2)

then p is a solution of the differential subordination (2). The univalent function q is said to
be a dominant of (2) if p ≺ q for all p that satisfying (2). A dominant q̃ is called the best
dominant if q̃ ≺ q for all dominants q.
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Let φ(r, s, t; z) : C3 × U → C and h be analytic in U. If p and φ(p(z), zp′(z), z2p′′(z); z)
are univalent functions and if p satisfies the second order differential superordination

h(z) ≺ φ(p(z), zp′(z), z2p′′(z); z), z ∈ U, (3)

then p is a solution of the differential superordination (3). An analytic function q is said
to be a subordinant of (3) if q ≺ p for all p satisfies (3). A univalent subordinant q̃ that
satisfies q ≺ q̃ for all subordinants q of (3) is said to be the best subordinant. Recently, Miller
and Mocanu ([12]) obtained conditions on h, q and φ(p(z), zp′(z), z2p′′(z); z) for which the
following implication holds:

h(z) ≺ φ(p(z), zp′(z), z2p′′(z); z) =⇒ q(z) ≺ p(z), z ∈ U.

Following Miller and Mocanu ([12]), Bulboacă ([7]) investigated certain classes of first
order differential superordinations as well as superordination preserving integral operators
([8]). Ali et al. [1] used the results obtained by Bulboacă ([8]) and gave the sufficient conditions
for certain normalized analytic functions f to satisfy

q1(z) ≺
f(z)

zf ′(z)
≺ q2(z), z ∈ U,

where q1 and q2 are given univalent functions in U with q1(0) = q2(0) = 1.
Shanmugam et al. [16] obtained sufficient conditions for normalized analytic functions to

satisfy

q1(z) ≺
f(z)

zf ′(z)
≺ q2(z), q1(z) ≺

zf ′(z)

f2(z)
≺ q2(z), z ∈ U,

where q1 and q2 are univalent functions in U with q1(0) = q2(0) = 1.
Note that for a function f ∈ A(p) of the form (1) the m-th order derivative of f could

be written as

f (m)(z) = δ(p,m)zp−m +
∞∑
n=1

δ(p+ n,m)ap+nz
p+n−m, z ∈ U

(p > m, m ∈ N0 := N ∪ {0}) ,

where

δ(p,m) =
p!

(p−m)!
:=

{
p(p− 1) . . . (p−m+ 1), ifm ̸= 0,

1, ifm = 0.

Let 2F1(a, b; c; z) be the well-known (Gaussian) hypergeometric function defined by

2F1(a, b; c; z) :=
∞∑
n=0

(a)n(b)n
(c)n(1)n

zn, z ∈ U,

where c ̸= 0,−1,−2, . . . and

(λ)n :=

{
1, if n = 0,

λ(λ+ 1)(λ+ 2) . . . (λ+ n− 1), if n ∈ N.

We will recall some definitions and lemmas which will be used in our paper.
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Definition 1 ( [14]). The fractional derivative of order λ for a function f is defined by

Dλ
z f(z) :=

1

Γ(1− λ)

d

dz

∫ z

0

f(ζ)

(z − ζ)λ
dζ (0 ≤ λ < 1), z ∈ U,

where f is analytic in a simply-connected region of the complex z-plane containing the origin
and the multiplicity of (z−ζ)−λ is removed by requiring log(z−ζ) to be real when z−ζ > 0.

In this paper we define the generalized fractional derivative operator for higher order
derivative of multivalent functions as follows:

Definition 2. Assume that 0 ≤ λ < 1, µ, η ∈ R andm ∈ N0. Then, the generalized fractional
derivative operator of order m for a function f ∈ A(p) is given by

Jλ,µ,η,p0,z (m)f(z) :=

:=
d

dz

[
zλ−µ

Γ(1− λ)

∫ z

0

(z − ζ)−λf (m)(ζ) 2F1

(
µ+ λ, 1− η; 1− λ; 1− ζ

z

)
dζ

]
, z ∈ U,

where f is an analytic function in a simply-connected region of the complex z-plane contai-
ning the origin with the order f(z) = O(|z|ε), z → 0 when ε > max{0, µ − η} − 1, and the
multiplicity of (z − ζ)−λ is removed by requiring log(z − ζ) to be real when z − ζ > 0.

Remark 1. (i) Note that Jλ,µ,η,p0,z (0) = Jλ,µ,η,p0,z ( [2]– [6], [13]).

(ii) Under the hypotheses of Definition 2 we have

Jλ+k,µ+k,η+k,p0,z (m)f(z) = zk
dk

dzk
Jλ,µ,η,p0,z (m)f(z).

Note that Jλ,λ,η,p0,z = Dλ
z , and denote

Dλ
z (m) := Jλ,λ,η,p0,z (m). (4)

Goyal and Prajapat ([10], see also [2–4, 6]) defined the operator Mλ,µ,η,p
0,z : A(p) → A(p)

by

Mλ,µ,η,p
0,z f(z) :=

Γ(p+ 1− µ)Γ(p+ 1− λ+ η)

Γ(p+ 1)Γ(p+ 1− µ+ η)
zµJλ,µ,η,p0,z f(z)

= zp +
∞∑
n=1

(p+ 1)n(p+ 1− µ+ η)n
(p+ 1− µ)n(p+ 1− λ+ η)n

ap+nz
p+n, z ∈ U,(

0 ≤ λ < 1, µ < p+ 1, η > max{λ, µ} − p− 1
)
,

where f ∈ A(p) has the form (1).
Let now define the operator Mλ,µ,η,p

0,z (m) : A(p) → A(p−m) as follows

Mλ,µ,η,p
0,z (m)f(z) :=

Γ(p−m+ 1− µ)Γ(p−m+ 1− λ+ η)

Γ(p−m+ 1)Γ(p−m+ 1− µ+ η)
zµJλ,µ,η,p0,z (m)f(z) =

= δ(p,m)zp−m +
∞∑
n=1

δ(p+ n,m)Ψn(p,m, λ, µ, η)ap+nz
p+n−m, z ∈ U,
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0 ≤ λ < 1, µ < p−m+ 1, η > max(λ, µ)− p+m− 1

)
,

where
Ψn(p,m, λ, µ, η) :=

(p−m+ 1)n(p−m+ 1− µ+ η)n
(p−m+ 1− µ)n(p−m+ 1− λ+ η)n

,

and f ∈ A(p) has the power series expansion (1).

Remark 2. Note that Mλ,µ,η,p
0,z (0) = Mλ,µ,η,p

0,z (Goyal and Prajapat [10]). It is easy to verify
that for z ∈ U,

z
(
Mλ,µ,η,p

0,z (m)f(z)
)′

= (p−m− µ)Mλ+1,µ+1,η+1,p
0,z (m)f(z) + µMλ,µ,η,p

0,z (m)f(z). (5)

Definition 3 ( [11]). Denote by Q the set of all functions f that are analytic and univalent
on U \ E(f), where

E(f) := {ς ∈ ∂U : lim
z→ς

f(z) = ∞},

and are such that f ′(ς) ̸= 0 for ς ∈ ∂U \ E(f).

Lemma 1 ( [11]). Let q be a univalent function in U and θ and φ be analytic in a domain D
containing q(U), with φ(w) ̸= 0 when w ∈ q(U). Set

ψ(z) = zq′(z)φ(q(z)) and h(z) = θ(q(z)) + ψ(z), z ∈ U.

Suppose that

(i) ψ is starlike univalent in U,

(ii) Re zh
′(z)

ψ(z)
> 0, z ∈ U.

If p is analytic with p(0) = q(0), p(U) ⊂ D and

θ(p(z)) + zp′(z)φ(p(z)) ≺ θ(q(z)) + zq′(z)φ(q(z)), z ∈ U,

then p ≺ q and q is the best dominant.

Lemma 2 ([7]). Let q be a univalent function in U and θ and φ be analytic in a domain D
containing q(U). Suppose that

(i) Re θ
′(q(z))
φ(q(z))

> 0, z ∈ U,

(ii) ψ(z) = zq′(z)φ(q(z)) is starlike univalent in U.

If p ∈ H[q(0), 1] ∩Q with p(U) ⊂ D, θ(p(z)) + zp′(z)φ(p(z)) is univalent in U and

θ(q(z)) + zq′(z)φ(q(z)) ≺ θ(p(z)) + zp′(z)φ(p(z)), z ∈ U,

then q ≺ p and q is the best subordinant.

Lemma 3 ([15]). The function q(z) = (1 − z)−2ab, z ∈ U, is univalent in U if and only if
|2ab− 1| ≤ 1 or |2ab+ 1| ≤ 1.

2. Subordination results. Unless otherwise mentioned, we assume throughout this paper
that 0 ≤ λ < 1, µ < p −m + 1, η > max{λ;µ} − p +m − 1, m ∈ N0, m < p, p ∈ N, and
denote C∗ := C \ {0}.
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Theorem 1. Let q be univalent in U with q(0) = 1, q(z) ̸= 0 for all z ∈ U and zq′(z)
q(z)

be
starlike univalent in U, such that

Re

[
1 +

β

ζ
q(z) +

2γ

ζ
q2(z) +

zq′′(z)

q′(z)
− zq′(z)

q(z)

]
> 0, z ∈ U, (β, γ ∈ C, ζ ∈ C∗) . (6)

Let f ∈ A(p) and for z ∈ U,

Ωλ,µ,η,p,m (β, γ, ζ) f(z) := β
Mλ,µ,η,p

0,z (m)f(z)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

+ γ

(
Mλ,µ,η,p

0,z (m)f(z)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

)2

+

+ζ

[
(p−m− µ)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

Mλ,µ,η,p
0,z (m)f(z)

− (p−m− µ− 1)
Mλ+2,µ+2,η+2,p

0,z (m)f(z)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

− 1

]
.

(7)

If
Ωλ,µ,η,p,m (β, γ, ζ) f(z) ≺ βq(z) + γq2(z) + ζ

zq′(z)

q(z)
, z ∈ U, (8)

then
Mλ,µ,η,p

0,z (m)f(z)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

≺ q(z), z ∈ U,

and q is the best dominant of (8).

Proof. Let

p(z) =
Mλ,µ,η,p

0,z (m)f(z)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

, z ∈ U.

Differentiating logarithmically with respect to z the above relation and using (5) we obtain

zp′(z)

p(z)
= (p−m− µ)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

Mλ,µ,η,p
0,z (m)f(z)

−

−(p−m− µ− 1)
Mλ+2,µ+2,η+2,p

0,z (m)f(z)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

− 1, z ∈ U.

Now we apply Lemma 1 with θ(w) = βw+γw2 and φ(w) = ζ
w
. Clearly, θ is analytic in C,

φ is analytic in C∗ and φ(w) ̸= 0 for w ∈ C∗. Also, let ψ(z) = zq′(z)φ(q(z)) = ζ zq
′(z)
q(z)

, z ∈ U,
and h(z) = βq(z) + γq2(z) + ζ zq

′(z)
q(z)

, z ∈ U. Since ψ(0) = 0, ψ′(0) ̸= 0 and

Re

(
1 +

zq′′(z)

q′(z)
− zq′(z)

q(z)

)
> 0, z ∈ U,

so ψ is starlike function in U, and by (6)

Re
zh′(z)

ψ(z)
= Re

[
1 +

β

ζ
q(z) +

2γ

ζ
q2(z) +

zq′′(z)

q′(z)
− zq′(z)

q(z)

]
> 0, z ∈ U.

Thus, according to the Lemma 1, from (8) it follows that p ≺ q and q is the best dominant,
which completes our proof.
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Corollary 1. Assume that (6) holds with q(z) = 1+Az
1+Bz

, z ∈ U, with −1 ≤ B < A ≤ 1, and
f ∈ A(p). If

Ωλ,µ,η,p,m (β, γ, ζ) f(z) ≺ β
1 + Az

1 +Bz
+ γ

(
1 + Az

1 +Bz

)2

+ ζ
(A−B)z

(1 + Az)(1 +Bz)
, z ∈ U, (9)

then
Mλ,µ,η,p

0,z (m)f(z)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

≺ 1 + Az

1 +Bz
, z ∈ U,

and q is the best dominant of (9).

Corollary 2. Assume that (6) holds with q(z) =
(
1+z
1−z

)ε, z ∈ U, with 0 < ε ≤ 1, and
f ∈ A(p). If

Ωλ,µ,η,p,m (β, γ, ζ) f(z) ≺ β

(
1 + z

1− z

)ε
+ γ

(
1 + z

1− z

)2ε

+ ζ
2εz

(1− z2)
, z ∈ U, (10)

then
Mλ,µ,η,p

0,z (m)f(z)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

≺
(
1 + z

1− z

)ε
, z ∈ U,

and q is the best dominant of (10).

Corollary 3. Putting ε = 1 in Corollary 2 we obtain the following special case:
Assume that (6) holds with q(z) = 1+z

1−z , z ∈ U, and f ∈ A(p). If

Ωλ,µ,η,p,m (β, γ, ζ) f(z) ≺ β
1 + z

1− z
+ γ

(
1 + z

1− z

)2

+ ζ
2z

(1− z2)
, z ∈ U, (11)

then

Re
Mλ,µ,η,p

0,z (m)f(z)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

> 0, z ∈ U,

and q is the best dominant of (11).

Corollary 4. Assume that (6) holds with q(z) = eAz, z ∈ U, with |A| < π, and f ∈ A(p). If

Ωλ,µ,η,p,m (β, γ, ζ) f(z) ≺ βeAz + γe2Az + ζAz, z ∈ U, (12)

then
Mλ,µ,η,p

0,z (m)f(z)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

≺ eAz, z ∈ U,

and q is the best dominant of (12).

Corollary 5. Let a, b ∈ C∗ such that |2ab− 1| ≤ 1 or |2ab+ 1| ≤ 1, let f ∈ A(p) and
suppose that (6) holds for q(z) = (1− z)−2ab, z ∈ U, with a, b ∈ C∗. If

Ωλ,µ,η,p,m (β, γ, ζ) f(z) ≺ β

(1− z)2ab
+

γ

(1− z)4ab
+ ζ

2abz

1− z
, z ∈ U, (13)

then
Mλ,µ,η,p

0,z (m)f(z)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

≺ (1− z)−2ab, z ∈ U,

and q is the best dominant of (13).
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Corollary 6. Suppose that (6) holds for q(z) = (1+Bz)
χ(A−B)

B , z ∈ U, with −1 ≤ B < A ≤
1, B ̸= 0, χ ∈ C∗, such that |χ(A−B)

B
− 1| ≤ 1 or |χ(A−B)

B
+ 1| ≤ 1. If f ∈ A(p) and

Ωλ,µ,η,p,m (β, γ, ζ) f(z) ≺ β(1 +Bz)
χ(A−B)

B + γ(1 +Bz)
2χ(A−B)

B + ζ
(A−B)z

1 +Bz
, z ∈ U, (14)

then
Mλ,µ,η,p

0,z (m)f(z)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

≺ (1 +Bz)
χ(A−B)

B , z ∈ U,

and q is the best dominant of (14).

Using similar arguments to the proof of Theorem 1, we obtain the following theorem.

Theorem 2. Let q be a convex function in U with q(0) = 1, q(z) ̸= 0 for all z ∈ U and
Reϑ > 0, ϑ ∈ C∗. Let f ∈ A(p) and denote

∆λ,µ,η,p,m(ϑ)f(z) :=
Mλ,µ,η,p

0,z (m)f(z)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

{
1 + ϑ(p−m− µ)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

Mλ,µ,η,p
0,z (m)f(z)

−

−ϑ

[
(p−m− µ− 1)

Mλ+2,µ+2,η+2,p
0,z (m)f(z)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

+ 1

]}
, z ∈ U. (15)

If
∆λ,µ,η,p,m(ϑ)f(z) ≺ q(z) + ϑzq′(z), z ∈ U, (16)

then
Mλ,µ,η,p

0,z (m)f(z)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

≺ q(z), z ∈ U,

and q is the best dominant of (16).

Taking m = 0 in Theorem 2 we obtain the following result due to Amsheri and Zharkova
([3, Theorem 2.1])

Corollary 7. Let q be a convex function in U with q(0) = 1, q(z) ̸= 0 for all z ∈ U and
Reϑ > 0, ϑ ∈ C∗, and denote

∆̃λ,µ,η,p(ϑ) := ∆λ,µ,η,p,0(ϑ). (17)

If f ∈ A(p) and
∆̃λ,µ,η,p(ϑ)f(z) ≺ q(z) + ϑzq′(z), z ∈ U, (18)

then
Mλ,µ,η,p

0,z f(z)

Mλ+1,µ+1,η+1,p
0,z f(z)

≺ q(z), z ∈ U,

and q is the best dominant of (18).
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Theorem 3. Let q be univalent in U with q(0) = 1, q(z) ̸= 0 for all z ∈ U, zq′(z)
q(z)

be starlike
univalent in U, and suppose that

Re

[
1 +

σ

ξ
q(z) +

2τ

ξ
q2(z) +

zq′′(z)

q′(z)
− zq′(z)

q(z)

]
> 0, z ∈ U, (σ, τ ∈ C, ξ ∈ C∗) . (19)

Let f ∈ A(p) and denote

Φλ,µ,η,p,m (σ, τ, ξ) f(z) :=
σ
[
Mλ,µ,η,p

0,z (m)f(z)
]2

δ(p,m)zp−m
[
Mλ+1,µ+1,η+1,p

0,z (m)f(z)
]+

+
τ
[
Mλ,µ,η,p

0,z (m)f(z)
]4

[δ(p,m)zp−m]2
[
Mλ+1,µ+1,η+1,p

0,z (m)f(z)
]2 + ξ

[
2(p−m− µ)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

Mλ,µ,η,p
0,z (m)f(z)

−

−(p−m− µ− 1)
Mλ+2,µ+2,η+2,p

0,z (m)f(z)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

− (p−m− µ+ 1)

]
, z ∈ U. (20)

If

Φλ,µ,η,p,m (σ, τ, ξ) f(z) ≺ σq(z) + τq2(z) + ξ
zq′(z)

q(z)
, z ∈ U, (21)

then [
Mλ,µ,η,p

0,z (m)f(z)
]2

δ(p,m)zp−m
[
Mλ+1,µ+1,η+1,p

0,z (m)f(z)
] ≺ q(z), z ∈ U,

and q is the best dominant of (21).

Proof. Let

p(z) =

[
Mλ,µ,η,p

0,z (m)f(z)
]2

δ(p,m)zp−m
[
Mλ+1,µ+1,η+1,p

0,z (m)f(z)
] , z ∈ U.

We have

zp′(z)

p(z)
= 2(p−m− µ)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

Mλ,µ,η,p
0,z (m)f(z)

−

−(p−m− µ− 1)
Mλ+2,µ+2,η+2,p

0,z (m)f(z)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

− (p−m− µ+ 1), z ∈ U.

Now we apply Lemma 1 with θ(w) = σw+τw2 and φ(w) = ξ
w
. Clearly, θ is analytic in C, φ is

analytic in C∗ and that φ(w) ̸= 0 for w ∈ C∗. Also, let ψ(z) = zq′(z)φ(q(z)) = ξ zq
′(z)
q(z)

, z ∈ U,
and h(z) = σq(z) + τq2(z) + ξ zq

′(z)
q(z)

, z ∈ U. Since ψ(0) = 0, ψ′(0) ̸= 0, and

Re

(
1 +

zq′′(z)

q′(z)
− zq′(z)

q(z)

)
> 0, z ∈ U,
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implies that ψ is starlike in U and by the assumption (19) we have

Re
zh′(z)

ψ(z)
= Re

[
1 +

σ

ξ
q(z) +

2τ

ξ
q2(z) +

zq′′(z)

q′(z)
− zq′(z)

q(z)

]
> 0, z ∈ U.

Therefore, according to Lemma 1, the subordination (21) implies p ≺ q and q is the best
dominant.

Using similar arguments like in the proof of Theorem 3, we obtain the following theorem.

Theorem 4. Let q be convex in U with q(0) = 1, q(z) ̸= 0 for all z ∈ U and Reχ > 0,
χ ∈ C∗. For f ∈ A(p) denote

Ψλ,µ,η,p,m(χ)f(z) :=

[
Mλ,µ,η,p

0,z (m)f(z)
]2

δ(p,m)zp−m
[
Mλ+1,µ+1,η+1,p

0,z (m)f(z)
]×

×

[
1 + 2χ(p−m− µ)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

Mλ,µ,η,p
0,z (m)f(z)

−

−χ(p−m− µ− 1)
Mλ+2,µ+2,η+2,p

0,z (m)f(z)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

− χ(p−m− µ+ 1)

]
, z ∈ U. (22)

If
Ψλ,µ,η,p,m(χ)f(z) ≺ q(z) + χzq′(z), z ∈ U, (23)

then [
Mλ,µ,η,p

0,z (m)f(z)
]2

δ(p,m)zp−m
[
Mλ+1,µ+1,η+1,p

0,z (m)f(z)
] ≺ q(z), z ∈ U,

and q is the best dominant of (23).

Taking m = 0 in Theorem 4 we obtain the following result of Amsheri and Zharkova [3,
Theorem 2.4]:

Corollary 8. Let q be convex in U with q(0) = 1, q(z) ̸= 0 for all z ∈ U and Reχ > 0,
χ ∈ C∗, and denote

Ψ̃λ,µ,η,p(χ) := Ψλ,µ,η,p,0(χ). (24)

If f ∈ A(p) and
Ψ̃λ,µ,η,p(χ)f(z) ≺ q(z) + χzq′(z), z ∈ U, (25)

then [
Mλ,µ,η,p

0,z f(z)
]2

zp
[
Mλ+1,µ+1,η+1,p

0,z f(z)
] ≺ q(z), z ∈ U,

and q is the best dominant of (25).
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3. Superordination results.

Theorem 5. Let q be analytic and univalent function in U with q(0) = 1, q(z) ̸= 0 for all
z ∈ U, zq′(z)

q(z)
be starlike univalent in U, and assume that

Re

[
β

ζ
q(z) +

2γ

ζ
q2(z)

]
> 0, z ∈ U, (β, γ ∈ C, ζ ∈ C∗) . (26)

For f ∈ A(p) suppose that

0 ̸=
Mλ,µ,η,p

0,z (m)f(z)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

∈ H[q(0), 1] ∩Q

and suppose that Ωλ,µ,η,p,m (β, γ, ξ) f defined by (7) is univalent in U. If f satisfies the
following superordination

βq(z) + γq2(z) + ζ
zq′(z)

q(z)
≺ Ωλ,µ,η,p,m (β, γ, ζ) f(z), z ∈ U, (27)

then

q(z) ≺
Mλ,µ,η,p

0,z (m)f(z)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

, z ∈ U,

and q is the best subordinant of (27).

Proof. Let

p(z) =
Mλ,µ,η,p

0,z (m)f(z)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

, z ∈ U.

We apply Lemma 2 with θ(w) = βw+γw2 and φ(w) = ζ
w
. Clearly, θ is analytic in C, φ is

analytic in C∗ and that φ(w) ̸= 0 for w ∈ C∗. Letting ψ(z) = zq′(z)φ(q(z)) = ζ zq
′(z)
q(z)

, z ∈ U,
the condition

Re

(
1 +

zq′′(z)

q′(z)
− zq′(z)

q(z)

)
> 0, z ∈ U,

implies that ψ is a starlike function in U and by the assumption (26) we have

Re
θ′ (q(z))

φ (q(z))
= Re

[
β

ζ
q(z) +

2γ

ζ
q2(z)

]
> 0, z ∈ U.

Thus, from Lemma 2 the subordination (27) implies q ≺ p and q best subordinant of (27).

Using similar arguments to the proof of Theorem 5, we obtain the following theorem:

Theorem 6. Let q be an analytic and convex function in U with q(0) = 1, q(z) ̸= 0 for all
z ∈ U, and Reϑ > 0, ϑ ∈ C∗. For f ∈ A(p) suppose that

0 ̸=
Mλ,µ,η,p

0,z (m)f(z)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

∈ H[q(0), 1] ∩Q

and suppose that ∆λ,µ,η,p,m(ϑ)f defined by (15) is univalent in U. If

q(z) + ϑzq′(z) ≺ ∆λ,µ,η,p,m(ϑ)f(z), z ∈ U, (28)
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then

q(z) ≺
Mλ,µ,η,p

0,z (m)f(z)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

, z ∈ U,

and q is the best subordinant of (28).

Taking m = 0 in Theorem 5 we obtain the following result of Amsheri and Zharkova [3,
Theorem 2.2].

Corollary 9. Let q be an analytic and convex function in U with q(0) = 1, q(z) ̸= 0 for all
z ∈ U, and Reϑ > 0, ϑ ∈ C∗. For f ∈ A(p) suppose that

0 ̸=
Mλ,µ,η,p

0,z f(z)

Mλ+1,µ+1,η+1,p
0,z f(z)

∈ H[q(0), 1] ∩Q

and suppose that ∆̃λ,µ,η,p(ϑ)f defined by (17) is univalent in U. If

q(z) + ϑzq′(z) ≺ ∆̃λ,µ,η,p(ϑ)f(z), z ∈ U, (29)

then

q(z) ≺
Mλ,µ,η,p

0,z f(z)

Mλ+1,µ+1,η+1,p
0,z f(z)

, z ∈ U,

and q is the best subordinant of (29).

Using arguments similar to that in the proof of Theorem 5 we obtain the following two
theorems:

Theorem 7. Let q be analytic and univalent function in U with q(0) = 1, q(z) ̸= 0 for all
z ∈ U and zq′(z)

q(z)
be starlike univalent in U, such that

Re

[
σ

ξ
q(z) +

2τ

ξ
q2(z)

]
> 0, z ∈ U. (30)

For f ∈ A(p) suppose that

0 ̸=

[
Mλ,µ,η,p

0,z (m)f(z)
]2

δ(p,m)zp−m
[
Mλ+1,µ+1,η+1,p

0,z (m)f(z)
] ∈ H[q(0), 1] ∩Q.

and suppose that Φλ,µ,η,p,m (σ, τ, ξ) f defined by (20) is univalent in U. If

σq(z) + τq2(z) + ξ
zq′(z)

q(z)
≺ Φλ,µ,η,p,m (σ, τ, ξ) f(z), z ∈ U, (σ, τ ∈ C, ξ ∈ C∗) (31)

then

q(z) ≺

[
Mλ,µ,η,p

0,z (m)f(z)
]2

δ(p,m)zp−m
[
Mλ+1,µ+1,η+1,p

0,z (m)f(z)
] , z ∈ U,

and q is the best subordinant of (31).
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Theorem 8. Let q be an analytic and convex function in U with q(0) = 1, q(z) ̸= 0 for all
z ∈ U, and Reχ > 0, χ ∈ C∗. For f ∈ A(p) suppose that

0 ̸=

[
Mλ,µ,η,p

0,z (m)f(z)
]2

δ(p,m)zp−m
[
Mλ+1,µ+1,η+1,p

0,z (m)f(z)
] ∈ H[q(0), 1] ∩Q

and suppose Ψλ,µ,η,p,m(χ)f defined by (22) is univalent in U. If

q(z) + χzq′(z) ≺ Ψλ,µ,η,p,m(χ)f(z), z ∈ U, (32)

then

q(z) ≺

[
Mλ,µ,η,p

0,z (m)f(z)
]2

δ(p,m)zp−m
[
Mλ+1,µ+1,η+1,p

0,z (m)f(z)
] , z ∈ U,

and q is the best subordinant of (32).

Taking m = 0 in Theorem 7 we obtain the following result due to Amsheri and Zharkova
[3, Theorem 2.5]:

Corollary 10. Let q be analytic and convex function in U with q(0) = 1, q(z) ̸= 0 for all
z ∈ U, and Reχ > 0, χ ∈ C∗. For f ∈ A(p) suppose that

0 ̸=

[
Mλ,µ,η,p

0,z f(z)
]2

zp
[
Mλ+1,µ+1,η+1,p

0,z f(z)
] ∈ H[q(0), 1] ∩Q

and suppose that Ψ̃λ,µ,η,p(χ)f defined by (24) is univalent in U. If

q(z) + χzq′(z) ≺ Ψ̃λ,µ,η,p(χ)f(z), z ∈ U, (33)

then

q(z) ≺

[
Mλ,µ,η,p

0,z f(z)
]2

zp
[
Mλ+1,µ+1,η+1,p

0,z f(z)
] , z ∈ U,

and q is the best subordinant of (33).

4. Sandwich results. Combining Theorem 1 and Theorem 5 we obtain the following
sandwich-type theorem.

Theorem 9. Let q1 and q2 be univalent functions in U with q1(0) = q2(0) = 1, such that
q1(z) ̸= 0, q2(z) ̸= 0 for all z ∈ U. Assume that zq′1(z)

q1(z)
and zq′2(z)

q2(z)
are starlike univalent in U,

and (6) and (26) hold for q2 and q1, respectively. For f ∈ A(p) suppose that

0 ̸=
Mλ,µ,η,p

0,z (m)f(z)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

∈ H[1, 1] ∩Q
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and suppose that Ωλ,µ,η,p,m (β, γ, ζ) f defined by (7) is univalent in U. If

βq1(z) + γq21(z) + ξ
zq′1(z)

q1(z)
≺ Ωλ,µ,η,p,m (β, γ, ζ) f(z) ≺

≺ βq2(z) + γq22(z) + ξ
zq′2(z)

q2(z)
, z ∈ U, (β, γ ∈ C, ζ ∈ C∗) (34)

then

q1(z) ≺
Mλ,µ,η,p

0,z (m)f(z)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

≺ q2(z), z ∈ U,

and q1 and q2 are respectively the best subordinant and best dominant of (34).

Combining Theorem 2 and Theorem 6 we obtain the following sandwich-type result:

Theorem 10. Let q1 and q2 be convex functions in U with q1(0) = q2(0) = 1 such that
q1(z) ̸= 0, q2(z) ̸= 0 for all z ∈ U, and assume that Reϑ > 0 ϑ ∈ C∗. For f ∈ A(p) suppose
that

0 ̸=
Mλ,µ,η,p

0,z (m)f(z)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

∈ H[1, 1] ∩Q

and suppose that ∆λ,µ,η,p,m(ϑ)f defined by (15) is univalent in U. If

q1(z) + ϑzq′1(z) ≺ ∆λ,µ,η,p,m(ϑ)f(z) ≺ q2(z) + ϑzq′2(z), z ∈ U, (35)

then

q1(z) ≺
Mλ,µ,η,p

0,z (m)f(z)

Mλ+1,µ+1,η+1,p
0,z (m)f(z)

≺ q2(z), z ∈ U,

and q1 and q2 are respectively the best subordinant and best dominant of (35).

Remark 3. Taking m = 0 in Theorem 10 we obtain the result of Amsheri and Zharkova [3,
Theorem 2.3].

Combining Theorem 3 and Theorem 7 we obtain the following sandwich-type result:

Theorem 11. Let q1 and q2 be univalent functions in U with q1(0) = q2(0) = 1 such that
q1(z) ̸= 0, q2(z) ̸= 0 for all z ∈ U. Assume that zq′1(z)

q1(z)
and zq′2(z)

q2(z)
are starlike univalent in U,

and (19) and (30) hold for q2 and q1, respectively. For f ∈ A(p) suppose that

0 ̸=

[
Mλ,µ,η,p

0,z (m)f(z)
]2

δ(p,m)zp−m
[
Mλ+1,µ+1,η+1,p

0,z (m)f(z)
] ∈ H[1, 1] ∩Q

and suppose that Φλ,µ,η,p,m (σ, τ, ξ) f defined by (20) is univalent in U. If

σq1(z) + τq21(z) + ξ
zq′1(z)

q1(z)
≺ Φλ,µ,η,p,m (σ, τ, ξ) f(z) ≺

≺ σq2(z) + τq22(z) + ξ
zq′2(z)

q2(z)
, z ∈ U, (σ, τ ∈ C, ξ ∈ C∗) (36)
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then

q1(z) ≺

[
Mλ,µ,η,p

0,z (m)f(z)
]2

δ(p,m)zp−m
[
Mλ+1,µ+1,η+1,p

0,z (m)f(z)
] ≺ q2(z), z ∈ U,

and q1 and q2 are respectively the best subordinant and best dominant of (36).

Combining Theorem 4 and Theorem 8 we obtain the following sandwich-type theorem:

Theorem 12. Let q1 and q2 be convex functions in U with q1(0) = q2(0) = 1 such that
q1(z) ̸= 0, q2(z) ̸= 0 for all z ∈ U, and assume that Reχ > 0, ϑ ∈ C∗. For f ∈ A(p) suppose
that

0 ̸=

[
Mλ,µ,η,p

0,z (m)f(z)
]2

δ(p,m)zp−m
[
Mλ+1,µ+1,η+1,p

0,z (m)f(z)
] ∈ H[1, 1] ∩Q

and suppose that Ψλ,µ,η,p,m(χ)f defined by (22) is univalent in U. If

q1(z) + ϑzq′1(z) ≺ Ψλ,µ,η,p,m(χ)f(z) ≺ q2(z) + ϑzq′2(z), z ∈ U, (37)

then

q1(z) ≺

[
Mλ,µ,η,p

0,z (m)f(z)
]2

δ(p,m)zp−m
[
Mλ+1,µ+1,η+1,p

0,z (m)f(z)
] ≺ q2(z), z ∈ U,

and q1 and q2 are respectively the best subordinant and best dominant of (37).

Remark 4. (i) Taking m = 0 in Theorem 12 we obtain the result due to Amsheri and
Zharkova;

(ii) Putting λ = µ in the above theorems we obtain new sandwich results for the operator
Dλ
z (m) defined by (4).
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