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The notions of Chebyshev derivations of the first and the second kind are presented. Explicit
forms of the corresponding intertwining maps are found.

1. Introduction. Let us consider a family of polynomials {P,(z)}, deg P,(x) = n of one
variable with rational coefficients. We are interested in finding some polynomial identities
for these polynomials, i.e., the identities of the form

F(Py(x), Pi(x),...,Py(z)) =0,

where F(xg,21,...,x,) is a rational polynomial of n 4+ 1 variables. It is proved (see, for
example, [1]) that the Bernoulli polynomials B, (z) satisfy the following identities

Z(—l)i (n> Bi(z)By—i(x)+ (n—1)B, =0, neN.

: 1
=0
Thus, in this case we have

n

Fzg,ar,. . a) = 3 (1) (’Z) Titni + (n— 1) B,

=0

where B,, is the Bernoulli number.

In this paper, we propose a general way of finding such polynomial identities for an
arbitrary family {P,(x)} of polynomials.

The basic idea of this method is an application of already known polynomial identities
which were found by the first author in [1] using methods of the classical invariant theory
and the theory of locally nilpotent derivations to the Appel polynomials.

Let us consider a polynomial sequence { A, (x)}, where for all A,(z) the following condi-
tion takes place A/ (x) =nA,_1(x),n=0,1,2,....

The polynomials which possess the property are called the Appel type polynomials,
see [2]. In particular, Bernoulli, Euler and Hermite polynomials are the Appel type polyno-
mials.
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The locally nilpotent differentiation of algebra of the polynomials Q[zo, x1,. .., z,] acts
under the following rule Da(z;) = nax;_; is closely connected to the Appel polynomials.
The kernel of this derivation is called the subalgebra ker Dy C Q[zo, x1, . .., x,] such that
Da(f) = 0 for all polynomials f € kerD,4.

The derivation D4 is so called basis Weitzenbock derivation. The kernel of Weitzenbock
derivation is well-studied, it is isomorphic to SLs-invariant algebra, see [3], [4]. As it was
shown in [1], for every element of D, there exists some polynomial identity for the Appel
polynomials. A sequence of polynomials {P,(z)} can be associated with a derivation Dp of
algebra Q[xg, x1, ..., x,| which is defined as following

Dp(x;) = aiporo + iy + -+ g i-1,0 =1,...,n,

where the numbers «; ; are found from the conditions

d
dx

Since the polynomial sequence {P,(z)}, deg P,,(x) = n forms a basis in the vector space
of the polynomials of one variable, the numbers «; ; are well-defined.

Let us remark that in the vector space (zg,x1,...,z,) derivations Dp and D, act as
common linear nilpotent operators. Moreover, Jordan normal form of the matrix of the
operator D4 consists of a single Jordan block with zero main diagonal. In this case, if the
Jordan normal form of the matrix of the operator D4 is formed with a single Jordan block,
then there exists a basis in which the action of the matrix of the operator Dp is the same
as the action of operator D 4.

P( ) = Oéi,()P()(I) + Oéi,1P1($) 4+ -+ ozi,i_lPZ-_l(x),z' = 1, oo, n.

Thus, there exists an isomorphism @ap from the vector space (xg,x1,...,z,) to the
vector space (xg, Z1,...,T,), and it could be extended to the corresponding endomorphism
vap: Qzo, x1,..., 2, = Qlxo,21,...,2,]. The map @ap is called (D4, Dp)-intertwining

map. Any such map induces an isomorphism from ker D4 to ker Dp. Therefore, the main
idea of obtaining polynomials identities for a polynomial family { P, ()} is to find the explicit
form of (D4, Dp)-intertwining map. Applying the action of the v 4p map to the elements of
the kernel ker D 4, we always obtain the elements of the kernel ker Dp. As a consequence, if
the polynomial F'(xg,z1,...,z,) belongs to the kernel ker D4, then the element

wap(F (2o, 21,...,2n)) = Foap(xo), pap(x1), ..., 0ap(Ty))

always belongs to the kernel of the derivation Dp and this polynomial of one variable

F(pap(Po(x)), pap(Pi(x)), .. pap(Pa(2))),

defines a polynomial identity for the polynomial family P,(x). The same approach was used
by the first author in [5], [6] to find new polynomial identities in the case of the Fibonacci,
Lucas and Kravchuk polynomials.

The subject of this study is finding out an explicit form of (D4, Dp)-intertwining map
for Chebyshev polynomials of the first and the second kind.

2. Intertwining map for the Chebyshev derivation of the first kind. The Cheby-
shev polynomials of the first kind 7},(z) and the Chebyshev polynomials of the second kind
Un(x) are defined by the following ordinary generating functions

1 — at 1 = .
G(T(z),t) = 1ot 2 ZT (Un(z),t) = T ot ZUn(x)t -

n=0
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The derivatives of the polynomials can be expressed in the terms of the polynomials as
follows:

d — 1— (=1
il — _(—1)k S
T () n(k:1 (1= (=) Ths(a) + = To(az)>,
%Un(x) = (1= (=1)"") (n—k+1)Up_p(z) = Z(n —2k)Up—ok—1(x),
k=1 k=0
see [7], [8].
This motivates us to give the following
Definition 1. Derivations of Q[xg, 21, z, . .., x,] defined by
¢ L (L)
Dr(xo) =0,D7(z,) =n (1= (=1)") zpsr + — %0 |,
k=1
n—1
Dy(zo) = 0, Dy(z,) = Y (14 (=" (k + 1)z,
k=1

are called the Chebyshev derivation of the first kind and the Chebyshev derivation of the
second kind, respectively.

We have
Dr(zo) =0, Dy(zo) =0,
Dr(x1) = zo, Dy (1) = 2y,
DT(IQ) 4 Du(l’g) = 41’1,
DT(J,’?,) 6[E2 + 31’0, Du(l’3) = 2(3 X9 + l’o),
DT([L'4) 8$3+8ZE1, DM([L'4) = 2(41’3+21‘1),
Dr(z5) = 1024 + 10 25 + 5z, Dy(x5) = 2(5x4 + 329 + x0),
Dr(xg) = 1225+ 1223 + 12 24, Dy(z¢) = 2(6 5 + 43 + 211),
DT<I7) =14 T + 14 T4+ 14 To + 71‘0, Du($7) 2(7.I6 + 5274 + 31’2 + l’o)
)=

It is obvious that these derivations are triangular and, consequently, locally nilpotent. Also,
since D (z,,) = 0, Do '(,) # 0, and Dj(x,) = 0, D}y (2,,) # 0, the Jordan normal form of
the matrices of the operators Dy and Dy, consists of a single Jordan block.

Let us find a (D4, Dy)-intertwining map. Define the map a7 by

([%*])

Yar(z,) = ozg])xn + ozfll)xn_g + osz)xn_4 +...+ oz( ) poi 4 ..+ an T, _g[nc1]-
We have
Dr(Yar(zn)) = 2na® (21 + Zpog + Tps + Tz +...) + alV2(n — 2)(2p_5 + 25+
+.o )+ aP2(n —4)(2ps + Tnr 4+ .. ) o= 21 (20a0)+
+2,_3(a'92n + aV2(n — 2)) + z,_5(@V2n + aV2(n — 2) + 2(n — 4)a@) +---).
On the other hand,
Dy (Yar(za)) = bar(Da(@a)) = mbar (wnor) = 0 20y + 0 20 s + a2 20 + ).
Thus
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n—1
Lemma 1. The sequences oz,(lo), 04511), . ,aﬁ[ 1) satisfy the following system of recurrence

equations:

(D2 = na( )
a¥ 2n+ozn)2( )_nai)la
aV2n + o] )2( —2)+2(n— 4)047(12) = noszz17

20 + a2(n — 2) +2(n — 4)a? + - -

After simplifying, we obtain

(02 = nafloll, ozgo) =0,
@ 2(n = 2) = (e, = o), 05" =0,
2(n — 4)ai? = n(al?) — i), 0 =0,

\
Let g, be a fixed sequence of polynomials and consider the auxiliary recurrence equation

2(n - a)iL‘n = n(l‘n,1 - gn71)> La =

Lemma 2. Let )
ne Qigi

T T 2
1=a

where n% := n(n — 1)(n — 2)---(n — (a — 1)). Then the sequence x, is a solution of the
auxiliary recurrence equation.

Proof. In fact, suppose that

o n_g 2i9i
" on = g
Then we have
n—2 ~;
n—1)7% 21,91
n(xn—l - gn—l) =n <_( 2n1) Z = - gn—l) =
2~ n—2 4;
—1)¢ 2lg;, 2" Y n —1)%q,_ —1)¢ 2, 2" lg,_
—n _(n )Z;‘J_ (n—1)*gn :n(n ) _Z.f_ In-1\ _
vt g 2n=l(p—1)e 2n-1 — (n—1)e
n—1 n—1 ~;
n(n —1)% 2tq; n% 2'g;
- on—1 Z 72 _2<TL - a>2_n ; o = 2(” - (l)[L‘n

i=a
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In particular,

(3n?* — 19n + 28)n(n — 1)

n _2n—1’ n on—-1 "' no on+1

To find the general solution of the system let us consider the sequence o' in the basis
of the falling powers. Put ol = 2%(605)7”@ + st o4 B p2e)

It is casy to see that (n — s)n® =n™", n(n — 1) = n"~. Then

g (B8 + Bt 4 B =

= o (= ) = 80"+ (0 — (s + 1) — (s = D)FT0 4+ 4 (n — 25)800n) =

s—1
s s+i41 s s+1
() =t E (s — Z)BZ( ) ) :

=0

I

[\}

e

i
7
I§ »
o

=

s s—1
s s—1 1 s s+ s—1 s—1+1
n(og?y — o) = o (Z nf (n— 1) ~ Znﬁf (n—1) ) =
=0 ]
1 s -1
(S) st+itl _ s+7,
(S S,
=0

1=0

(s—1
After equating the corresponding coefficients, we obtain that Bi(s) =% i=0...5s—1

s—1

The coefficient A% is found from the initial condition a$ = 0. We have

1 (s 1)
(Z i ) 4 B (28)! ) = 0.

It follows that

R L= S CU B %
T 2 s Y _Z;(s—i)(s—i)! 2 G

1= 1=

Therefore, we get the following recurrence relations for the sequences 5,([9):

© 5(()8_1) ) st—l) y (s 1) ) (5-1) © s—1 B-(S)
=S A =T AT =T e BRI A=)
Thus, ﬁ(s = (S B bl, for i =0,. — 1. Therefore, we get the following recurrence

relation for the sequence b,

n

! b, =0,n>0
_— = n .
— )2 ’
2 (n—i)!

7=



8 L. BEDRATYUK, N. LUNIO

Recall the definition of the Bessel function J,(x):

a : 2i+«
Z@Fz—l—a—i—l <2> '

=0

Consider the series
(o)

Z %Z = Jo(vV—4z2),

n=0

and the ordinary generating function G(by,z) = Y . b,z™. The last relation implies the
following one Jo(v/—42 )G(b,, z) = 1.
Thus, we prove the following statement.

Theorem 1. A Weitzenbock-Chebyshev intertwining map ¥ of the first kind has the
following form

n—1
Yar(r,) = o, + ag)xn_g + osz)xn_4 + ...+ oz( ) &0 + ..+ aqg[ 2 ]>xn_2[n1],

where
(s) — 1 1 s+i 2s
Q. bon +--+ — b=+ - + b |,
on (s —1i)!
and the generating function for by, by, ..., by, ... i

szz’ = Jo_l(\/ —42)
=0

3. Intertwining map for the Chebyshev derivation of the second kind. Let us
define the linear map 4y by

n—1
Yav(r,) = OZ;,O):L‘TL + 04511)%1—2 + 04512)%1—4 +..+ Oz( poi ...+ Oéqg,[ ? ])$n_2[nl]

Let us consider the following statement.

n—1
Lemma 3. The sequences aS?’, ozg), e ,ag[ ) satisfy the following system of recurrence
equations:
(o9 = (0)
(120 + o)) = nalh,

(n—4) () + oy + o) =nal? |,

((n —2 [n_l} +1)(om © + 042)2 + Oégl) + 4 OM(L[%D = naﬁ_?»
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or, equivalently,

(ag]) - OénO)lvagO) - 17
ar’ = n . 0‘;1—)1 - 047(10_)1, 049) =0,
2 n 2 n 1 2
ag):n—él 1(11_ _2()5512170551) 0,
@0 _ "1 (i) (i-1) @ _
An = gt n—2(i 1)a" Lo %
n—1 n—1 n—1]_
N N () LN (5
n—2["]) n—=2([*5] - 1))

The proof is similar to that of Lemma 1.
Let g, be some fixed sequence and consider the auxiliary recurrence equation

T —n Tp—1 . 9n—1 7. =0
" n—s n—(s—2))"7"°

Lemma 4. The solution of this auxiliary recurrence equation is

n—1
s gi
Ty = —n° — .
269
Proof. Using the relations
— 1)
nn = 1)* =nsn(n — 1) =ns

n—1

we have
N _ [ (= — gi g _
(n—é‘ ”—(8—2)) ( n—s ;iﬂ(i—(s—i’))) ”—(8—2))

I | S P W
n—s = (i—(s—3)) ((n=12L)((n—1)—(s-3))

- <_Z e B (O V= [y 3>>) )
- _”Z (i —gl<s ~3))
By using the result of Lemma 4, we obtain
ol =1, off) = —3(n=1)(n=2), o = 5 (1=4) (1= 3) (1 =2
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To find a solution for the system consider an unknown sequence {a,(f)} in the basis of the
falling powers. Put

oY = (n— (25 = 1)) (8=

(Ips 4oy 5§s>nﬁ) = (n— (25— 1)) Y pInetE,
=0
Then we have

s s—1
o == @13 BT =Y AT (s i)~ (st

s s—1

s . S i— s S i s s+1 s s—1+414
_ @()(n—(ﬁ%— s+i—1 Z/B )S Z s—1+1i Zﬁ() Z _Z)B() )

=0 =0

On the other hand,

s s—1
ol = (=253 B — 1=, ol = (n— (26— 2) S BT (n — 1),
=0 i=0
Consequently,
(s) _ 057(1821 (s 1) 1 s—1+i s—1) 1 24i
ay =n| —5 —— 25—2 Znﬁ n— Znﬁ (n—1)" =
s—1
§) sti s— s—1+4i
LD S
i=0 i=0
Hence,

s—1 -1

(571) s—141 s s—1+7
E B m g s—1)p .
=0 i=0

By equating the corresponding coefficients of the n', we get

(s-1)
5}5):L,,z=0...s—1.
S—1

The coefficient 5,53) is determined from the initial condition aé‘? = 0 that is why

s—1
s s s—1+7 s s—1+4i s
afy = Zﬂ< =Y 872 = B (2s)
=0

F=0.

Taking into account (2s)~ = 2s(2s — 1)...2 = (2s)! we have

81 51 5)

(5) 81+7.
bi ZZS—Z-f-l

We obtain the following relations for 8.°:

() _ 1
b7 = (25)! 4

|
_
w

(s-1) (s-1) (=1 s

s s s—1 s) .
B == B =g B =T B =AY, B =0

(s)
s—z+1)
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It ylelds/Bs)— —=b;, fori =0,...,s—1, and

(s— z)'
s—1

1 1
R (P ITIER 2 =it )"

=1

Therefore, we get the following recurrence relation for the sequence {b;} :

S

1
D T LA

=0

Consider the series
o

1 1 —
nz:% nl(n + 1)!Zn - ﬁjl( —42),

and write
G(by, 2) Z b, 2"

Then, taking into account the recurrence relatlon we find that

Jl(\/ —42,’)

G(bn, 2) NG

=1.

Thus, we have the following statement.

Theorem 2. A Weitzenbéck-Chebyshev intertwining map vy of the second kind has the
following form

n—1

Yav(Tn) = Tpia + 04511)%—1 + 04512)%—3 +...4+al )$n+1 2% T ...+ Chg ’ ])In+12[7121]7

where
—1)8 -1 s—1 )
o) = (n—2s+1) (=1) bons_l—l—---—l——( ) bin®tt 4. b=l
s! (s —1)!
and the ordinary generating function for by, by, ..., b,, ... is the following:

\/E
sz /)
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