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The aim of this note is to extend the notion of Fréchet distance over the set of weighted
rooted trees. The weighted trees naturally appear as skeletons of planar domains. The deﬁned
distance allows for deﬁning a distance between (weighted) threes, which is merely a symmetric,
i.e., does not necessarily satisfy the triangle inequality.

1. Introduction. Comparison of images is widely used in diﬀerent areas of artiﬁcial intelligence, e.g., in pattern recognition, robototechnics, computer vision. Algorithms of signal
shapes comparison are also used in natural language processing as well as CAD-systems. The
shape of planar objects is often described by their contours, which, in general, are represented
by curves. Therefore, if is important to evaluate the dissimilarity between curves. One of
classical tools for that is the so-called Fréchet distance introduced in [10] (see also [11]).
The Fréchet distance and its generalizations are investigated in numerous papers (see,
e.g., [3, 12, 16, 19]). In particular, in the important paper [3], an algorithm for computing the
Fréchet distance between polygonal curves can be computed in O(mn log(mn)) time.
In [5], the Frećhet distance is considered for the curves which are sequences of cured
pieces and it is shown that, under some mild conditions, this distance can be computed in
O(mn)) time, where m, n is the number of pieces in these curves.
In the paper of Schlesinger, Vodolazskiy and Yakovenko [13], an algorithm is discussed
that determines whether the Fréchet distance between two closed polynomial curves is less
than a given number. The algorithm takes O(mn) time, where m, n are the numbers of
vertices.
A. Mosig and Clausen [15] introduced approximate algorithms for computing the Fréchet
distance between two polynomial curves. They and other authors [16] also deﬁned a discrete
version of the Fréchet distance.
The computation of Fréchet distances between polygonal curves whose vertices are imprecise (i.e., are given by regions in which they lie) is made in [17]).
The notion of Fréchet distance was also extended over more complicated geometric
objects, e.g., surfaces (see [2]).
The Fréchet distances can be naturally deﬁned for oriented and closed curves. In this
paper, we consider this notion for the so-called weighted trees [4]. These trees naturally
appear as skeletons middle sets of planar domains; the weight of a point is then the distance
from this point to the boundary of the domain. Remark that the skeletons are widely used
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in computer vision. Our approach is based on combining both the Fréchet distance between
oriented curves and the coupling between the sets of end vertices; the latter is related to
some metrics such as the Hausdorﬀ metric on sets and the Kantorovich metric (see, e.g., [20])
on measures. We obtain a metric in the case of rooted trees; an attempt to extend our
considerations over the unrooted case leads only to a function which is a symmetric (in
general, it does not satisfy the triangle inequality). The Hausdorﬀ metric and the Fréchet
metric are used by the authors for the quantitative estimations of the image segmentation
algorithms (see [5]). The latter was successfully applied to analysis of biomedical images [6].
Remark that the introduced metric on the set of weighted rooted trees induces a symmetric on the set of non-rooted trees.
2. Preliminaries. We assume that all the maps under consideration are continuous.
2.1. Metric functions. Recall that a metric on a a set X is a function d : X × X → R
satisfying the properties: (1) d(x, y) ≥ 0, d(x, y) = 0 if and only if x = y; (2) d(x, y) = d(y, x),
and (3) d(x, y) ≤ d(x, z) + d(z, y).
If we drop property (3) in this deﬁnition, we obtain the notion of symmetric on X (see,
e.g., [8]).
2.2. Fréchet metric. In the sequel we will need the notion of Fréchet metric between
oriented curves in a metric space (X, d) (see, e.g., [10]). Given oriented curves γi : [0, 1] → X,
i = 1, 2, deﬁne
dF (γ1 , γ2 ) = inf{d(γ1 (α(t)), γ2 (α(t))) | α : [0, 1] → [0, 1]
is an increasing homeomorphism}.
The function dF is known to be a metric (the Fréchet metric).
2.3. Trees. A tree is a connected graph without cycles. A rooted tree is a pair (T, t0 ), where
T is a tree and t0 ∈ T .
A weighted rooted tree is a triple (T, t0 , w), where (T, t0 ) is a rooted tree and w : T → R+
is a function (weight).
By e(T ) we denote the set of all endpoints of T . For any a ∈ e(T ), by La = LTa we denote
the (unique) geodesic connecting t0 and e.
Given two sets, A and B, we say that a subset C ⊂ A × B is a coupling between A and
B if the following holds:
1. for any a ∈ A, there exists b ∈ B such that (a, b) ∈ C;
2. for any b ∈ B, there exists a ∈ A such that (a, b) ∈ C.
If C ′ is a coupling between A1 and A2 and C ′′ is a coupling between A2 and A3 , then the
subset
C = C ′ ◦ C ′′ = {(a1 , a3 ) ∈ A1 × A3 | (a1 , a2 ) ∈ C ′ , (a2 , a3 ) ∈ C ′′ for some a2 ∈ A2 }
is a coupling between A1 and A3 .
An oriented curve in a metric space X is a map γ : [0, 1] → X. We identify γ and γα, for
every orientation-preserved homeomorphism α : [0, 1] → [0, 1].
Suppose that (X, d) is a metric space. The Fréchet distance between curves γ1 , γ2 : [0, 1] →
X is
dF (γ1 , γ2 ) = inf{sup{d(γ1 (α(t)), γ2 (t)) | t ∈ [0, 1]} |
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α : [0, 1] → [0, 1] is an orientation-preserved homeomorphism}.
Given a curve L in a metric space X and a function w : L → R+ , let Ľ = {(x, w(x)) |
x ∈ L}. Then Ľ is a curve in the space R3 .
2.4. Skeletons. For the sake of simplicity, we consider here only subsets in the Euclidean
plane R2 . By d we denote the Euclidean metric. Given a nonempty subset A ⊂ R2 and
x ∈ R2 , we let d(x, A) = inf{d(x, a) | a ∈ A}.
Let D be a bounded domain in R2 . We denote by ∂D its boundary. For any x ∈ D,
denote by p(x) its metric projection,
p(x) = {y ∈ ∂D | d(x, y) = d(x, ∂D)}.
The skeleton (or central set) of D is the set
sk D = {x ∈ D | #p(x) ≥ 2},
where #A stands for the cardinality of A.
See, e.g., [9] for metric and topological properties of skeletons of open sets in Euclidean
spaces.
There are domains whose skeletons demonstrate irregular behavior (see, e.g., [7]). However, this is not the case for domains that appear in applications. In particular, it is known
that the skeleton of any domain with a smooth enough boundary is a deformation retract of
it. Moreover, the skeletons of polyhedral simple connected domains are trees.
The function w : sk D → R+ deﬁned by the formula w(x) = d(x, ∂D), is a weight on
sk D.
3. Results. We consider the trees embedded into the plane R2 . Clearly, our considerations
can be easily extended over any euclidean space.
For any two weighted rooted trees (T, t0 , w) and (S, s0 , u), we let
DF ((T, t0 , w), (S, s0 , u)) = min{max{dF (ĽTa , ĽSb ) | (a, b) ∈ C}
| C is a coupling between e(T ) and e(S)}.
Theorem 1. The function DF is a metric on the set of weighted rooted trees embedded
in R2 .
Proof. Clearly, if DF ((T, t0 , w), (S, s0 , u)) = 0, then (T, t0 , w) = (S, s0 , u).
It is also obvious that the function DF is symmetric.
We are going to prove the triangle inequality for DF . Let (T, t0 , w), (S, s0 , u), (R, r0 , v) be
weighted rooted trees. There exist a coupling C between e(T ) and e(S) (resp. C ′ between
e(S) and e(R)) such that
DF ((T, t0 , w), (S, s0 , u)) = max{dF (ĽTa , ĽSb ) | (a, b) ∈ C}
(resp.

′
DF ((S, s0 , u), (R, r0 , v)) = max{dF (ĽSb , ĽR
c ) | (b, c) ∈ C }).

Deﬁne C ′′ = C ◦ C ′ . Then
′′
DF ((T, t0 , w), (R, r0 , v)) ≤ max{dF (ĽTa , ĽR
c ) | (a, c) ∈ C }.
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There exists (a′ , c′ ) ∈ C ′′ such that DF ((T, t0 , w), (R, r0 , v)) = dF (ĽTa′ , ĽR
c′ ).
′
′
′
Then there exists b ∈ e(S) such that (a , b) ∈ C, (b, c ) ∈ C . We conclude that
T
S
S
T
DF ((T, t0 , w), (R, r0 , v)) = dF (ĽTa′ , ĽR
c′ ) ≤ dF (Ľa′ , Ľb ) + dF (Ľb , Ľa′ ) ≤
′
′
≤ max{dF (ĽTa , ĽSb′ ) | (a, b′ ) ∈ C} + max{dF (ĽSb′ , ĽR
c ) | (b , c) ∈ C } ≤
≤ DF ((T, t0 , w), (S, s0 , u)).

The deﬁnition of the distance between weighted rooted trees allows us to deﬁne the
distance between rooted trees. One should simply put w ≡ 1. Note that, as in the case of
curves, the distance between rooted trees is estimated by the Hausdorﬀ distance from below.
Remark that, given a tree T , one can regard arbitrary its point as a root. This allows for
modifying the Fréchet distance as follows
D̃F ((T, w), (S, u)) = inf{DF ((T, t0 , w), (S, s0 , u)) | t0 ∈ T, s0 ∈ S}.
Theorem 2. The function D̃F ((T, w), (S, u)) is a symmetric on the set of weighted trees.
Proof. Clearly, D̃F ((T, w), (S, u)) ≥ 0 for all weighted trees (T, w) and (S, u). Suppose now
that D̃F ((T, w), (S, u)) = 0. Given r > 0 and a ∈ e(T ), there exists b(r) ∈ e(S) such that
r-neighborhood of ĽTa (with respect to the Fréchet metric) contains ĽSb(r) . Compactness of S
implies that ĽTa = ĽSb , for some b ∈ e(S). Therefore, T ⊂ S and u|T = w. One can similarly
prove that S ⊂ T and w|S = u, whence the equality follows.
The symmetry of D̃F (i.e., property (2) from the deﬁnition of symmetric) is obvious.
The following example demonstrates that, in general, the function D̃F is not a metric,
i.e. it does not satisfy the triangle inequality.
Example 1. We suppose that the weights on the trees under considerations are identically
1 and, for the sake of simplicity, we drop the notation for the weight.
Let
T = {(x, y) ∈ R2 | y = r|x| − 1, |y| ≤ 1}, S = {(0, y) | |y| ≤ 1}, R = {(x, −y) | (x, y) ∈ T }
(we suppose here that r > 0 is small enough).
Then, clearly, if we regard (0, −1) as the root in T and S, we obtain
D̃F (S, T ) ≤ DF ((S, (0, −1)), (T, (0, −1))) ≤ r.
One can similarly show that also D̃F (S, R) ≤ r. However, simple geometric considerations
allow us for demonstrating that, for any choice of roots t0 and r0 in T and R respectively
and any matching C ⊂ e(T ) × e(R), there exists (t, r) ∈ C such that the Fréchet distance
between [t0 , t] and [r0 , r] is at least 1. Therefore D̃(T, S) ≥ 1 and, if r < 1/2, we obtain
D̃F (T, R) ≥ 1 > 2r ≥ D̃F (S, T ) + D̃F (S, R),
which contradicts the triangle inequality.
A polygonal tree in R2 is a tree which is a ﬁnite union of linear segments.
The following is an easy consequence of properties of the distance dF .
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Proposition 1. The set of all polygonal trees is dense (with respect to the metric DF ) in
the space of all trees.
Remark 1. From the deﬁnition it easily follows that the distance DF coincides with the
Fréchet distance dF on the set of oriented curves. Here, every oriented curve γ : [0, 1] → X
can be considered as a rooted tree with the root γ(0).
Remark 2. Like in the case of curves, the topology induced by the metric DF does not
coincide with the topology induced by the Hausdorﬀ metric dH . This easily follows from the
above remark.
Let Tn denote the set of trees T with #e(T ) ≤ n. Again, in order to simplify the exposition
we assume that the weight is identically 1 and drop the notation for the weight.
Proposition 2. The set Tn is closed in the set of all trees, for every n ≥ 1.
Proof. Let (T, t0 ) ∈
/ Tn . Then #e(T ) > n and there is r > 0 such that the following holds:
1. for every t ∈ e(T ), d(t, t0 ) > r,
2. for every t, t′ ∈ e(T ), t ̸= t′ , d(t, t′ ) > r.
Let (S, s0 ) be a tree such that DF ((T, t0 ), (S, s0 )) < r/2. Then There exists a coupling
C ⊂ e(T ) × e(S) such that
DF ((T, t0 ), (S, s0 )) = max{dF (LTa , LSb ) | (a, b) ∈ C}.
For any a ∈ e(T ) there exists b = b(a) ∈ e(S) such that (a, b(a)) ∈ C. Because of choice
of r, b(a) ̸= b(a′ ) whenever a ̸= a′ . Therefore, #e(S) ≥ #e(T ) > n. We conclude that the
complement of the set Tn is open in the set of all trees.
4. Concluding remarks. Note that there is a non-monotonic version of the Fréchet distance. Using the procedure as described at the beginning of Section one can deﬁne a
version of the Fréchet distance.
In connection to Theorem 2 an open problem is to ﬁnd a suitable metric on the set of
(non-rooted) trees. This seems to be important for comparing skeletons of (planar) domains
as they usually do not possess naturally deﬁned roots.
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