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In the separable Hilbert space, we discuss the eigenvalue problem for a rank one singular
nonselfadjoint perturbation of a selfadjoint operator A, by nonsymmetric potential (§; # d3)

in the form A = A+« (-,01) 62. We give the constructive description of such sort operator A
which possess two new points in the point spectrum in case of weakly singular perturbations.

1. Introduction. There are many publications (see [1]-[5] and references) devoted to the
constructive description and investigations of spectral properties of the formal expression
—A+ ad(r — ), where A = % is the Laplace operator perturbed by d(x — xz¢)-potential
concentrated at the point zg € R and a € R is a coupling constant.

The formal expression —A + ad(z — o) has more precise sense of a singular self-adjoint
perturbation ([1]-[5], [7]-[10], [18, 19]) in the form —A := —A + a(-,8(z — 20))0(z — ),
where a € RU oo, §(z — x9) € H_p := Wy *(R?) is a negative Sobolev space corresponding
to WZ(R') and (-, ) is the dot product for W2(R') and W, 2(R'). The operator —A acts as
follows:

—Af = —f"+ af(z0)d(x — o), (1)
for f € D(A) = {f € W3(R) NWF(R\ {zo}) | f(wo+) = f'(w0-) = af(z0)} ([L, 5)).
In this article we consider some generalization of expression (1) in the form:
—Af==Af+af(@1)d(x—x3), T F#x2 a€C, (2)
D(A) = {f e WER \ {21}) | fla14) = flar=), f'(w2t) = f(22=) = af(x1)}.

In particular,
D(=A") = {f € Wa(R) NWFR'\ {z2}) | f(za+) = flaa=), ['(@14) = ['(w1-) = af (22)}.

If x; = x5 and a € R, then we obtain usual well-known case (1). Thus, we will investigate
and study the construction and spectral properties of rank one singular perturbation of the
form

A:A+OZ<‘,W1>W2, W1, Ws EH_l\H, (3)
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where A = A* is a self-adjoint operator in the Hilbert space H, H_; is the space from the
A-scale of spaces (see bellow) and a € C U oo.

Expecting spectral properties of the operator —A in (2) (also of A in (3)) are different
from —A in (1) because A is a non self-adjoint operator in (3). But many standard facts of the
singular perturbation theory of self-adjoint operators ([5, 14]) and their spectral properties
have also corresponding analogies for expressions (2) and (3).

If wy = wy and @ € RU {oo} in (3), then we obtain usual theory of the self-adjoint
singular perturbations ([5, 6, 14]). Hence, we obtain some natural generalization of the
singular perturbation theory, considering expressions of form (3).

Our investigations have nontrivial intersection with a general considerations presented
in [16]. In [16] authors considered a general object — the relation and its all proper extensions
instead of one Hermitian operator. We also observe the special interest to such operators
in [15]. In our investigations we meet really the pair of symmetric operators with defect
indices (1,1) both, and we consider only some class of non symmetric extensions. Presented
investigations have partially joint ideas from [8], where perturbed normal operators were
considered. The wave operators corresponding to (3) in case wy,wy € H were actively
investigated in [11]. Closely to (2) related results ([18, 19]) are devoted to the non-local
spectral problems (but in the case of self-adjoint perturbations).

The question: under what condition the Schrodinger operators have a point spectrum
immersed in the continuous one, is difficult from a physical point of view. The study of this
case is particularly unpromising, because there are good physical reasons to expect that such
eigenvalues should not exist ([20]). However, there are known examples of J. von Neumann
(1929) describing Hamiltonian perturbed by free smooth potentials such that a perturbed
operator becomes coherent states inside the continuous spectrum. The main considerations
for these cases mainly focused on how to avoid appearance of eigenvalues embedded in
the continuous spectrum, as this creates difficulties in the scattering theory. But paper [3]
contains the description of an unexpected example: rank one singularly perturbed self-adjoint
operator possesses two new eigenvalues such that one of them is immersed in a continuous
spectrum of the unperturbed (given) operator ([21]).

Since the study of singular perturbation operators is extended to perturbations by non-
symmetric potentials [9], you should expect also an associated pair of eigenvalues by rank
one singularly perturbed non-symmetric potentials. In general, the paper is devoted to the
description of an associated pair in our non-symmetric case.

There is a following advantage of approach ([3]): the proposed construction in [3] provides
that the rank one singularly perturbed self-adjoint operator A=A+ a(-,w)w possesses two
new points in the point spectrum A, u € Jp(fl), iLe. Aoy = Ay, A‘Pu = [up,, such that
€ p(A) and XA € o.(A). Due to the construction we must choose arbitrary p € p(A),
o\ € H\D(A) and calculate A and ¢,,. Really, if we start to choose ¢, so we can guarantee
countable set of eigenvalues immersed in o.(A) that is not so unexpected.

In fact, we investigate the inverse eigenvalue problem for perturbations of non-symmetric
potentials. Namely, we present perturbation (3) which solves the eigenvalue problem for
the dual pair: A, € C, such that Apy = gy, fl(pu = [y, Ay = Mo, fl*@bﬁ = [y,
(A= ) (A= ) pn, ¥5) = (oa,93) # 0.

Let us remark that if 4, A € R, then we obtain the case closely related to the self-adjoint
one ([3]). But in a such case we can get a dual pair of eigenvalues with different eigenvectors
corresponding to A and A*.

For realization of our ideas we use the mathematical tools from [9]. The tools in the case
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of self-adjoint operator (A = A*) were used in [2].

2. Preliminaries. Let A = A* be a self-adjoint unbounded operator defined on DomA =
D(A) in a separable Hilbert space H with the inner product (-, -) and the norm || -||. Denote
by o(-), 0,(+), 0c(-), p(+) spectrum, point spectrum, continuous spectrum and regular points
of corresponding operator.

Definition 1 ([9]). The linear closed operator A # A densely defined in H is call singular-
singular perturbation ((s,s)-perturbation) of A if the sets

D={feDA)NDA) | Af = Af}, (4)
D, ={f€D(A)NDA") | Af = A" f} (5)

both are dense in H. We denote A € P, ,(A).

Let us note that A is a non self-adjoint operator in general.

It is clear that for each operator A € Pss(A), there exists a pair of densely defined
restricted symmetric operators A:=A D and A, := A | D, with nontrivial deficiency
indices n*(A) = dim ker(A F 2)* # 0, and n*(A,) = dim ker(A, F 2)* # 0, z € p(A). In
this article we suppose that n*(A) = n*(A,) = 1, i.e. we discuss the case A € PLL(A).

If ® = ®, and A = A*, then we obtain usual abstract definition of the singularly
perturbed self-adjoint operators ([5, 14]) Ae Ps(A), i.e. Definition 1 generalizes the known
definition of the singular self-adjoint perturbation on the case of non self-adjoint one.

By {Hi(A)}rer: we denote the associated A-scale of Hilbert spaces ([5]), where the space
Hy = Hi(A) = D(JA|*?), k > 1 with the norm [|p||x = [|(|A] + I)*/?¢]|| (and I stands for
the identity) ¢ € Hy(A) and H_; := H_x(A) is a negative (dual) space i.e. the completion
of H in the norm || f||_x = [|(|A| +I)7*/2f||, f € H. Let (-,-) be a dual dot product between
the spaces Hy and H_j. For the next consideration, really, we take only k =1, 2.

The operator A can be continued on H 1 and it is understanding as the bounded operator
from H,yq into H_;. (Analogously A can be continued on H and understanding as the
bounded operator from H on the whole H_5.) We denote this continuation by A. Therefore,
the expression (p,w) for w = A1 has the sense with ¢, € Hy;. And R, = (A — 2)7},
z € p(A) is the corresponding resolvent.

Since the vectors wy,ws in (3) can belong to H_x \ H_—1), k = 0,1, 2, then we distinguish
different arts of (especially regular) perturbation. For this reason we denote P, ,(A), where
each index of the couple {z,y} can possess one of the symbol ”ss, ws, r”, that means ”strong
singular” and "weakly singular” and "regular” vector of perturbation. The symbol ”s” is
reserved for one of two cases — ”strong singular” and ”weakly singular” perturbation. After
previous description we give a definition.

Definition 2. If for the sets D and D, in (4) and (5) we have

dm(HoeD)=0, dm(H,16D)=1(=n#0),
dm(Hoe9,)=0, dim(H;109,)=1(=m#0),

then the perturbation is called "weakly-weakly” singular, i.e. (ws, ws)-singular of rank one-
one (i.e. (1,1)) and is denoted by A € PL! (A) and for rank (n,m): (A € Pm™ (A)).

WS, WS ws,ws
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If for the sets D and D, in (4) and (5) we have

dim(H, ©D.) =0, dim(Hi0D.) =1 (=m#£0),

then the perturbation is called ”strong-strong” singular, i.e. (ss, ss)-singular of rank one-one

(i.e. (1,1)) and is denoted by A € PLL (A) and for rank (n,m): (A € P%™(A)).

58,88 58,88

If for the sets D and D, in (4) and (5) we have
dm(He®)=1(=n#0), dm(HeD,) =1 (=m#0),

then the perturbation is called "regular-regular”, i.e. (r,r)-perturbation of rank one-one (i.e.
(1,1)) and is denoted by A € P};}(A) and for rank (n,m): (A € P"(A)).

Of course, there may be mixed cases. Perturbations of mixed type (ss, ws), (ss,r), (ws,r),
i.e. Pssws(A), Pssr(A) and Pys,(A), as also cases n > 1, m > 1 in this publication are not
considered.

Here we consider only the case ”weakly-weakly” singular perturbation of rank one-one,
i.e. we investigate the spectral properties of the operator A € Pi’iws(A). Another types
of perturbation will be considered in the next publications, since another cases need some
special methods.

Let us consider in A-scale an operator V such that (V) C H,; and R(V) C H_y. In

our case V = a(-,w)wy (compare with (3)). We define the operator A 4+ V as the sum
(A+V)p:=(Ap+Vy), peDA+V):={peD(V)|Ap+Vpe H},

shortly Af = (Af + alf,w)ws) | H, f € Hi1. Below without loss of understanding we
usually write A instead of A and R, instead of R,.

Let us present the particular definition of A € PL!  (A), which follows directly from
Definitions 1 and 2.

Definition 3 ([7]). The operator A is called a rank one non-symmetric weakly singular
perturbation of a self-adjoint operator A in a separable Hilbert space H, if for n, = A~ lw;,
such that wy € H_ 1 \ H, or wy € H_1 \ H, wy # wo:

O(0) = {v=¢+m | 9 e D), b=

(A90>771>
<A1/2772’ A1/2771)

in the case (AY2n,, AY?n;) # —1; and
D(A?) =Dy, +H{en}t, Dy, = {p € D(A) | (Ap,m) = 0} (6)
in the case (AY2n,, AY/?n;) = —1; and the action is defined by the rule: A“**2¢) = Agp.

3. The description and spectral properties of the rank one singular non-sym-
metric perturbations. We remark that if A € Pusws(A) then for the adjoint operator we
have A* € Pysws(A)..

Proposition 1. Each operator A € PLL, (A) (Definitions 1 and 2 or 3) admits the repre-
sentation in the form

A:A+O[<',u)1>w27 (7>
with « € CU {oo} and wy,we € H_1 \ H.
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The next theorem describes the rank one singular non-symmetric perturbations by the
resolvent form of corresponding operator.

Theorem 1 ([9]). For the resolvents R, = (A—z)"" and R, = (A—z)~' of operators A = A*

and A € PLL,.(A) in the separable Hilbert space H one can write the like M. Krein formula
for z,£,¢ € p(A) N p(A) )
R. =R, + bz(a né)mza (8)
with
n.=(A=&A—2)"ng, me=(A-)(A-2)""mg, (9)
where n,,m, € H,1 \ Hyo and
bt = bt = (€= 2)(mg,nz). (10)

The vectors n,, m, and the number b, are connected with wy,w, from (7) as follows
n, = szly m, = sz27 _bz_l = a_l + <CU2, R2w1>7
where o # 0.

We can include the case a = 0 into consideration, since if a = 0, one can put b, = 0 and
have RZ =R,.

Possibly b, = oo, and it is so if and only if z € 0,(A), but (8) is also valid for such case.

The continuous spectrum o.(A) of the operator A under the finite rank perturbations is
unchangeable i.e. 0.(A) = 0.(A), A € PIMA), n < oo.

Theorem 2. Let A € Peaws(A) be given in the form (8) with (9) and (10) possess a new

eigenvalue \ € C in compare with A i.e. there exists A € o,(A), X\ & o,(A), then for
corresponding eigenvectors o, 1: Ap = Ap and A*) = \ the following relations hold

(3‘_2) (SpaTLZ) = 17 Y= (A_Z)(A_A_)_lmz; (11)
— Dby m) =1, = (A—2)(A— ) 'n (12)

b,
(3 — 2)b.
Proof. Using the equality Ap = Ay i.e. R.p+ b.(p,nz)m, = ﬁ(p, we get

(A= 2)b=(pmz) (A = 2) (A= A) e = ¢

that gives (11). ) )
Analogously considering A*y) = A\) we can prove (12). O

Analogously to Theorem 2 where A is given by (8) we have the next corollary where A
is given by (7).
Corollary 1. Let A € P5! .(A) possesses new eigenvalue A € C in compare with A and

eigenvectors o and 1 i.e. Ap = \p and A*) = Mo, then relations (11) and (12) in terms of
w1, wy have a form:
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We will call the formulation of Theorem 2 as direct spectral problem, one can consider
the inverse problem in the next theorem.

Theorem 3. For a given self-adjoint operator A = A* in a separable Hilbert space H and
A € C and vectors p,1 € Hy1 \ Hya, such that (A — N)g,¢) # 0, there exists unique
A € Pyl (A) such that Ap = Ap and A*p = \ip.

The operator A is defined by (8) as follows

Rz == Rz + b2<’7 n2>mZ> (15>

with
m,=(A=MNA-2)", n:=A-NA-2)"" (16)

and
bz_l = (/\ - Z)((p7n2>7 (Bz_l = (/_\ - 2)(7,0,7712)) . (17)

Theorems 1-3 in case of the self-adjoint perturbed operator A = A* are proved in 2, 10].

4. Dual pair of eigenvalues. Since A € P51 (A) in general is non self-adjoint operator

ws,ws

then the definition of dual pair of eigenvalues is different from [3].

Definition 4. The couple of numbers A, i € C is called a dual pair of eigenvalues of singu-
larly perturbed operator A € Py}, (A), if
Apx = dpx, Apy, = o, As = M,
A*wﬂ = ,awa ()\ - ﬂ)((A - M>7190>n wi) = (90>\7¢X) 7& 0.

The next theorem describes the method of construction of the dual pair.

Theorem 4. Let A = A* be a self-adjoint operator defined on ©(A) in a separable Hilbert
space H. For an arbitrary fixed u € p(A) and vectors wx,1x € Hy1 \ Hyo, such that
(px,¥5) # 0, there exists an unique non-symmetric singularly perturbed operator A €

Praws(A), such that (p, \) is dual pair, where \ := [i + % is an eigenvalue with

the eigenvector ¢, = (A — \)(A — p)Lpn.

The operator A* € Praws(A) has eigenvectors v5, vz = (A — X)(A — ;.

If the operator A is given in the form A = A + a(-,wi)wsy, then it has the coupling

constant @ = ——L— (or & = —~—-—) with corresponding vectors
(paw1)

(wXWJQ)

(¥, 9x) (©r ¥5)
A = p)x, pa) (A = p)px, ¥3)

Proof. We start with the proof of Theorem 4. For an arbitrary u € p(A) and ¢ = @) €
Hi1 \D(A), ¥ =15 € Hit \ D(A) we put

or, w1 = (A—p)y —

W = (A= pmer— 1 vx (18)

(o, ¥3)

A= A ) o)

(19)
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In Theorem 3 there exists an unique operator A € PL! (A), such that Ay = Ap, and

ws,ws

A*yp5 = A5, given by resolvent form (8): R, = R, + b.(-,nz)m., with (16) and (17):
1
()‘ - Z)((pv n%) '

The factor (A — 2) in the denominator of the last expression shows that A is an eigenvalue.
The second eigenvalue can be obtained from the fact that the second factor in the de-
nominator can be equals zero

0= (¢,nz) = (¢r, (W5 + (2= N)(A—2)""¥y),

where from Theorem 3 n; = (A—\)(A—2)"%5. Hence, (py,¥5) = (A—2)((A—2) Loy, 1y)
and we obtain (19). Replacing z on p in (20) we obtain ¢, = m, = (A — X\)(A — p) ex.
Particularly, ¢y L ;.

Analogously using (A* — 2)~' = R, + b.(-,m.)nz for the operator A* € Prisws(A), we

obtain A*p5 = Aps and fl*wﬂ = . O]

=(A-N"TA-2)ox, = (A-N)TH(A-2) ey, b= (20)

For the real dual pair A, u € R we have the following corollary from Theorem 4.

Corollary 2. Let A = A* > 0 be a positive self-adjoint operator defined on D(A) in a
separable Hilbert space ‘H such that o(A) = o.(A) = [0,00). For an arbitrary number u < 0
and vectors py, V5 € Hi1\ Mz such that (oy,15) # 0, there exists an unique non-symmetric
singular perturbation of rank one A € PL! (A) such that has dual pair (u,)\), where

ws,ws

A=+ % are its eigenvalues with eigenvector py and ¢, = (A — N\)(A — p) Loy,

The operator A* € Py, ,(A) has the same eigenvalues with eigenvectors v and v, =

(A —N)(A — p)y. In particular A € (0, 00).
5. Examples.

Example 1. Let H = Ls([1,00),dz) and A be the multiplication operator of the indepen-
dent variable z, i.e. Af(z) = xf(z), f € D(A), where D(A) := {f(z) € Lo | zf(x) € Lg}

Obv1ously,A> 1 and D(A) = 0(A) = [1,00). Let us put 0 = p ¢ o(A) and ¢ = = 273,
¢ - w)\ =T 13 » Ps w € H+1 - L2([ ) xd$) Thus7 H+2 = LZ([laoO)a 2d$> and %w §é

Ho, then
_ [Tdr 1 1 _ [Tdr 1
(30,1/1)—/1 s (A=p) wﬁ)—/l =3

o
Hence, A = 2 € o(A); and

3 3

3\ 4-1 -1
- (A_§>A = Y= (A__> V= 8/3
And from (16) it follows that

_ o r=3/2 1 _ N 1, r—=3/2 1
=(A-NA-2)T o= ————m m=(A-N)A=2) T = ——
and from (17) we have: b, = (A — 2) "} (o, nz) ™ = (2 — 2) 7 (pr, )71, where

o0

1x—3/21d (3_1)1(1_)+<3_1>+3
(92, 72¢) 23 p—z xl/3 v 223 22 . & 222 ) 4y

1
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Hence, (15) has form

(A—2)'= L +@(H$—W21 )x—W21

x—2z 253 ) x—z A3
Furthermore,

x 1/2 1 2r —3 x /2 1  2x-3

T T 1 35 T 258 2T AR 1324 22t

* 1 2z—-3 * 1 -3 1 2z -3
<*‘“7“0:/1 mmdfﬁzwhwﬁ:/l mmd@“:ﬁ/l g dr=1/4

Taking into account (13), (14), we deduce o = — <%1wl> = —4.

Example 2. Let H = Ly(R!, dz) and A plays the role of the Laplace operator, namely
Af(z) = —f"(z), D(A) = WZ(R!) is a Sobolev space. The operator A > 0 has purely
continuous spectrum i.e. o(A) = o.(A) = [0, 00).

Let us put ¢y = e”*7 ! and ¢, = e 1**! 1 = —1 (we consider the case A,z € R and
A, it € p(A)). For calculating A we need (i, 1)) = [, e”1* e l*Hldy = 3e2. Using [1], we
deduce

1 z ,—x+1 r>1
A+ 1) ::t/m_e—w—ﬂe—h—ld _Jge , ”
( ) e R 2 ! %?ﬁ*, <1, 21)
and consequently ((A+ 1)y, ¥) = L2e72 Hence, A = =% < 0, a = —-5e?. And from
(18) we have ([21])
12 12
wi = 0_1(x) — 13° e Wy =64 (2) - 1—367"3*1‘.

Example 3. We slightly modify the previous example. Namely, we leave H = Lo(R!, dx)
and the operator Af(z) = —f"(x), D(A) = W2(R'), but choose vy = e~ *~! and ¢, = e 17,
i = —1 (we also consider the case A\, € R, but A € 0(A), p € p(A)). To calculate A we
need

(x, ) = / e~le=temlel gy = 2¢71
R

Using (21) we have ((A+1)"'py, ¥) = Ze7h. Hence A=4£>0,a=—12e And from (18)
we have ([21]) wy = do(z) — Ee71*!, wy = 044 (z) — Sem 71,

We can interpret expression (2) for applications as ”d-interaction with a retarding” if
1 < x9 that has a physical sense in the deviating differential models. With this connection,
the case r; > x5 we can understand as a "ahead potential”.

The operators (3) appear in the delay differential equations i.e. equations with retarded
potentials, equations that has functions with deviating (linearly transformed) argument (see
a general theory in [13, 17]).

The presented methods in the paper permit us to consider the corresponding Sturm-
Liouville type equations.
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