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We have generalized some criteria of boundedness of L-index in joint variables for analytic
functions in the unit ball, where L : Bn → Rn

+ is a continuous vector-function, Bn is the unit
ball in Cn. One of propositions gives an estimate of the coefficients of power series expansions
by a dominating homogeneous polynomial for analytic functions in the unit ball. Also we
provide growth estimates of these functions. They describe the behavior of maximum modulus
of analytic function on a skeleton in a polydisc by behavior of the function L.

Most of our results are based on polydisc exhaustion of the unit ball. Nevertheless, we have
generalized criteria of boundedness of L-index in joint variables which describe local behavior
of partial derivatives on sphere in Cn. The proposition uses a ball exhaustion.

An analog of Hayman’s theorem is applied to investigation of boundedness of L-index in
joint variables for analytic solutions in the unit ball of some linear higher-order systems of
PDE’s. There were found sufficient conditions providing the boundedness. Growth estimates of
analytic solutions in the unit ball are also obtained.

1. Introduction. The most important classes of analytic functions of several variables are
analytic functions in the polydisc and analytic functions in the unit ball. In our investigations,
we develop theory of functions of bounded index for these classes ( [1, 2, 12–14]). A concept
of bounded index is very flexible to investigate properties of analytic solutions of ordinary
and partial differential equations and its systems ([7]).

The paper is a continuation of our investigations from [1, 2]. There was introduced
a concept of analytic function of bounded L-index in joint variables in a ball in Cn. We obtai-
ned some criteria of L-index boundedness in joint variables. They describe local behavior of
partial derivatives and maximum modulus of analytic functions in the unit ball. They are
generalizations of corresponding theorems which are known for entire functions of several
variables ([9, 10,29]).

In [2], we announced a possibility of application of Hayman’s theorem to linear higher-
order system of PDE’s whose coefficients are analytic functions in the unit ball. There was
presented an application scheme to a special system. Now, we consider a more general system
of PDE’s. Besides, some asymptotic estimates for the class are deduced. They describe growth
of the logarithm of the maximum modulus of an analytic function on the skeleton of a polydisc
via the behavior of some continuous vector function L : Cn → Rn

+.
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The main method of our investigations uses a polydisc exhaustion of the unit ball. It
is very convenient for the concept of bounded L-index in joint variables and functions of
several variables. Nevertheless, a ball exhaustion seems to be a more natural approach for
analytic function in the unit ball than a polydisc exhaustion. Thus, we also have established
some results about local behavior of partial derivatives for functions of this class which are
based on Cauchy’s integral formula for a ball.

There is another approach to introduce a concept of bounded index in Cn and Bn. It uses
a slice function. These functions are called functions of bounded L-index in direction. They
are considered in [3, 5, 6, 8, 16].

In view of results from [18,19] it is not difficult to prove that for every analytic function F
in the unit ball with bounded multiplicities there exists a continuous function L : Cn → R+

such that F is of bounded L-index in joint variables. Thus, the class of analytic function in
the unit ball of bounded L-index in joint variables is very wide.

2. Main definitions and notations. We need some standard notations. Denote

R+ = [0,+∞), 0 = (0, . . . , 0) ∈ Rn
+, 1 = (1, . . . , 1) ∈ Rn

+,

1j = (0, . . . , 0, 1︸︷︷︸
j−th place

, 0, . . . , 0) ∈ Rn
+, R = (r1, . . . , rn) ∈ Rn

+,

z = (z1, . . . , zn) ∈ Cn, |z| =

√√√√ n∑
j=1

|zj|2.

For A = (a1, . . . , an) ∈ Rn, B = (b1, . . . , bn) ∈ Rn we will use formal notations without violati-
on of the existence of these expressions AB = (a1b1, · · · , anbn), A/B = (a1/b1, . . . , an/bn),
AB = ab11 a

b2
2 · . . . · abnn , ∥A∥ = a1 + · · · + an, and the notation A < B means that aj < bj,

j ∈ {1, . . . , n}; the relation A ≤ B is defined similarly. For K = (k1, . . . , kn) ∈ Zn
+ denote

K! = k1! · . . . · kn!. Addition, scalar multiplication, and conjugation are defined on Cn

componentwise. For z ∈ Cn and w ∈ Cn we define

⟨z, w⟩ = z1w1 + · · ·+ znwn,

where wk is the complex conjugate of wk. The polydisc {z ∈ Cn : |zj−z0j | < rj, j = 1, . . . , n}
is denoted by Dn(z0, R), its skeleton {z ∈ Cn : |zj − z0j | = rj, j = 1, . . . , n} is denoted by
Tn(z0, R), and the closed polydisc {z ∈ Cn : |zj − z0j | ≤ rj, j = 1, . . . , n} is denoted by
Dn[z0, R], Dn = Dn(0,1), D = {z ∈ C : |z| < 1}. The open ball {z ∈ Cn : |z − z0| < r} is
denoted by Bn(z0, r), its boundary is a sphere Sn(z0, r) = {z ∈ Cn : |z − z0| = r}, the closed
ball {z ∈ Cn : |z−z0| ≤ r} is denoted by Bn[z0, r], Bn = Bn(0, 1), D = B1 = {z ∈ C : |z| < 1}.

For K = (k1, . . . , kn) ∈ Zn
+ and the partial derivatives of an analytic function F (z) =

F (z1, . . . , zn) in Bn we use the notation

F (K)(z) =
∂∥K∥F

∂zK
=

∂k1+···+knf

∂zk11 . . . ∂zknn
.

Let L(z) = (l1(z), . . . , ln(z)), where lj(z) : Bn → R+ is a continuous function such that

(∀z ∈ Bn) : lj(z) > β/(1− |z|), j ∈ {1, . . . , n}, (1)

where β >
√
n is a some constant.
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S. N. Strochyk, M. M. Sheremeta, V. O. Kushnir ([25,35,36]) imposed a similar condition
for a function l : D → R+ and l : G → R+, where G is an arbitrary domain in C.

An analytic function F : Bn → C is said ( [1, 2]) to be of bounded L-index (in joint
variables), if there exists n0 ∈ Z+ such that for all z ∈ Bn and for all J ∈ Zn

+

|F (J)(z)|
J !LJ(z)

≤ max

{
|F (K)(z)|
K!LK(z)

: K ∈ Zn
+, ∥K∥ ≤ n0

}
. (2)

The least such integer n0 is called the L-index in joint variables of the function F and is
denoted by N(F,L,Bn). There are many papers about entire functions of several variables
of bounded index ([21,22,24,27–29]) and of bounded L-index in joint variables ([5,9–11,17]).

By Q(Bn) we denote the class of functions L, satisfying (1) and the following condition

(∀R ∈ Rn
+, |R| ≤ β, j ∈ {1, . . . , n}) : 0 < λ1,j(R) ≤ λ2,j(R) < ∞, (3)

where

λ1,j(R) = inf
z0∈Bn

inf

{
lj(z)

lj(z0)
: z ∈ Dn

[
z0, R/L(z0)

]}
, (4)

λ2,j(R) = sup
z0∈Bn

sup

{
lj(z)

lj(z0)
: z ∈ Dn

[
z0, R/L(z0)

]}
. (5)

Λ1(R) = (λ1,1(R), . . . , λ1,n(R)), Λ2(R) = (λ2,1(R), . . . , λ2,n(R)). (6)

It is not difficult to verify that the class Q(Bn) can be defined as following

for every j∈{1, . . . , n} sup
z,w∈Bn

{
lj(z)

lj(w)
: |zk − wk| ≤

rk
min{lk(z), lk(w)}

, k ∈ {1, . . . , n}
}
<∞,

(7)
i. e. conditions (3) and (7) are equivalent (see a definition of a similar class for Cn in [6]).

We also need the following assertions. They are generalizations of corresponding proposi-
tions for entire functions of bounded L-index in direction [3, 16] and of bounded L-index in
joint variables ([10,17]) and of bounded index ([23]).

Theorem 1 ([2]). Let L ∈ Q(Bn). An analytic function F in Bn has bounded L-index in
joint variables if and only if there exist p ∈ Z+ and c ∈ R+ such that for each z ∈ Bn

max

{
|F (J)(z)|
LJ(z)

: ∥J∥ = p+ 1

}
≤ c ·max

{
|F (K)(z)|
LK(z)

: ∥K∥ ≤ p

}
. (8)

Theorem 2 ( [2]). Let L ∈ Qn, F : Bn → C be an analytic function. If there exist R′,
R′′ ∈ Rn

+, 0 < R′ < R′′, |R′′| < β and p1 = p1(R
′, R′′) ≥ 1 such that for every z0 ∈ Cn

inequality

max

{
|F (z)| : z ∈ Tn

(
z0,

R′′

L(z0)

)}
≤ p1 max

{
|F (z)| : z ∈ Tn

(
z0,

R′

L(z0)

)}
(9)

holds then the function F is of bounded L-index in joint variables.
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3. Properties of power series expansion of analytic functions in the unit ball.
Let z0 ∈ Bn. We develop an analytic function F : Bn → C in the power series written in
a diagonal form

F (z) =
∞∑
k=0

pk(z − z0) =
∞∑
k=0

∑
∥J∥=k

bJ(z − z0)J , (10)

where pk are homogeneous polynomials of k-th degree, bJ = F (J)(z0)
J !

. A polynomial pk0 , k0 ∈
Z+, is called a dominating polynomial in the power series expansion (10) on Tn(z0, R) if for
every z ∈ Tn(z0, R) the next inequality holds:∣∣∣∣ ∑

k ̸=k0

pk(z − z0)

∣∣∣∣ ≤ 1

2
max{|bJ |RJ : ∥J∥ = k0}.

Recently, Theorems 3 and 4 were obtained for entire functions ([11]) and for analytic function
in a bidisc ([14]). Now we deduce these propositions for analytic functions in the unit ball.

Theorem 3. Let L ∈ Q(Bn). If an analytic function F in Bn has bounded L-index in joint
variables then there exists p ∈ Z+ that for all d ∈ (0; β√

n
] there exists η(d) ∈ (0; d) such that

for each z0 ∈ Bn and some r = r(d, z0) ∈ (η(d), d), k0 = k0(d, z0) ≤ p the polynomial pk0 is
a dominating polynomial in the series (10) on Tn(z0, r1

L(z0)
).

Proof. Let F be an analytic function of bounded L-index in joint variables with N =
N(F,L,Bn) < +∞ and n0 be the L-index in joint variables at a point z0 ∈ D2, i.e. n0

is the least number, for which inequality (2) holds at the point z0. Then for each z0 ∈ Bn

n0 ≤ N .
We put

a∗J =
|bJ |

LJ(z0)
=

|F (J)(z0)|
J !LJ(z0)

,

ak = max{a∗J : ∥J∥ = k}, c = 2{(N + n+ 1)!(n+ 1)! + (N + 1)CN
n+N−1}.

Let d ∈ (0; β√
n
] be an arbitrary number. We also denote rm = d

(d+1)cm
, µm = max{akrkm : k ∈

Z+}, sm = min{k : akrkm = µm} for m ∈ Z+.
Since z0 ∈ Bn is a fixed point the inequality a∗K ≤ max{a∗J : ∥J∥ ≤ n0} is valid for all

K ∈ Zn
+. Then ak ≤ an0 for all k ∈ Z+. Hence, for all k > n0, in view of r0 < 1, we have

akr
k
0 < an0r

n0
0 . This implies s0 ≤ n0. Since crm = rm−1, we obtain that for each k > sm−1

(rm−1 < 1)

asm−1r
sm−1
m = asm−1r

sm−1

m−1 c
−sm−1 ≥ akr

k
m−1c

−sm−1 = akr
k
mc

k−sm−1 ≥ cakr
k
m. (11)

It yields that sm ≤ sm−1 for all m ∈ N. Thus, we can rewrite

µ0 = max{akrk0 : k ≤ n0}, µm = max{akrkm : k ≤ sm−1}, m ∈ N.

Let us introduce additional notations for m ∈ N

µ∗
0 = max

{
akr

k
0 : s0 ̸= k ≤ n0

}
, s∗0 = min{k : k ̸= s0, akr

k
0 = µ∗

0},
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µ∗
m = max{akrkm : sm ̸= k ≤ sm−1}, s∗m = min{k : k ̸= sm, akr

k
m = µ∗

m}.

We will show that there exists m0 ∈ Z+ such that

µ∗
m0

µm0

≤ 1

c
. (12)

Suppose that for all m ∈ Z+ the next inequality holds

µ∗
m

µm

>
1

c
. (13)

If s∗m < sm (s∗m ̸= sm in view of definition) then we have

as∗mr
s∗m
m+1 =

as∗mr
s∗m
m

cs∗m
=

µ∗
m

cs∗m
>

µm

cs∗m+1
=

asmr
sm
m

cs∗m+1
=

asmr
sm
m+1

cs∗m+1−sm
≥ asmr

sm
m+1.

Besides, for every k > s∗m, k ̸= sm, (i. e., k − 1 ≥ s∗m) it can be deduced similarly that

as∗mr
s∗m
m+1 =

as∗mr
s∗m
m

cs∗m
≥ akr

k
m

cs∗m
≥ akr

k
m

ck−1
= cakr

k
m+1.

Hence, as∗mr
s∗m
m+1 > akr

k
m+1 for all k > s∗m. Then

sm+1 ≤ s∗m ≤ sm − 1. (14)

On the contrary, if sm < s∗m ≤ sm−1, then the equality sm+1 = sm may holds. Indeed, by
definition sm+1 ≤ sm. It means that the specified equality is possible. But if sm+1 < sm then
sm+1 ≤ sm − 1 (they are natural numbers!). Hence, we obtain (14).

Thus, the inequalities s∗m+1 ≤ sm and s∗m ̸= sm+1 imply that s∗m+1 < sm+1. As above
instead of (14) we have

sm+2 ≤ s∗m+1 ≤ sm+1 − 1 = sm − 1.

Therefore, if for all m ∈ Z+ (13) holds, then for every m ∈ Z+ either sm+2 ≤ sm+1 ≤
sm − 1 or sm+2 ≤ sm − 1 holds, that is sm+2 ≤ sm − 1, because sm+2 ≤ sm+1. It follows that

sm≤sm−2 − 1 ≤ . . . ≤ sm−2[m/2] − [m/2] ≤ s0 − [m/2] ≤ n0 − [m/2] ≤ N − [m/2].

In other words, sm < 0 for m > 2N + 1, which is impossible. Therefore, there exists m0 ≤
2N +1 such that (12) holds. We put r = rm0 , η(d) =

d
(d+1)c2(N+1) , p = N and k0 = sm0 . Then

for all ∥J∥ ̸= k0 = sm0 in Tn(z0, r1
L(z0)

), in view (11) and (12) we obtain

|bJ ||(z − z0)J | = a∗Jr
∥J∥ ≤ a∥J∥r

∥J∥ ≤ 1

c
asm0

r
sm0
m0 =

1

c
ak0r

k0 .

Thus, for z ∈ Tn(z0, r1
L(z0)

)∣∣∣∣∣∣
∑

∥J∦=k0

bJ(z − z0)J

∣∣∣∣∣∣ ≤
∑

∥J∦=k0

a∗jr
∥J∥ ≤

∞∑
k=0,
k ̸=k0

akC
k
n+k−1r

k =
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=

sm0−1∑
k=0,

k ̸=sm0

akC
k
n+k−1r

k +
∞∑

k=sm0−1+1

akC
k
n+k−1r

k. (15)

We will estimate two sums in (15). From (12) it follows that µ∗
m0

≤ 1
c
µm0 or max{akrkm0

: k ̸=
sm0 , k ≤ sm0−1} ≤ 1

c
max{akrkm0

: k ̸= sm0 , k ≤ sm0−1}, i. e. akrk ≤ 1
c
ak0r

k0 . Taking into
account (14), it can be deduced that

sm0−1∑
k=0,

k ̸=sm0

akC
k
n+k−1r

k ≤ ak0r
k0

c

N∑
k=0

Ck
n+k−1 ≤

ak0r
k0

c
(N + 1)CN

n+N−1. (16)

For all k ≥ sm0−1 + 1 akr
k
m0−1 ≤ µm0−1 holds. Then akr

k
m0

=
akr

k
m0−1

ck
≤ µm0−1

ck
. In view of

(12) we deduce

∞∑
k=sm0−1+1

akC
k
n+k−1r

k ≤ µm0−1

∞∑
k=sm0−1+1

Ck
n+k−1

1

ck
≤

≤ asm0−1r
sm0−1
m0 csm0−1

∑
k=sm0−1+1

(k + 1)(k + 2) . . . (k + n)
1

ck
≤

≤
asm0

rsm0

c
csm0−1

( ∞∑
k=sm0−1+1

xk+n

)(n)
∣∣∣∣∣
x=1

c

=
ak0r

k0

c
csm0−1

{
xsm0−1+n+1

1−x

}(n)
∣∣∣∣∣
x= 1

c

=

=
ak0r

k0

c
csm0−1

n∑
j=0

Cj
n(n− j)!(sm0−1 + n+ 1) . . . (sm0−1 + n− j + 2)×

× xsm0−1+1+n−j

(1− x)n−j+1

∣∣∣∣
x= 1

c

≤ ak0r
k0

c
csm0−1n!(N + n+ 1)!

n∑
j=0

(1/c)sm0−1+1+n−j

(1− 1/c)n−j+1
=

= n!(N + n+ 1)!
ak0r

k0

c

n∑
j=0

1

(c− 1)n−j+1
≤ (n+ 1)!(N + n+ 1)!

ak0r
k0

c
, (17)

because c ≥ 2. Hence, from (15)–(17) it follows that∣∣∣∣∣∣
∑

∥J∥≠k0

bJ(z − z0)J

∣∣∣∣∣∣≤ ((N + 1)CN
n+N−1 + (n+ 1)!(N + n+ 1)!)ak0r

k0

c
≤ 1

2
ak0r

k0 .

It means that the polynomial Pk0 is the dominating polynomial in the series (10) on skeleton
Tn(z0, r1

L(z0)
).

Theorem 4. Let L ∈ Q(Bn). If there exist p ∈ Z+, d ∈ (0; 1], η ∈ (0; d) such that for each
z0 ∈ Bn and some R = (r1, . . . , rn) with rj = rj(d, z

0) ∈ (η, d), j ∈ {1, . . . , n}, and certain
k0 = k0(d, z0) ≤ p the polynomial pk0 is the dominating polynomial in the series (10) on
T2(z0, R/L(z0)) then the analytic in Bn function F has bounded L-index in joint variables.

Proof. Suppose that there exist p ∈ Z+, d ≤ 1 and η ∈ (0; d) such that for each z0 ∈ Bn and
some R = (r1, . . . , rn) with rj = rj(d, z

0) ∈ (η, d), j ∈ {1, . . . , n}, and k0 = k0(1, z
0) ≤ p the



ANALYTIC FUNCTIONS IN A UNIT BALL OF BOUNDED L-INDEX 43

polynomial Pk0 is a dominating polynomial in the series (10) on Tn(z0, R
L(z0)

). Let us denote
r0 = max1≤j≤n rj. Then∣∣∣∣∣∣

∑
∥J∥≠k0

bJ(z − z0)J

∣∣∣∣∣∣ =
∣∣∣∣∣∣F (z)−

∑
∥J∥=k0

bJ(z − z0)J

∣∣∣∣∣∣ ≤ ak0r
k0
0

2
.

Using Cauchy’s inequality we have |bJ(z − z0)J | = a∗jR
J ≤ ak0r

k0
0

2
for all J ∈ Zn

+, ∥J∥ ̸= k0,
that is for all ∥J∥ = k ̸= k0

akR
J ≤ ak0r

k0
0

2
. (18)

Suppose that F is not a function of bounded L-index in joint variables. Then in view of
Theorem 1 for all p1 ∈ Z+ and c ≥ 1 there exists z0 ∈ Bn such that the next inequality

max

{
|F (J)(z0)|
LJ(z0)

: ∥J∥ = p1 + 1

}
> cmax

{
|F (K)(z0)|
LK(z0)

: ∥K∥ ≤ p1

}
holds. We put p1 = p and c =

(
(p+1)!
ηp+1

)n
. Then for this z0(p1, c)

max

{
|F (J)(z0)|
J !LJ(|z0|)

: ∥J∥ = p+ 1

}
>

1

ηp+1
max{ |F (K)(z0)|

K!LK(|z0|)
: ∥K∥ ≤ p},

that is ap+1 >
ak0
ηp+1 . Hence, ap+1r

p+1
0 >

ak0r
p+1
0

ηp+1 ≥ ak0r
k0 . The last inequality contradicts (18).

Therefore, F is of bounded L-index in joint variables.

4. Properties of Q(Bn). Here we study some properties of the auxiliary class Q(Bn). Similar
propositions for Cn are established in [15].

Theorem 5. Let L(z) = (l1(z), . . . , ln(z)), lj : Bn → C and ∂lj
∂zm

be continuous functions in
Bn, for all j, m ∈ {1, 2, . . . , n}. If for every j ∈ {1, 2, . . . , n} |lj(z)| satisfies (1) and there
exist P > 0 and c > 0 such that for all z ∈ Bn and every j,m ∈ {1, 2, . . . , n}

1

c+ |lj(z)|

∣∣∣∣∂lj(z)∂zm

∣∣∣∣ ≤ P (19)

then L∗ ∈ Q(Bn), where L∗(z) = (c+ |l1(z)|, . . . , c+ |ln(z)|).

Proof. Clearly, the function L∗(z) is positive and continuous. For given z ∈ Bn, z0 ∈ Bn we
define an analytic curve φ : [0, 1] → Bn

φj(τ) = z0j + τ(zj − z0j ), j ∈ {1, 2, . . . , n},

where τ ∈ [0, 1]. It is known that for every continuously differentiable function g of real
variable τ the inequality d

dt
|g(τ)| ≤ |g′(τ)| holds except the points where g(τ) = 0. Using

assymptions of this lemma, we establish the upper estimate of λ2,j(z0, R) :

λ2,j(z0, R) = sup

{
c+ |lj(z)|
c+ |lj(z0)|

: z ∈ Dn

[
z0,

R

L∗(z0)

]}
=
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= sup
z∈Dn

[
z0, R

L∗(z0)

]{exp{ln(c+ |lj(z)|)− ln(c+ |lj(z0)|)
}}

=

=sup

{
exp

{∫ 1

0

d(c+ |lj(φ(τ))|)
c+ |lj(φ(τ))|

}
: z ∈ Dn

[
z0,

R

L∗(z0)

]}
≤

≤ sup
z∈Dn

[
z0, R

L∗(z0)

]
{
exp

{∫ 1

0

n∑
m=1

|φ′
m(τ)|

c+ |lj(φ(τ))|

∣∣∣∣∂lj(φ(τ))∂zm

∣∣∣∣ dτ
}}

≤

≤ sup
z∈Dn

[
z0, R

L∗(z0)

]
{
exp

{∫ 1

0

n∑
m=1

P |zm − z0m|dτ

}}
≤

≤ sup
z∈Dn

[
z0, R

L∗(z0)

]
{
exp

{
n∑

m=1

Prj
c+ |lm(z0)|

}}
≤ exp

(
P

c

n∑
m=1

rj

)
.

Hence, for all

R ≥ 0 λ2,j(R) = sup
z0∈Bn

λ2,j(z
0, η) ≤ exp

(
P

c

n∑
m=1

rj

)
< ∞.

Using the inequality d
dt
|g(t)| ≥ −|g′(t)| it can be proved that for every η ≥ 0 one has

λ1,j(R) ≥ exp
(
−P

c

∑n
m=1 rj

)
> 0. Therefore, L∗ ∈ Q(Bn).

Particularly, if L(z) = (l1(R), . . . , ln(R)), R = (|z1|, . . . , |zn|), for every j ∈ {1, . . . , n}
the function lj(R) is positive continuously differentiable and |∇ ln lj(R)| ≤ P for all |R| < 1
then L ∈ Q(Bn), where

∇lj(R) =
(∂lj(R)

∂r1
, . . . ,

∂lj(R)

rn

)
.

At first we prove the following lemma.

Lemma 1. If L ∈ Q(Bn) then for every j ∈ {1, . . . , n} and for every fixed z∗ ∈ Bn |zj|lj(z∗+
zj1j) → ∞ as |z∗ + zj1j| → 1− 0.

Proof. In view of (1) we have lj(z
∗ + zj1j) ≥ β

1−|z∗+zj1j | → +∞ as |z∗ + zj1j| → 1− 0.

5. Estimates of growth of analytic functions in ball. Denote

[0, 2π]n = [0, 2π]× · · · × [0, 2π]︸ ︷︷ ︸
n−th times

.

For R = (r1, . . . , rn) ∈ Rn
+, Θ = (θ1, . . . , θn) ∈ [0, 2π]n, A = (a1, . . . , an) ∈ Cn we write

ReiΘ = (r1e
iθ1 , . . . , rne

iθn), argA = (arg a1, . . . , arg an).

By K(Bn) we denote the class of positive continuous functions L = (l1, . . . , ln), where
lj : Bn → R+ satisfy (1) and there exists c ≥ 1 such that for every R ∈ Rn

+ with |R| < 1 and
j ∈ {1, . . . , n}

max
Θ1,Θ2∈[0,2π]n

lj(ReiΘ2)

lj(ReiΘ1)
≤ c.
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If L(z) = (l1(|z1|, . . . , |zn|), . . . , ln(|z1|, . . . , |zn|)) then L ∈ K(Bn). It is easy to prove that
|ez |+1
1−|z| ∈ Q(D) \K(D), but ee

|z|

1−|z| ∈ K(D) \Q(D). Besides, if L1,L2 ∈ K(Bn) then L1 + L2 ∈
K(Bn) and L1L2 ∈ K(Bn). For simplicity, let us to write M(F,R) = max{|F (z)| : z ∈
Tn(0, R)}, where |R| < 1. Denote β = ( β

c
√
n
, . . . , β

c
√
n
).

Theorem 6. Let L ∈ Q(Bn)∩K(Bn), β > c
√
n. If an analytic function F in Bn has bounded

L-index in joint variables, then

lnM(F,R)=O

(
min
σn∈Sn

min
Θ∈[0,2π]n

n∑
j=1

∫ rj

0

lj(R(j, σn, t)e
iΘ)dt

)
as |R| → 1− 0, (20)

where σn is a permutation of {1, . . . , n}, Sn is a set of all permutations of {1, . . . , n},

R(j, σn, t)= (r′1, . . . , r
′
n), r′k=


r0k, if σn(k) < j,

t, if k = j,

rk, if σn(k) > j,

k ∈ {1, . . . , n},

R0 = (r01, . . . , r
0
n) is a fixed radius.

Proof. Let R > 0, |R| < 1, Θ ∈ [0, 2π]n and the point z∗ ∈ Tn(0, R+ β
L(ReiΘ)

) be a such that

|F (z∗)| = max

{
|F (z)| : z ∈ Tn

(
0, R +

β

L(ReiΘ)

)}
.

Denote z0 = z∗R
R+β/L(ReiΘ)

. Then

|z0j − z∗j | =

∣∣∣∣∣ z∗j rj

rj +
β

c
√
nlj(ReiΘ)

− z∗j

∣∣∣∣∣ =
∣∣∣∣∣z∗jβ/(c

√
nlj(ReiΘ))

rj +
β

c
√
nlj(ReiΘ)

∣∣∣∣∣ = β

c
√
nlj(ReiΘ)

,

L(z0)=L

(
z∗R

R + β/L(ReiΘ)

)
=L

(
(R + β/L(ReiΘ))ei arg z

∗
R

R + β/L(ReiΘ)

)
=L(Rei arg z

∗
).

Since L ∈ K(Bn) we have that cL(z0) = cL(Rei arg z
∗
) ≥ L(ReiΘ) ≥ 1

c
L(z0). We consider two

skeletons Tn(z0, 1
L(z0)

) and Tn(z0, β
L(z0)

). By Theorem 2 there exists p1 = p1(
1
c
, cβ) ≥ 1 such

that (9) holds with R′ = 1
c
, R′′ = cβ, i.e.

max

{
|F (z)| : z∈Tn

(
0, R +

β

L(ReiΘ)

)}
= |F (z∗)| ≤

≤ max

{
|F (z)| : z∈Tn

(
z0,

β

L(ReiΘ)

)}
≤ max

{
|F (z)| : z ∈ Tn

(
z0,

cβ

L(z0)

)}
≤

≤ p1 max

{
|F (z)| : z ∈ Tn

(
z0,

1

cL(z0)

)}
≤ p1max

{
|F (z)| : z ∈ Tn

(
0, R +

1

L(ReiΘ)

)}
.

(21)

The function ln+ max{|F (z)| : z ∈ Tn(0, R)} is a convex function of the variables ln r1, . . . ,
ln rn (see [30, p. 84]). Hence, the function admits a representation

ln+ max{|F (z)| : z ∈ Tn(0, R)} − ln+ max{|F (z)| : z ∈ Tn(0, R + (r0j − rj)1j)} =
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=

rj∫
r0j

Aj(r1, . . . , rj−1, t, rj+1, . . . , rn)

t
dt (22)

for arbitrary 0 < r0j ≤ rj, where the functions Aj(r1, . . . , rj−1, t, rj+1, . . . , rn) are positive
non-decreasing in variable t, j ∈ {1, . . . , n}.

Using (21) we deduce

ln p1 ≥ lnmax

{
|F (z)| : z ∈ Tn

(
0, R +

β

L(ReiΘ)

)}
−

− lnmax

{
|F (z)| : z ∈ Tn

(
0, R +

1

L(ReiΘ)

)}
=

=
n∑

j=1

lnmax

{
|F (z)| : z ∈ Tn

(
0, R +

1+
∑n

k=j(
β

c
√
n
− 1)1k

L(ReiΘ)

)}
−

− lnmax

{
|F (z)| : z ∈ Tn

(
0, R +

1+
∑n

k=j+1(
β

c
√
n
− 1)1k

L(ReiΘ)

)}
=

=
n∑

j=1

rj+β/(c
√
nlj(ReiΘ))∫

rj+1/lj(ReiΘ)

1

t
Aj

(
r1 +

1

l1(ReiΘ)
, . . . , rj−1 +

1

lj−1(ReiΘ)
, t,

rj+1 +
β

c
√
nlj+1(ReiΘ)

, . . . , rn +
β

c
√
nln(ReiΘ)

)
dt ≥

≥
n∑

j=1

ln

(
1 +

β
c
√
n
− 1

rjlj(ReiΘ)+1

)
Aj

(
r1+

1

l1(ReiΘ)
, . . . , rj−1+

1

lj−1(ReiΘ)
, rj,

rj+1 +
β

c
√
nlj+1(ReiΘ)

, . . . , rn +
β

c
√
nln(ReiΘ)

)
. (23)

By Lemma 1 the function rjlj(ReiΘ) → +∞ as |R| → 1 − 0. Hence, for j ∈ {1, . . . , n} and
ri ≥ r0i

ln

(
1 +

β
c
√
n
− 1

rjlj(ReiΘ) + 1

)
∼

β
c
√
n
− 1

rjlj(ReiΘ) + 1
≥

β
c
√
n
− 1

2rjlj(ReiΘ)
, |R| → 1− 0.

Thus, for every j ∈ {1, . . . , n} inequality (23) implies that

Aj

(
r1 +

1

l1(ReiΘ)
, . . . , rj−1 +

1

lj−1(ReiΘ)
, rj, rj+1 +

β

c
√
nli+1(ReiΘ)

, . . . ,

rn +
β

c
√
nln(ReiΘ)

)
≤ 2 ln p1

β
c
√
n
− 1

rjlj(ReiΘ).

Let R0 = (r01, . . . , r
0
n), where every r0j is chosen above. Applying (22) n-th times we obtain

consequently

lnmax{|F (z)| : z ∈ Tn(0, R)} =
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= lnmax{|F (z)| : z ∈ Tn(0, R + (r01 − r1)11)}+
∫ r1

r01

A1(t, r2, . . . , rn)

t
dt =

= lnmax{|F (z)| : z ∈ Tn(0, R + (r01 − r1)11 + (r02 − r2)12)}+

+

∫ r1

r01

A1(t, r2, . . . , rn)

t
dt+

∫ r2

r02

A2(r
0
1, t, r3 . . . , rn)

t
dt =

=lnmax{|F (z)| : z ∈ Tn(0, R0)}+
n∑

j=1

∫ rj

r0j

Aj(r
0
1, . . . , r

0
j−1, t, rj+1, . . . , rn)

t
dt ≤

≤ lnmax{|F (z)| : z ∈ Tn(0, R0)}+

+
2 ln p1
β

c
√
n
− 1

n∑
j=1

∫ rj

r0j

lj(r
0
1e

iθ1 , . . . , r0j−1e
iθj−1 , teiθj , rj+1e

iθj+1 , . . . , rne
iθn)dt ≤

≤ lnmax{|F (z)| : z ∈ Tn(0, R0)}+

+
2 ln p1
β

c
√
n
− 1

n∑
j=1

∫ rj

0

lj(r
0
1e

iθ1 , . . . , r0j−1e
iθj−1 , teiθj , rj+1e

iθj+1 , . . . , rne
iθn)dt ≤

≤(1 + o(1))
2 ln p1
β

c
√
n
− 1

n∑
j=1

∫ rj

0

lj(r
0
1e

iθ1 , . . . , r0j−1e
iθj−1 , teiθj , rj+1e

iθj+1 , . . . , rne
iθn)dt.

The function lnmax{|F (z)| : z ∈ Tn(0, R)} is independent of Θ. Thus, the following estimate

lnmax{|F (z)| : z ∈ Tn(0, R)} =

=O

(
min

Θ∈[0,2π]n

n∑
j=1

∫ rj

0

lj(r
0
1e

iθ1 , . . . , r0j−1e
iθj−1 , teiθj , rj+1e

iθj+1 , . . . , rne
iθn)dt

)
,

holds as |R| → 1−0. Obviously, the similar equality can be proved for arbitrary permutation
σn of the set {1, 2, . . . , n}. Thus, estimate (20) holds. Theorem 6 is proved.

Corollary 1. If L ∈ Q(Bn)∩K(Bn), min
Θ∈[0,2π]n

lj(ReiΘ) is non-decreasing in each variable rk,

k, j ∈ {1, . . . , n}, k ̸= j, analytic function F in Bn has bounded L-index in joint variables
then

lnmax{|F (z)| : z ∈ Tn(0, R)} = O

(
min

Θ∈[0,2π]n

n∑
j=1

∫ rj

0

lj(R
(j)eiΘ)dt

)
as |R| → 1− 0, where R(j) = (r1, . . . , rj−1, t, rj+1, . . . , rn).

Note that Theorem 6 is new even for n = 1 (see Theorem 3.3 in [35]) because we replace
the condition l = l(|z|) by the condition l ∈ K(D), i.e. there exists c > 0 such that for every
r ∈ (0, 1) max

θ1,θ2∈[0,2π]

l(reiθ2 )

l(reiθ1 )
≤ c. Particularly, the following proposition is valid.

Corollary 2. If l ∈ Q ∩K and an analytic function f in D has bounded l-index then

lnmax{|f(z)| : |z| = r} = O

(
min

θ∈[0,2π]

∫ r

0

l(teiΘ)dt

)
as r → 1− 0.

Let us denote a+ = max{a, 0}, uj(t) = uj(t, R,Θ) = lj(
tR
r∗
eiΘ), where a ∈ R, t ∈ R+,

j ∈ {1, . . . , n}, r∗ = max1≤j≤n rj ̸= 0 and t
r∗
|R| < 1.
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Theorem 7. Let L(ReiΘ) be a positive continuously differentiable function in each variable
rk, k ∈ {1, . . . , n}, |R| < 1, Θ ∈ [0, 2π]n. If the function L satisfies (1) and an analytic
function F in Bn has bounded L-index N = N(F,L) in joint variables then for every Θ ∈
[0, 2π]n and for every R ∈ Rn

+, |R| < 1, and S ∈ Zn
+

lnmax

{
|F (S)(ReiΘ)|
S!LS(ReiΘ)

: ∥S∥ ≤ N

}
≤ lnmax

{
|F (S)(0)|
S!LS(0)

: ∥S∥ ≤ N

}
+

+

∫ r∗

0

(
max
∥S∥≤N

{
n∑

j=1

rj
r∗
(kj + 1)lj

( τ

r∗
ReiΘ

)}
+ max

∥S∥≤N

{
n∑

j=1

kj(−u′
j(τ))

+

lj
(

τ
r∗
ReiΘ

) }) dτ. (24)

Proof. Let R ∈ R \ {0}, Θ ∈ [0, 2π]n. Denote αj =
rj
r∗
, j ∈ {1, . . . , n} and A = (α1, . . . , αn).

We consider the function

g(t) = max

{
|F (S)(AteiΘ)|
S!LS(AteiΘ)

: ∥S∥ ≤ N

}
, (25)

where At = (α1t, . . . , αnt), Ate
iΘ = (α1te

iθ1 , . . . , αnte
iθn).

Since the function |F (S)(AteiΘ)|
K!LK(AteiΘ)

is continuously differentiable by real t ∈ [0,+∞), outside
the zero set of the function |F (S)(AteiΘ)|, the function g(t) is a continuously differentiable
function on [0, r∗

|R|), except, perhaps, for a countable set of points.
Therefore, using the inequality d

dr
|g(r)| ≤ |g′(r)| which holds except for the points r = t

such that g(t) = 0, we deduce

d

dt

(
|F (S)(AteiΘ)|
S!LS(AteiΘ)

)
=

1

S!LS(AteiΘ)

d

dt
|F (S)(AteiΘ)|+

+|F (S)(AteiΘ)| d
dt

1

S!LS(AteiΘ)
≤ 1

S!LS(AteiΘ)

∣∣∣∣∣
n∑

j=1

F (S+1j)(AteiΘ)αje
iθj

∣∣∣∣∣−
−|F

(S)(AteiΘ)|
S!LS(AteiΘ)

n∑
j=1

kju
′
j(t)

lj(AteiΘ)
≤

n∑
j=1

|F (S+1j)(AteiΘ)|
(S+1j)!LS+1j(AteiΘ)

αj(kj+1)lj(Ate
iΘ)+

+
|F (S)(AteiΘ)|
S!LS(AteiΘ)

n∑
j=1

kj(−u′
j(t))

+

lj(AteiΘ)
. (26)

For absolutely continuous functions h1, h2, . . . , hk and h(x) := max{hj(z) : 1 ≤ j ≤ k},
h′(x) ≤ max{h′

j(x) : 1 ≤ j ≤ k}, x ∈ [a, b] (see [35, Lemma 4.1, p. 81]). The function g is
absolutely continuous, therefore, from (26) it follows that

g′(t) ≤ max

{
d

dt

(
|F (S)(AteiΘ)|
S!LS(AteiΘ)

)
: ∥S∥ ≤ N

}
≤

≤ max
∥S∥≤N

{
n∑

j=1

αj(sj + 1)lj(Ate
iΘ)|F (S+1j)(AteiΘ)|

(K + 1j)!LK+1j(AteiΘ)
+

|F (S)(AteiΘ)|
S!LS(AteiΘ)

n∑
j=1

sj(−u′
j(t))

+

lj(AteiΘ)

}
≤

≤ g(t)

(
max
∥S∥≤N

{
n∑

j=1

αj(sj + 1)lj(Ate
iΘ)

}
+ max

∥S∥≤N

{
n∑

j=1

sj(−u′
j(t))

+

lj(AteiΘ)

})
= g(t)(β(t) + γ(t)),
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where

β(t) = max
∥S∥≤N

{
n∑

j=1

αj(sj + 1)lj(Ate
iΘ)

}
, γ(t) = max

∥S∥≤N

{
n∑

j=1

sj(−u′
j(t))

+

lj(AteiΘ)

}
.

Thus, d
dt
ln g(t) ≤ β(t) + γ(t) and

g(t) ≤ g(0) exp

∫ t

0

(β(τ) + γ(τ))dτ, (27)

because g(0) ̸= 0. But r∗A = R. Substituting t = r∗ in (27) and taking into account (25),
we deduce

lnmax

{
|F (S)(ReiΘ)|
S!LS(ReiΘ)

: ∥S∥ ≤ N

}
≤ lnmax

{
|F (S)(0)|
S!LS(0)

: ∥S∥ ≤ N

}
+

+

∫ r∗

0

(
max
∥S∥≤N

{
n∑

j=1

αj(sj + 1)lj(Aτe
iΘ)

}
+ max

∥S∥≤N

{
n∑

j=1

sj(−u′
j(τ))

+

lj(AτeiΘ)

})
dτ,

i.e. (24) is proved.

Theorem 8. Let L(ReiΘ) be a positive continuously differentiable function in each variable
rk, k ∈ {1, . . . , n}, |R| < 1, Θ ∈ [0, 2π]n. If the function L satisfies (1) and an analytic
function F in Bn has bounded L-index N = N(F,L) in joint variables and there exists
C > 0 such that the function L satisfies inequalities

sup
|R|<1

max
t∈[0,r∗]

max
Θ∈[0,2π]n

max
1≤j≤n

(−(uj(t, R,Θ))′t)
+

rj
r∗
l2j (

t
r∗
ReiΘ)

≤ C, (28)

then
lim

|R|→1−0

lnmax{|F (z) : z ∈ Tn(0, R)}
max

Θ∈[0,2π]n

∫ 1

0
⟨R,L (τReiΘ)⟩dτ

≤ (C + 1)N + 1. (29)

Proof. By Lemma 3 if L satisfies (1) then

max
Θ∈[0,2π]n

∫ 1

0

⟨
R,L

(
τReiΘ

)⟩
dτ → +∞ as |R| → 1− 0. (30)

Denote β̃(t) =
∑n

j=1 αjlj(Ate
iΘ). If, in addition, (28) holds then for some S∗, ∥S∗∥ ≤ N

and S̃, ∥S̃∥ ≤ N,

γ(t)

β̃(t)
=

∑n
j=1

s∗j (−u′
j(t))

+

lj(AteiΘ)∑n
j=1 αjlj(AteiΘ)

≤
n∑

j=1

s∗j
(−u′

j(t))
+

αjl2j (Ate
iΘ)

≤
n∑

j=1

s∗j · C ≤ NC,

β(t)

β̃(t)
=

∑n
j=1 αj(s̃j + 1)lj(Ate

iΘ)∑n
j=1 αjlj(AteiΘ)

= 1 +

∑n
j=1 αj s̃jlj(Ate

iΘ)∑n
j=1 αjlj(AteiΘ)

≤ 1 +
n∑

j=1

s̃j ≤ 1 +N.

But |F (AteiΘ)| ≤ g(t) ≤ g(0) exp
∫ t

0
(β(τ) + γ(τ))dτ and r∗A = R. Putting t = r∗ and

taking into account (30), we obtain

lnmax{|F (z) : z ∈ Tn(0, R)} = ln max
Θ∈[0,2π]n

|F (ReiΘ)| ≤ ln max
Θ∈[0,2π]n

g(r∗) ≤
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≤ ln g(0) + max
Θ∈[0,2π]n

∫ r∗

0

(β(τ) + γ(τ))dτ ≤ ln g(0) + (NC +N + 1) max
Θ∈[0,2π]n

∫ r∗

0

β̃(τ)dτ =

= ln g(0) + (NC +N + 1) max
Θ∈[0,2π]n

∫ r∗

0

n∑
j=1

αjlj(Aτe
iΘ)dτ =

= ln g(0) + (NC +N + 1) max
Θ∈[0,2π]n

∫ r∗

0

n∑
j=1

rj
r∗
lj

( τ

r∗
ReiΘ

)
dτ =

= ln g(0) + (NC +N + 1) max
Θ∈[0,2π]n

∫ 1

0

n∑
j=1

rjlj(τReiΘ)dτ.

Thus, we conclude that (29) holds.

Theorem 9. Let L(ReiΘ) be a positive continuously differentiable function in each variable
rk, k ∈ {1, . . . , n}, |R| < 1, Θ ∈ [0, 2π]n. If the function L satisfies (1) and an analytic
function F in Bn has bounded L-index N = N(F,L) in joint variables and

r∗(−(uj(t, R,Θ))′t=r∗)
+/(rjl

2
j (ReiΘ)) → 0 (31)

uniformly in all Θ ∈ [0, 2π]n, j ∈ {1, . . . , n}, as |R| → 1− 0 then

lim
|R|→1−0

lnmax{|F (z) : z ∈ Tn(0, R)}
max

Θ∈[0,2π]n

∫ 1

0
⟨R,L (τReiΘ)⟩dτ

≤ N + 1. (32)

Estimate (32) can be deduced by analogy to the proof of Theorem 8.
If L(z) = L(R) then (31) can be written in a simplified form.

Corollary 3. Let L(R) be a positive continuously differentiable function in each variable
rk, k ∈ {1, . . . , n}, |R| < 1. If the function L satisfies (1) and an analytic function F in Bn

has bounded L-index N = N(F,L) in joint variables and for every j ∈ {1, . . . , n}

⟨R,∇lj(R)⟩
rjl2j (R)

→ 0, as |R| → 1− 0

then
lim

|R|→1−0

lnmax{|F (z)| : z ∈ T n(0, R)}∫ 1

0
⟨R,L (τR)⟩dτ

≤ N + 1,

where ∇lj(R) = (
∂lj(R)

∂r1
, . . . ,

∂lj(R)

rn
).

Our main result in this section is the following

Theorem 10. Let L(R) = (l1(R), . . . , ln(R)), lj(R) be a positive continuously differentiable
non-decreasing function in each variable rk, k ∈ {1, . . . , n}, |R| < 1. If the function L
satisfies (1) and an analytic function F in Bn has bounded L-index N = N(F,L) in joint
variables then

lim
|R|→1−0

lnmax{|F (z)| : z ∈ T n(0, R)}∫ 1

0
⟨R,L (τR)⟩dτ

≤ N + 1.
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This statement is a consequence of Theorem 9, which is obtained for a more general
function L.

We will write u(r, θ) = l(reiθ). Theorem 7 implies the following proposition for n = 1.

Corollary 4. Let l(reiθ) be a positive continuously differentiable function in variable r ∈
[0, 1) for every θ ∈ [0, 2π]. If an analytic function f in D has bounded l-index N = N(f, l)

and lim
r→1−0

max
θ∈[0,2π]

(−u′
r(r,θ))

+

l2(reiΘ)
= C ≥ 0 then

lim
r→1−0

lnmax{|f(z) : |z| = r}
max

θ∈[0,2π]

∫ r

0
l (τeiθ) dτ

≤ (C + 1)N + 1. (33)

Estimate (32) is sharp. It is easy to check for these functions F (z) = exp{ 1
(1−z1)(1−z2)

},
l1(z1, z2) = 1

(1−|z1|)2(1−|z|) , l2(z1, z2) = 1
(1−|z|)(1−|z2|)2 . Hence, we have N(F,L,Bn) = 0 and

lnmax{|F (z)| : z ∈ T 2(0, R)} = 1
(1−r1)(1−r2)

.

6. Bounded L-index in joint variables in a bounded domain. By G we denote the
closure of a domain G. The following result is generalization of one-dimensional propositions
from [26,35].

Theorem 11. Let F (z) be an analytic function in Bn, G be a bounded domain in Bn,
d = infz∈G(1− |z|) > 0 and β >

√
n. If for every j ∈ {1, . . . , n} lj : Bn → R+ is a continuous

function satisfying lj(z) ≥ β
d

for all z ∈ Bn then there exists m ∈ Z+ such that for all z ∈ G
and J = (j1, j2, . . . , jn) ∈ Zn

+

|F (J)(z)|
J !LJ(z)

≤ max

{
|F (K)(z)|
K!LK(z)

: K ∈ Zn
+, ∥K∥ ≤ m

}
, (34)

where L(z) = (l1(z), . . . , ln(z)).

Proof. If F (z) ≡ 0 then (34) is obvious. Let F (z) ̸≡ 0. For every fixed z0 ∈ G |F (J)(z0)|
J !LJ (z0)

is the
modulus of a coefficient of the power series expansion of the function F (z), z ∈ Tn(z0, R0

L(z0)
),

where |R0| =
√
n. Since F (z) is analytic, for every z0 ∈ G |F (J)(z0)|

J !LJ (z0)
→ 0 as ∥J∥ → ∞, i. e.

there exists m0 = m(z0), for which inequality (34) holds.
Assume on the contrary, that the set of m0 is not uniformly bounded in z0 : supz0∈G m0 =

+∞. Hence, for every m ∈ Z+ there exist zm ∈ G and Jm ∈ Zn
+

|F (Jm)(zm)|
Jm!LJm(zm)

> max

{
|F (K)(zm)|
K!LK(zm)

: K ∈ Zn
+, ∥K∥ ≤ m

}
. (35)

Since zm ∈ G, there exists a subsequence z′m → z′ ∈ G as m → +∞. By Cauchy’s integral
formula for any J ∈ Zn

+

F (J)(z0)

J !
=

1

(2πi)n

∫
z∈Tn(z0,R)

F (z)

(z − z0)J+1
dz.

We rewrite (35) in the form

max

{
|F (K)(zm)|
K!LK(zm)

: K ∈ Zn
+, ∥K∥ ≤ m

}
≤
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≤ 1

(2π)nLJm(zm)

∫
z∈Tn(z0, R

L(zm)
)

|F (z)|
|z − zm|Jm+1

|dz| ≤ 1

RJm max{|F (z)| : z ∈ GR}, (36)

where GR =
∪

z∗∈G Dn[z∗, R
L(z∗)

], |R| ≤ β. We choose R such that rj > 1 i. e. |R| >
√
n.

Taking the limit in (36) as m → ∞ we deduce

∀K ∈ Zn
+

|F (K)(z′)|
K!LK(z′)

≤ lim
m→∞

1

RJm max{|F (z)| : z ∈ GR} = 0.

as m → +∞. Thus, all partial derivatives of the function F at point z′ equals 0. By uniqueness
theorem F (z) ≡ 0. It is impossible.

Remark 1. A similar proposition for analytic functions in Bn of bounded L-index in a
direction b ∈ Cn \{0} is valid under the additional assumption ∀z ∈ G F (z+ tb) ̸≡ 0, where
t ∈ C (see [4, 5]).

7. Exhaustion of unit ball by balls of lesser radii. Denote ℓ(z) = min1≤j≤n lj(z),
L(z) = max1≤j≤n lj(z). Obviously, that ℓ(z) ≤ L(z).

By Q′(Bn) we denote the class of functions L, which satisfy the condition

(∀r ∈ [0, β], j ∈ {1, . . . , n}) : 0 < λ1,j(r) ≤ λ2,j(r) < ∞, (37)

where

λ1,j(r) = inf
z0∈Bn

inf

{
lj(z)

lj(z0)
: z ∈ Bn

[
z0, r/ℓ(z0)

]}
, (38)

λ2,j(r) = sup
z0∈Bn

sup

{
lj(z)

lj(z0)
: z ∈ Bn

[
z0, r/ℓ(z0)

]}
. (39)

Λ1(r) = (λ1,1(r), . . . , λ1,n(r)), Λ2(r) = (λ2,1(r), . . . , λ2,n(r)). (40)

These denotations of λ1,j(r), λ2,j(r), Λ1(r), Λ2(r) are valid in this section only. In other
sections their meanings are defined in (4)–(5).

The following theorem is basic in the theory of functions of bounded index. It was
necessary to prove more efficient criteria of index boundedness which describe a behavior of
maximum modulus on a disc or a behavior of logarithmic derivative (see [3,5,25,29,32,35]).
All cited papers used a polydisc exhaustion in Cn or a disc exhaustion in C.

Theorem 12. Let L ∈ Q′(Bn). In order that an analytic function F in Bn be of bounded
L-index in joint variables it is necessary that for each r ∈ (0, β] there exist n0 ∈ Z+, p0 > 0
such that for every z0 ∈ Bn there exists K0 ∈ Zn

+, ∥K0∥ ≤ n0, satisfying

max

{
|F (K)(z)|
K!LK(z)

: ∥K∥ ≤ n0, z ∈ Bn
[
z0, r/L(z0)

]}
≤ p0

|F (K0)(z0)|
K0!LK0(z0)

(41)

and it is sufficient that for each r ∈ (0, β] there exist n0 ∈ Z+, p0 > 0 such that for every
z0 ∈ Bn there exists K0 ∈ Zn

+, ∥K0∥ ≤ n0, satisfying

max

{
|F (K)(z)|
K!LK(z)

: ∥K∥ ≤ n0, z ∈ Bn
[
z0, r/ℓ(z0)|

]}
≤ p0

|F (K0)(z0)|
K0!LK0(z0)

. (42)
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Proof. Let F be of bounded L-index in joint variables with N = N(F,L,Bn) < ∞. For every
r ∈ (0, β] we put

q = q(r) = [2(N + 1)r
√
n

n∏
j=1

(λ1,j(r))
−N(λ2,j(r))

N+1] + 1,

where [x] is integer part of the real number x, i.e. the floor function. For p ∈ {0, . . . , q} and
z0 ∈ Bn we denote

Sp(z
0, r) = max

{
|F (K)(z)|
K!LK(z)

: ∥K∥ ≤ N, z ∈ Bn

[
z0,

pr

qL(z0)

]}
,

S∗
p(z

0, r) = max

{
|F (K)(z)|
K!LK(z0)

: ∥K∥ ≤ N, z ∈ Bn

[
z0,

pr

qL(z0)

]}
.

Using (4) and Bn
[
z0, pr

qℓ(z0)

]
⊂ Bn

[
z0, r

L(z0)

]
, we have

Sp(z
0, r) =max

{
|F (K)(z)|
K!LK(z)

LK(z0)

LK(z0)
: ∥K∥ ≤N, z ∈Bn

[
z0,

pr

qL(z0)

]}
≤

≤ S∗
p(z

0, r)max

{
n∏

j=1

lNj (z
0)

lNj (z)
: z ∈ Bn

[
z0,

pr

qL(z0)

]}
≤ S∗

p(z
0, r)

n∏
j=1

(λ1,j(r))
−N .

and, using (5), we obtain

S∗
p(z

0, r) = max

{
|F (K)(z)|
K!LK(z)

LK(z)

LK(z0)
: ∥K∥ ≤ N, z ∈ Bn

[
z0,

pr

qL(z0)

]}
≤

≤max

{
|F (K)(z)|
K!LK(z)

(Λ2(r))
K : ∥K∥ ≤N, z ∈ Bn

[
z0,

pr

qL(z0)

]}
≤ Sp(z

0, r)
n∏

j=1

(λ2,j(r))
N . (43)

Let K(p) with ∥K(p)∥ ≤ N and z(p) ∈ Bn
[
z0, pr

qL(z0)

]
be such that

S∗
p(z

0, r) =
|F (K(p))(z(p))|
K(p)!LK(p)(z0)

. (44)

Since by the maximum principle z(p) ∈ Sn(z
0, pr

qL(z0)), we have z(p) ̸= z0. We choose

z̃
(p)
j = z0j +

p− 1

p
(z

(p)
j − z0j ), j ∈ {1, . . . , n}.

Then we have

|z̃(p) − z0| = p− 1

p
|z(p) − z0| = p− 1

p

pr

qL(z0)
, (45)

|z̃(p) − z(p)| = |z0 + p− 1

p
(z(p) − z0)− z(p)| = 1

p
|z0 − z(p)| = 1

p

pr

qℓ(z0)
=

r

qL(z0)
. (46)

From (45) we obtain z̃(p) ∈ Bn
[
z0, (p−1)r

qL(z0)

]
and

S∗
p−1(z

0, r) ≥ |F (K(p))(z̃(p))|
K(p)!LK(p)(z0)

.
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From (44) it follows that

0 ≤ S∗
p(z

0, r)− S∗
p−1(z

0, r) ≤ |F (K(p))(z(p))| − |F (K(p))(z̃(p))|
K(p)!LK(p)(z0)

=

=
1

K(p)!LK(p)(z0)

∫ 1

0

d

dt
|F (K(p))(z̃(p) + t(z(p) − z̃(p)))|dt ≤

≤ 1

K(p)!LK(p)(z0)

∫ 1

0

n∑
j=1

|z(p)j − z̃
(p)
j |
∣∣∣F (K(p)+1j)(z̃(p) + t(z(p) − z̃(p)))

∣∣∣ dt =
=

1

K(p)!LK(p)(z0)

n∑
j=1

|z(p)j − z̃
(p)
j |
∣∣∣F (K(p)+1j)(z̃(p) + t∗(z(p) − z̃(p)))

∣∣∣ , (47)

where 0 ≤ t∗ ≤ 1, z̃(p) + t∗(z(p) − z̃(p)) ∈ Bn(z0, pr
qL(z0)). For z ∈ Bn(z0, pr

qL(z0)) and J ∈ Zn
+,

∥J∥ ≤ N + 1 we have

|F (J)(z)|LJ(z)

J !LJ(z0)LJ(z)
≤ (Λ2(r))

J max

{
|F (K)(z)|
K!LK(z)

: ∥K∥ ≤ N

}
≤

≤
n∏

j=1

(λ2,j(r))
N+1(λ1,j(r))

−N max

{
|F (K)(z)|
K!LK(z0)

: ∥K∥ ≤ N

}
≤

≤
n∏

j=1

(λ2,j(r))
N+1(λ1,j(r))

−NS∗
p(z

0, r).

From (47) and (46) we obtain

0 ≤ S∗
p(z

0, r)− S∗
p−1(z

0, r) ≤

≤
n∏

j=1

(λ2,j(r))
N+1(λ1,j(r))

−NS∗
p(z

0, r)
n∑

j=1

(k
(p)
j + 1)lj(z

0)|z(p)j − z̃
(p)
j | =

=
n∏

j=1

(λ2,j(r))
N+1(λ1,j(r))

−NS∗
p(z

0, r)(N + 1)
n∑

j=1

lj(z
0)|z(p)j − z̃

(p)
j | ≤

≤
n∏

j=1

(λ2,j(r))
N+1(λ1,j(r))

−N(N + 1)S∗
p(z

0, R)
√
nL(z0)|z(p) − z̃(p)| =

=
n∏

j=1

(λ2,j(r))
N+1(λ1,j(r))

−N
√
n
(N + 1)r

q(r)
S∗
p(z

0, R) ≤ 1

2
S∗
p(z

0, R).

This inequality implies S∗
p(z

0, r) ≤ 2S∗
p−1(z

0, r), and in view of inequalities (43) and (44) we
have

Sp(z
0, r) ≤ 2

n∏
j=1

(λ1,j(r))
−NS∗

p−1(z
0, r) ≤ 2

n∏
j=1

(λ1,j(r))
−N(λ2,j(r))

NSp−1(z
0, r)

Therefore,

max

{
|F (K)(z)|
K!LK(z)

: ∥K∥ ≤ N, z ∈ Bn

[
z0,

pr

qL(z0)

]}
= Sq(z

0, r) ≤
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≤ 2
n∏

j=1

(λ1,j(r))
−N(λ2,j(r))

NSq−1(z
0, r) ≤ . . . ≤

(
2

n∏
j=1

(λ1,j(r))
−N(λ2,j(r))

N
)q
S0(z

0, r) =

=
(
2

n∏
j=1

(λ1,j(r))
−N(λ2,j(r))

N
)q
max

{
|F (K)(z0)|
K!LK(z0)

: ∥K∥ ≤ N

}
. (48)

From (48) we obtain inequality (41) with p0 = (2
∏n

j=1(λ1,j(r))
−N(λ2,j(r))

N)q and
some K0 with ∥K0∥ ≤ N . The necessity of condition (41) is proved.

Now we prove the sufficiency. Suppose that for every r ∈ (0, β] there exist n0 ∈ Z+,
p0 > 1 such that for all z0 ∈ Bn and some K0 ∈ Zn

+, ∥K0∥ ≤ n0, the inequality (42) holds.
We write Cauchy’s formula for a ball (see [37, p. 109] or [31, p. 349]) as following ∀z0 ∈ Bn

∀K ∈ Zn
+ ∀S ∈ Zn

+ ∀z ∈ Bn(z0, r/ℓ(z0))

F (K+S)(z)=
(n+ ∥S∥ − 1)!

(n− 1)!

∫
Sn(z0,r/ℓ(z0))

|ξ − z0|(ξ − z0)SF (K)(ξ)

(|ξ − z0|2 − ⟨z − z0, ξ − z0⟩)n+∥S∥dσ(ξ),

where dσ(ξ) is the normalized surface measure on Sn, so that σ(Sn(0, 1)) = 1. Put z = z0 :

F (K+S)(z0) =
(n+ ∥S∥ − 1)!

(n− 1)!

∫
Sn(z0,r/ℓ(z0))

(ξ − z0)SF (K)(ξ)

|ξ − z0|2(n+∥S∥)−1
dσ(ξ) (49)

Therefore, applying (42), we have

|F (K+S)(z0)| ≤ (n+ ∥S∥ − 1)!

(n− 1)!

∫
Sn(z0,r/ℓ(z0))

|(ξ − z0)S||F (K)(ξ)|
|ξ − z0|2(n+∥S∥)−1

dσ(ξ) ≤

≤
(
ℓ(z0)

r

)2(n+∥S∥)−1
(n+∥S∥−1)!

(n−1)!

∫
Sn(z0,r/ℓ(z0))

|(ξ−z0)S||F (K)(ξ)|K!LK(ξ)

K!LK(ξ)
dσ(ξ)≤

≤ p0

(
ℓ(z0)

r

)2(n+∥S∥)−1
(n+ ∥S∥ − 1)!

(n− 1)!

∫
Sn(z0,r/ℓ(z0))

|(ξ − z0)S||F (K0)(z0)|K!LK(z)

K0!LK0(z0)
dσ(ξ) ≤

≤ p0

(
ℓ(z0)

r

)2(n+∥S∥)−1
(n+ ∥S∥ − 1)!

(n− 1)!

|F (K0)(z0)|K!
∏n

j=1 λ
n0
2,j(r)L

K(z0)

K0!LK0(z0)
×

×
∫

Sn(z0,r/ℓ(z0))

|(ξ − z0)S|dσ(ξ) ≤

≤ p0

(
ℓ(z0)

r

)∥S∥
(n+ ∥S∥ − 1)!

(n− 1)!

|F (K0)(z0)|K!
∏n

j=1 λ
n0
2,j(r)L

K(z0)

K0!LK0(z0)
×

×
∫

Sn(z0,r/ℓ(z0))

|(ξ − z0)S|
(r/ℓ(z0))∥S∥

dσ

(
ξ − z0

r/ℓ(z0)

)
≤

≤ p0

(
ℓ(z0)

r

)∥S∥
(n+ ∥S∥ − 1)!

(n− 1)!

|F (K0)(z0)|K!
∏n

j=1 λ
n0
2,j(r)L

K(z0)

K0!LK0(z0)
×
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×
∫

Sn(0,1)

|ξS|dσ(ξ) = p0

(
ℓ(z0)

r

)∥S∥
(n+ ∥S∥ − 1)!

(n− 1)!
×

×
|F (K0)(z0)|K!

∏n
j=1 λ

n0
2,j(r)L

K(z0)

K0!LK0(z0)

Γ(n)
∏n

j=1 Γ(sj/2 + 1)

Γ(n+ ∥S∥/2)
. (50)

This implies

|F (K+S)(z0)|
(K + S)!LK+S(z0)

≤

≤ |F (K0)(z0)|
K0!LK0(z0)

p0

(
ℓ(z0)

r

)∥S∥ K!
∏n

j=1 λ
n0
2,j(r)(n+ ∥S∥ − 1)!

∏n
j=1 Γ(sj/2 + 1)

(K + S)!Γ(n+ ∥S∥/2)LS(z0)
≤

≤ |F (K0)(z0)|
K0!LK0(z0)

p0
K!
∏n

j=1 λ
n0
2,j(r)(n+ ∥S∥ − 1)!

∏n
j=1 Γ(sj/2 + 1)

(K + S)!Γ(n+ ∥S∥/2)r∥S∥
(51)

We choose r > 1. Since ∥K∥ ≤ n0 the quantity p0K!
∏n

j=1 λ
n0
2,j(R) does not depend of S.

Then there exists n1 such that

p0K!
∏n

j=1 λ
n0
2,j(r)

r∥S∥
≤ 1 for all ∥S∥ ≥ n1. (52)

The asymptotic behavior of (n+∥S∥−1)!
∏n

j=1 Γ(sj/2+1)

(K+S)!Γ(n+∥S∥/2)r∥S∥ is more difficult as ∥S∥ → +∞. Using the
Stirling formula Γ(m+ 1) =

√
2πm

(
m
e

)m
(1 + θ

12m
), where θ = θ(m) ∈ [0, 1], we obtain

(n+ ∥S∥ − 1)!
∏n

j=1 Γ(sj/2 + 1)

(K + S)!Γ(n+ ∥S∥/2)r∥S∥
≤

(n+ ∥S∥ − 1)!
∏n

j=1 Γ(sj/2 + 1)

S!Γ(n+ ∥S∥/2)r∥S∥

=

√
2π(n+ ∥S∥ − 1)(n+∥S∥−1

e
)n+∥S∥−1

∏n
j=1

√
2πsj/2(

sj
2e
)sj/2∏n

j=1

√
2πsj(

sj
e
)sj
√
2π(n+ ∥S∥/2− 1)(n+∥S∥/2−1

e
)n+∥S∥/2−1r∥S∥

×

×
(1 + θ(n+∥S∥−1)

12(n+∥S∥−1)
)
∏n

j=1(1 +
θ(sj/2)

12sj/2
)

(1 + θ(n+∥S∥/2)
12(n+∥S∥/2))

∏n
j=1(1 +

θ(sj)

12sj
)
.

Denoting

Θ(S) =
(1 + θ(n+∥S∥−1)

12(n+∥S∥−1)
)
∏n

j=1(1 +
θ(sj/2)

12sj/2
)

(1 + θ(n+∥S∥/2)
12(n+∥S∥/2))

∏n
j=1(1 +

θ(sj)

12sj
)

and simplifying the previous inequality we deduce

(n+ ∥S∥ − 1)!
∏n

j=1 Γ(sj/2 + 1)

(K + S)!Γ(n+ ∥S∥/2)r∥S∥
≤

≤ Θ(S)
2(1−n)/2e−∥S∥/2

r∥S∥

(
n− 1 + ∥S∥
n− 1 + ∥S∥/2

)n−1+∥S∥/2

· (n− 1 + ∥S∥)∥S∥/2×

×
n∏

j=1

(
e

2sj
)sj/2 ≤ Θ(S)

2(n−1+∥S∥)/2e−∥S∥/2

r∥S∥
(n− 1 + ∥S∥)∥S∥/2

n∏
j=1

(
e

2sj
)sj/2 =
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= Θ(S)
2(n−1)/2

r∥S∥

(
1 +

n− 1

∥S∥

) ∥S∥
n−1

·n−1
2

· ∥S∥∥S∥/2
n∏

j=1

1

s
sj/2
j

≤

≤ Θ(S)(2e)(n−1)/2

(
1

r

n∏
j=1

(
∥S∥
sj

) sj
2∥S∥
)∥S∥

, sj → ∞. (53)

Denote xj = ∥S∥
sj

∈ (1,+∞), x = (x1, . . . , xn). Obviously, Θ(S) → 1 as sj → ∞, j ∈
{1, . . . , n}. Then (53) implies a constrained optimization problem

H(x) :=
n∏

j=1

x
1/(2xj)
j → max

subject to
n∑

j=1

1

xj

= 1, xj ∈ (1,+∞). (54)

If this problem has a solution, then H(x) is not greater than some H∗ and we choose r > H∗

in (53).
Let us introduce a Lagrange multiplier λ and study the Lagrange function L(x, λ) defined

by

L(x, λ) =
n∏

j=1

x
1/(2xj)
j + λ

( n∑
j=1

1

xj

− 1
)
.

A necessary condition for optimality in constrained problems yields that

∂L
∂xj

=
1− lnxj

2x2
j

n∏
k=1

x
1/(2xk)
k + λ(− 1

x2
j

) = 0

or
1− lnxj

2
= λ/

n∏
k=1

x
1/(2xk)
k .

Hence, xj = exp(1− 2λ/
∏n

k=1
x
1/(2xk)
k ), i.e. x1 = x2 = . . . = xn. Constraint (54) implies that∑n

j=1
1
xj

= n
x1

= 1 or xj = n for every j ∈ {1, . . . , n}. Then H(x) ≤
∏n

j=1 n
1/(2n) =

√
n.

We choose r ≥
√
n. For this r we have 1

r

∏n
j=1

(
∥S∥
sj

) sj
2∥S∥ ≤ 1. In view of (53) it means

that there exist n2 such that

(n+ ∥S∥ − 1)!
∏n

j=1 Γ(sj/2 + 1)

(K + S)!Γ(n+ ∥S∥/2)r∥S∥
≤ 1 (55)

for all ∥S∥ ≥ n2.

The asymptotic behavior of right part (51) in other cases S can be investigated similarly.
Taking into account (51), (52) and (55) we have that for all ∥S∥ ≥ n1 + n2

|F (K+S)(z0)|
(K + S)!LS+K(z0)

≤ |F (K0)(z0)|
K0!LK0(z0)

.
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This means that for every J ∈ Zn
+

|F (J)(z0)|
J !LJ(z0)

≤ max

{
|F (K)(z0)|
K!LK(z0)

: ∥K∥ ≤ n0 + n1 + n2

}
where n0, n1, n2 are independent of z0. Therefore, the function F has bounded L-index in
joint variables with N(F,L,Bn) ≤ n0 + n1 + n2.

If we impose additional constraint by the function L then Theorem 12 implies the followi-
ng criterion

Theorem 13. Let L ∈ Q′(Bn) be such that supz∈Bn
L(z)
ℓ(z)

= C < ∞. An analytic function F

in Bn has bounded L-index in joint variables if and only if for each r ∈ (0, β] there exist
n0 ∈ Z+, p0 > 0 such that for every z0 ∈ Bn there exists K0 ∈ Zn

+, ∥K0∥ ≤ n0, such that
inequality (42) holds.

Proof. Sufficiency is proved in Theorem 12. As for necessity we choose q = q(R) = [2(N +
1)Cr

∏n
j=1(λ1,j(r))

−N(λ2,j(r))
N+1]+1 and replace L(z0) by ℓ(z0) in the proof of Theorem 12.

No other changes.

Theorem 14. Let L ∈ Q′(Bn). In order that an analytic function F in Bn be of bounded
L-index in joint variables it is necessary that for every r ∈ (0, β] ∃n0 ∈ Z+ ∃p ≥ 1 ∀z0 ∈ Bn

∃K0 ∈ Zn
+, ∥K0∥ ≤ n0, and

max
{
|F (K0)(z)| : z ∈ Bn

[
z0, r/L(z0)

]}
≤ p|F (K0)(z0)| (56)

and it is sufficient that for every r ∈ (0, β]

∃n0 ∈ Z+ ∃p ≥ 1 ∀z0 ∈ Bn ∀j ∈ {1, . . . , n} ∃K0
j = (0, . . . , 0, k0

j︸︷︷︸
j-th place

, 0, . . . , 0)

such that k0
j ≤ n0 and

max
{
|F (K0

j )(z)| : z ∈ Bn
[
z0, r/ℓ(z0)

]}
≤ p|F (K0

j )(z0)| ∀j ∈ {1, . . . , n}, (57)

Proof. Proof of Theorem 12 implies that the inequality (41) is true for some K0. Therefore,
we have

p0
K0!

|F (K0)(z0)|
LK0(z0)

≥ max

{
|F (K0)(z)|
K0!LK0(z)

: z ∈ Bn
[
z0, r/L(z0)

]}
=

= max

{
|F (K0)(z)|

K0!

LK0
(z0)

LK0(z0)LK0(z)
: z ∈ Bn

[
z0, r/L(z0)

]}
≥

≥ max

{
|F (K0)(z)|

K0!

∏n
j=1 (λ2,j(r))

−n0

LK0(z0)
: z ∈ Bn

[
z0, r/L(z0)

]}
.

This inequality implies

p0
∏n

j=1(λ2,j(r))
n0

K0!

|F (K0)(z0)|
LK0(z0)

≥ max

{
|F (K0)(z)|
K0!LK0(z0)

: z ∈ Bn
[
z0, r/L(z0)

]}
. (58)
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From (58) we obtain inequality (56) with p = p0
∏n

j=1 (λ2,j(r))
n0 . The necessity of condition

(56) is proved.
Now we prove the sufficiency of (57). Suppose that for every r ∈ (0, β] ∃n0 ∈ Z+, p > 1

such that ∀z0 ∈ Bn and some K0
j ∈ Zn

+ with k0
j ≤ n0 the inequality (57) holds.

F (K0
J+S)(z0)

S!
=

1

(2πi)2

∫
Tn(z0,R/L(z0))

F (K0
J )(z)

(z − z0)S+e
dz.

In view of (49) we write Cauchy’s formula as following ∀z0 ∈ Bn ∀S ∈ Zn
+

F (K0
j+S)(z0) =

(n+ ∥S∥ − 1)!

(n− 1)!

∫
Sn(z0,r/ℓ(z0))

(ξ − z0)SF (K0
j )(ξ)

|ξ − z0|2(n+∥S∥)−1
dσ(ξ)

As in (50), this yields

|F (K0
j+S)(z0)| ≤

≤ (n+ ∥S∥ − 1)!

(n− 1)!

(
ℓ(z0)

r

)2(n+∥S∥)−1

max{|F (K0
j )(z)| : z ∈ Bn

[
z0, r/ℓ(z0)

]
}×

×
∫

Sn(z0,r/ℓ(z0))

|(ξ − z0)S|dσ(ξ) ≤ (n+ ∥S∥ − 1)!

(n− 1)!

(
ℓ(z0)

r

)∥S∥

×

×max{|F (K0
j )(z)| : z ∈ Bn

[
z0, r/ℓ(z0)

]
}

∫
Sn(z0,r/ℓ(z0))

|(ξ − z0)S|
(r/ℓ(z0))∥S∥

dσ

(
ξ − z0

r/ℓ(z0)

)
≤

≤ (n+ ∥S∥ − 1)!

(n− 1)!

(
ℓ(z0)

r

)∥S∥

max{|F (K0
j )(z)| : z ∈ Bn

[
z0, r/ℓ(z0)

]
}×

×
∫

Sn(0,1)

|ξS|dσ(ξ) = (n+ ∥S∥ − 1)!

(n− 1)!

(
ℓ(z0)

r

)∥S∥

×

×max{|F (K0
j )(z)| : z ∈ Bn

[
z0, r/ℓ(z0)

]
}
Γ(n)

∏n
j=1 Γ(sj/2 + 1)

Γ(n+ ∥S∥/2)
.

Now we put r = β and use (57)

|F (K0
j+S)(z0)| ≤

(
ℓ(z0)

β

)∥S∥ (n+ ∥S∥ − 1)!
∏n

j=1 Γ(sj/2 + 1)

Γ(n+ ∥S∥/2)
×

×max{|F (K0
j )(z)| : z ∈ Bn

[
z0, β/ℓ(z0)

]
} ≤

≤ p

(
ℓ(z0)

β

)∥S∥ (n+ ∥S∥ − 1)!
∏n

j=1 Γ(sj/2 + 1)

Γ(n+ ∥S∥/2)
|F (K0

j )(z0)|. (59)

Therefore (59) implies for all j ∈ {1, . . . , n} and k0
j ≤ n0

|F (K0
j+S)(z0)|

LK0
j+S(z0)(K0

j + S)!
≤ p

K0
j !(n+ ∥S∥ − 1)!

∏n
j=1 Γ(sj/2 + 1)

β∥S∥(K0
j + S)!Γ(n+ ∥S∥/2)

|F (K0
j )(z0)|

LK0
j (z0)K0

j !
≤
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≤ pn0!
(n+ ∥S∥ − 1)!

∏n
j=1 Γ(sj/2 + 1)

β∥S∥S!Γ(n+ ∥S∥/2)
|F (K0

j )(z0)|
LK0

j (z0)K0
j !
.

In view of (55) there exists n1 such that for all ∥S∥ ≥ n1

(n+ ∥S∥ − 1)!
∏n

j=1 Γ(sj/2 + 1)

β∥S∥S!Γ(n+ ∥S∥/2)
≤ 1.

Obviously, there exists n2 such that for all ∥S∥ ≥ n2
pn0!
β∥S∥ ≤ 1. Consequently, we have

|F (K0
j+S)(z0)|

LK0
j+S(z0)(K0

j + S)!
≤ |F (K0

j )(z0)|
LK0

j (z0)K0
j !

for all ∥S∥ ≥ n1 + n2

i. e. N(F,L,Bn) ≤ n0 + n1 + n2.

Lemma 2. Let L1, L2 be positive continuous functions in Bn and for every z ∈ Bn L1(z) ≤
L2(z). If an analytic function F in Bn has bounded L1-index in joint variables then F is of
bounded L2-index in joint variables. If, in addition, for every z ∈ Bn L1(z) ≤ ℓ2(z) then
N(F,L2,Bn) ≤ N(F,L1,Bn).

Proof. Let N(F,L1,Bn) = n0. Using (2) we deduce

|F (J)(z)|
J !LJ

2 (z)
=

LJ
1 (z)

LJ
2 (z)

|F (J)(z)|
J !LJ

1 (z)
≤ LJ

1 (z)

LJ
2 (z)

max

{
|F (K)(z)|
K!LK

1 (z)
: K ∈ Zn

+, ∥K∥ ≤ n0

}
≤

≤ LJ
1 (z)

LJ
2 (z)

max

{
LK

2 (z)

LK
1 (z)

|F (K)(z)|
K!LK

2 (z)
: K ∈ Zn

+, ∥K∥ ≤ n0

}
≤

≤ max
∥K∥≤n0

(
L1(z)

L2(z)

)J−K

max

{
|F (K)(z)|
K!LK

2 (z)
: K ∈ Zn

+, ∥K∥ ≤ n0

}
. (60)

Since L1(z) ≤ L2(z) it means that for all ∥J∥ ≥ nn0

|F (J)(z)|
J !LJ

2 (z)
≤ max

{
|F (K)(z)|
K!LK

2 (z)
: K ∈ Zn

+, ∥K∥ ≤ n0

}
.

Thus, F has bounded L2-index in joint variables.
If, in addition, for every z ∈ Bn L1(z) ≤ ℓ2(z) then for all ∥J∥ ≥ n0 (60) yields

|F (J)(z)|
J !LJ

2 (z)
≤ max

∥K∥≤n0

(
L1(z)

ℓ2(z)

)∥J−K∥

max

{
|F (K)(z)|
K!LK

2 (z)
: K ∈ Zn

+, ∥K∥ ≤ n0

}
≤

≤ max

{
|F (K)(z)|
K!LK

2 (z)
: K ∈ Zn

+, ∥K∥ ≤ n0

}
and N(F,L2,Bn) ≤ N(F,L1,Bn).

Denote L̃(z) = (l̃1(z), . . . , l̃n(z)). The notation L ≍ L̃ means that there exist Θ1 =

(θ1,j, . . . , θ1,n) ∈ Rn
+, Θ2 = (θ2,j, . . . , θ2,n) ∈ Rn

+ such that ∀z ∈ Bn θ1,j l̃j(z) ≤ lj(z) ≤ θ2,j l̃j(z)
for each j ∈ {1, . . . , n}.
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Theorem 15. Let L ∈ Q′(Bn), L ≍ L̃, supz∈Bn
L(z)
ℓ(z)

= C < ∞, min1≤j≤n θ1,j >
√
n
β
. An

analytic function F in Bn has bounded L̃-index in joint variables if and only if F has bounded
L-index.

Proof. It is easy to prove that if L ∈ Q′(Bn) and L ≍ L̃ then L̃ ∈ Q′(Bn) with β′ =
βmin1≤j≤n θ1,j >

√
n instead of β in (1).

Let N(F, L̃,Bn) = ñ0 < +∞. Then by Theorem 12 for every r̃ ∈ (0, β) there exists p̃ ≥ 1

such that for each z0 ∈ Bn and some K0 with ∥K0∥ ≤ ñ0, the inequality (41) holds with L̃
and r̃ instead of L and r. Hence,

p̃

K0!

|F (K0)(z0)|
LK0(z0)

=
p̃

K0!

ΘK0

2 |F (K0)(z0)|
ΘK0

2 LK0(z0)
≥ p̃

K0!

|F (K0)(z0)|
ΘK0

2 L̃K0(z0)
≥

≥ 1

ΘK0

2

max

{
|F (K)(z)|
K!L̃K(z)

: ∥K∥ ≤ ñ0, z ∈ Bn
[
z0, r̃/L̃(z)

]}
≥

≥ 1

ΘK0

2

max

{
ΘK

1 |F (K)(z)|
K!LK(z)

: ∥K∥ ≤ ñ0, z ∈ Bn

[
z0, min

1≤j≤n
Θ1,j r̃/L(z)

]}
≥

≥
min

0≤∥K∥≤n0

{ΘK
1 }

ΘK0

2

max

{
|F (K)(z)|
K!LK(z)

: ∥K∥ ≤ ñ0, z∈Bn

[
z0, min

1≤j≤n
Θ1,j r̃/L(z)

]}
≥

≥
min

0≤∥K∥≤n0

{ΘK
1 }

ΘK0

2

max

{
|F (K)(z)|
K!LK(z)

: ∥K∥ ≤ ñ0, z∈Bn

[
z0,

r̃min1≤j≤nΘ1,j

Cℓ(z)

]}
.

In view of Theorem 12, we obtain that function F has bounded L-index.

Theorem 16. Let L ∈ Q′(Bn), a function F be analytic in Bn. If there exist r ∈ (0, β],
n0 ∈ Z+, p0 > 1 such that for each z0 ∈ Bn and for some K0 ∈ Zn

+ with ∥K0∥ ≤ n0 the
inequality (42) holds then F has bounded L-index in joint variables.

Proof. The proof of sufficiency in Theorem 12 for r = β implies that N(F,L,Bn) < +∞.

Let L∗(z) = r0L(z)
r

, ℓ∗(z) = r0ℓ(z)
r

, r0 = β and r is radius for which (42) is true. In a general
case from validity of (42) for F and L for r < β we obtain

max

{
|F (K)(z)|

K!(L∗(z))K
: ∥K∥ ≤ n0, z ∈ Bn

[
z0, r0/ℓ

∗(z0)
]}

≤

≤ max

{
|F (K)(z)|

K!(r0L(z)/r)K
: ∥K∥ ≤ n0, z ∈ Bn

[
z0, r0/(r0ℓ(z

0)/r)
]}

≤

≤ max

{
|F (K)(z)|
K!LK(z)

: ∥K∥ ≤ n0, z∈Bn
[
z0, r/ℓ(z0)

]}
≤

≤ p0
K0!

|F (K0)(z0)|
LK0(z0)

=
β∥K0∥p0
r∥K0∥K0!

|F (K0)(z)|
(r0L(z)/r)K

0 =
p0β

n0

rn0

|F (K0)(z)|
K0!(L∗(z))K0 .

i. e. (41) holds for F, L∗ and r0 = β. As above now we apply Theorem 12 to the function
F (z) and L∗(z) = r0L(z)/r. This implies that F is of bounded L∗-index in joint variables.
Therefore, by Lemma 2 the function F has bounded L-index in joint variables.

8. Boundedness of L-index in joint variables of analytic solutions of systems of
partial differential equations. Using Theorems 11 and 1 we obtain this corollary.
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Corollary 5. Let L ∈ Qn, F (z) be an analytic function in Bn, G be a bounded domain in Bn

such that d = infz∈G(1−|z|) > 0. The function F (z) is of bounded L-index in joint variables
and only if there exist p ∈ Z+ and C > 0 such that for all z ∈ Bn \ G the inequality (8)
holds.

In one-dimensional case, this corollary was obtained in [33]. It was proposed to apply
the corollary in investigation of index boundedness for entire solutions of linear higher order
differential equations ([20]).

Let us denote a+ = max{a, 0}, uj(t) = uj(t, R,Θ) = lj(
tR
r∗
eiΘ), where a ∈ R, t ∈ [0, r∗],

j ∈ {1, . . . , n}, r∗ = max1≤j≤n rj ̸= 0 that is t
r∗
|R| < 1.

Let L(ReiΘ) be a positive continuously differentiable function in each variable rk, k ∈
{1, . . . , n}, |R| < 1, Θ ∈ [0, 2π]n. By W (Bn) we denote the class of the functions L such that

r∗(−(uj(t, R,Θ))′t=r∗)
+/(rjl

2
j (ReiΘ)) → 0 (61)

uniformly in Θ ∈ [0, 2π]n, j ∈ {1, . . . , n}, as |R| → 1− 0, W := W 1.
It is easy to check that condition (61) can be replaced by the stronger restriction

⟨z,∇lj(z)⟩
|zj|l2j (z)

→ 0

as |z| → 1− 0.

Lemma 3. If L(z) = (l1(z), . . . , ln(z)), where every lj(z) : Bn → R+ is a continuous function
satisfying (1) then

max
Θ∈[0,2π]n

1∫
0

⟨R,L(τReiΘ)⟩dτ → +∞ as |R| → 1− 0.

Proof. Using (1) we obtain

max
Θ∈[0,2π]n

r∗∫
0

n∑
j=1

rj
r∗
lj

( τ

r∗
ReiΘ

)
dτ ≥

r∗∫
0

n∑
j=1

rj
r∗

β

1− τ
r∗
|R|

dτ =

= −
n∑

j=1

rjβ

R
ln(1− |R|) → +∞ as |R| → 1− 0.

Lemma 4. Let L ∈ W (Bn), F be an analytic function in Bn. If there exists R′ ∈ Rn
+,

|R′| < 1, and p ∈ Z+, c > 0 such that for all z ∈ Bn \ Dn(0, R′) inequality (8) holds then

lim
|R|→1−0

lnmax{|F (z)| : z ∈ Tn(0, R)}

max
Θ∈[0,2π]n

1∫
0

⟨R,L(τReiΘ)⟩dτ
≤ c. (62)

Proof. Let R ∈ Rn
+ be such that 1 > |R| > |R′|, Θ ∈ [0, 2π]n. Denote αj =

rj
r∗
, j ∈ {1, . . . , n}

and A = (α1, . . . , αn). We consider the function

g(t) = max

{
|F (S)(AteiΘ)|
LS(AteiΘ)

: ∥S∥ ≤ p

}
,
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where AteiΘ = (α1te
iθ1 , . . . , αnte

iθn) and |At| > |R′|.
Since the function |F (S)(AteiΘ)|

LS(AteiΘ)
is continuously differentiable by real t ∈ [0, r∗], outside the

zero set of function |F (S)(AteiΘ)|, the function g(t) is a continuously differentiable function
on [0, r∗], except, perhaps, for a countable set of points.

Therefore, using the inequality d
dr
|g(r)| ≤ |g′(r)| which holds except for the points r = t

such that g(t) = 0, we deduce

d

dt

(
|F (S)(AteiΘ)|
LS(AteiΘ)

)
=

1

LS(AteiΘ)

d

dt
|F (S)(AteiΘ)|+

+|F (S)(AteiΘ)| d
dt

1

LS(AteiΘ)
≤ 1

LS(AteiΘ)

∣∣∣∣∣
n∑

j=1

F (S+ej)(AteiΘ)αje
iθj

∣∣∣∣∣−
−|F (S)(AteiΘ)|

LS(AteiΘ)

n∑
j=1

sju
′
j(t)

lj(AteiΘ)
≤

n∑
j=1

|F (S+ej)(AteiΘ)|
LS+ej(AteiΘ)

αjlj(Ate
iΘ)+

+
|F (S)(AteiΘ)|
LS(AteiΘ)

n∑
j=1

sj(−u′
j(t))

+

lj(AteiΘ)
(63)

For absolutely continuous functions h1, h2, . . . , hk and h(x) := max{hj(z) : 1 ≤ j ≤ k},
h′(x) ≤ max{h′

j(x) : 1 ≤ j ≤ k}, x ∈ [a, b] (see [35, Lemma 4.1, p. 81]). The function g is
absolutely continuous, therefore, from (8) and (63) it follows that

g′(t) ≤ max

{
d

dt

(
|F (S)(AteiΘ)|
LS(AteiΘ)

)
: ∥S∥ ≤ p

}
≤

≤ max
∥S∥≤p

{
n∑

j=1

αjlj(Ate
iΘ)|F (S+ej)(AteiΘ)|

LS+ej(AteiΘ)
+

|F (S)(AteiΘ)|
LS(AteiΘ)

n∑
j=1

sj(−u′
j(t))

+

lj(AteiΘ)

}
≤

≤ g(t)

(
max{1, c}

n∑
j=1

αjlj(Ate
iΘ) + max

∥S∥≤p

{
n∑

j=1

sj(−u′
j(t))

+

lj(AteiΘ)

})
= g(t)(β(t) + γ(t)),

where

β(t) = max{1, c}
n∑

j=1

αjlj(Ate
iΘ), γ(t) = max

∥S∥≤p

{
n∑

j=1

sj(−u′
j(t))

+

lj(AteiΘ)

}
.

Thus, d
dt
ln g(t) ≤ β(t) + γ(t) and

g(t) ≤ g(t0) exp

t∫
t0

(β(τ) + γ(τ))dτ,

where t0 is chosen such that g(t0) ̸= 0. The condition L ∈ W (Bn) gives

γ(t)

β(t)
=

∑n
j=1

sj(−u′
j(t))

+

lj(AteiΘ)

c
∑n

j=1 αjlj(AteiΘ)
≤ p

n∑
j=1

(−u′
j(t))

+

αjl2j (Ate
iΘ)

≤ pε,

where ε = ε(R) → 0 uniformly in Θ ∈ [0, 2π]n, t = r∗ as |R| → 1− 0.
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But |F (AteiΘ)| ≤ g(t) ≤ g(t0) exp
t∫

t0

(β(τ) + γ(τ))dτ and r∗A = R. Then we put t = r∗

and obtain

lnmax{|F (z) : z ∈ Tn(0, R)} = ln max
Θ∈[0,2π]n

|F (ReiΘ)| ≤ ln max
Θ∈[0,2π]n

g(r∗) ≤

≤ ln g(t0) + max
Θ∈[0,2π]n

r∗∫
t0

(β(τ) + γ(τ))dτ ≤

≤ ln g(t0) + max
Θ∈[0,2π]n

r∗∫
t0

c
n∑

j=1

αjlj(Aτe
iΘ) (1 + pε) dτ =

= ln g(t0) + max{1, c} max
Θ∈[0,2π]n

r∗∫
t0

n∑
j=1

rj
r∗
lj

( τ

r∗
ReiΘ

)
(1 + pε) dτ.

This implies (62).

Lemma 5. Let L ∈ W (Bn), F be an analytic function in Bn. If there exists R′ ∈ Rn
+,

|R′| < 1 and p ∈ Z+, c > 0 such that for all z ∈ Bn \ Dn(0, R′) inequality

max

{
|F (J)(z)|
J !LJ(z)

: ∥J∥ = p+ 1

}
≤ c ·max

{
|F (K)(z)|
K!LK(z)

: ∥K∥ ≤ p

}
(64)

holds then
lim

|R|→1−0

lnmax{|F (z)| : z ∈ Tn(0, R)}

max
Θ∈[0,2π]n

1∫
0

⟨R,L(τReiΘ)⟩dτ
≤ (p+ 1)max{1, c}. (65)

Proof. The proof of Lemma 5 is similar to that of Lemma 4.
Let R ∈ Rn

+ be such that 1 > |R| > |R′|, Θ ∈ [0, 2π]n. Denote αj =
rj
r∗
, j ∈ {1, . . . , n}

and A = (α1, . . . , αn). We consider the function

g(t) = max

{
|F (S)(AteiΘ)|
S!LS(AteiΘ)

: ∥S∥ ≤ p

}
,

where At = (α1t, . . . , αnt), Ate
iΘ = (α1te

iθ1 , . . . , αnte
iθn) and |At| > |R′|.

As above the function |F (S)(AteiΘ)|
S!LS(AteiΘ)

is continuously differentiable by real t ∈ [0, r∗], outside
the zero set of the function |F (S)(AteiΘ)|, the function g(t) is a continuously differentiable
function on [0, r∗], except, perhaps, for a countable set of points.

Therefore, using the inequality d
dr
|g(r)| ≤ |g′(r)| which holds except for the points r = t

such that g(t) = 0, we deduce

d

dt

(
|F (S)(AteiΘ)|
S!LS(AteiΘ)

)
=

1

S!LS(AteiΘ)

d

dt
|F (S)(AteiΘ)|+

+|F (S)(AteiΘ)| d
dt

1

S!LS(AteiΘ)
≤ 1

S!LS(AteiΘ)

∣∣∣∣∣
n∑

j=1

F (S+ej)(AteiΘ)αje
iθj

∣∣∣∣∣−
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−|F
(S)(AteiΘ)|

S!LS(AteiΘ)

n∑
j=1

sju
′
j(t)

lj(AteiΘ)
≤

n∑
j=1

|F (S+ej)(AteiΘ)|
(S+ej)!LS+ej(AteiΘ)

αj(sj+1)lj(Ate
iΘ)+

+
|F (S)(AteiΘ)|
S!LS(AteiΘ)

n∑
j=1

sj(−u′
j(t))

+

lj(AteiΘ)
. (66)

For absolutely continuous functions h1, h2, . . . , hk and h(x) := max{hj(z) : 1 ≤ j ≤ k},
h′(x) ≤ max{h′

j(x) : 1 ≤ j ≤ k}, x ∈ [a, b] (see [35, Lemma 4.1, p. 81]). The function g is
absolutely continuous. Therefore, (8) and (66) yield

g′(t) ≤ max

{
d

dt

(
|F (S)(AteiΘ)|
S!LS(AteiΘ)

)
: ∥S∥ ≤ N

}
≤

≤ max
∥S∥≤p

{
n∑

j=1

αj(sj + 1)lj(Ate
iΘ)|F (S+ej)(AteiΘ)|

(S + ej)!LS+ej(AteiΘ)
+

|F (S)(AteiΘ)|
S!LS(AteiΘ)

n∑
j=1

sj(−u′
j(t))

+

lj(AteiΘ)

}
≤

≤ g(t)

(
max{1, c} max

∥S∥≤p

{
n∑

j=1

αj(sj + 1)lj(Ate
iΘ)

}
+

+ max
∥S∥≤p

{
n∑

j=1

sj(−u′
j(t))

+

lj(AteiΘ)

})
= g(t)(β(t) + γ(t)),

where

β(t) = max{1, c} max
∥S∥≤p

{
n∑

j=1

αj(sj + 1)lj(Ate
iΘ)

}
, γ(t) = max

∥S∥≤p

{
n∑

j=1

sj(−u′
j(t))

+

lj(AteiΘ)

}
.

Thus, d
dt
ln g(t) ≤ β(t) + γ(t) and

g(t) ≤ g(t0) exp

t∫
t0

(β(τ) + γ(τ))dτ,

where t0 is chosen such that g(t0) ̸= 0. Denote β̃(t) =
∑n

j=1 αjlj(Ate
iΘ). Since L ∈ W (Bn),

for some S∗, ∥S∗∥ ≤ p and S̃, ∥S̃∥ ≤ p, we obtain

γ(t)

β̃(t)
=

∑n
j=1

s∗j (−u′
j(t))

+

lj(AteiΘ)∑n
j=1 αjlj(AteiΘ)

≤
n∑

j=1

s∗j
(−u′

j(t))
+

αjl2j (Ate
iΘ)

≤ p

n∑
j=1

(−u′
j(t))

+

αjl2j (Ate
iΘ)

≤ pε,

β(t)

β̃(t)
=

max{1, c}
∑n

j=1 αj(s̃j + 1)lj(Ate
iΘ)∑n

j=1 αjlj(AteiΘ)
=

= max{1, c}+max{1, c}
∑n

j=1 αj s̃jlj(Ate
iΘ)∑n

j=1 αjlj(AteiΘ)
≤

≤ max{1, c}+max{1, c}
n∑

j=1

s̃j ≤ max{1, c}(1 + p),

where ε = ε(R) → 0 uniformly in Θ ∈ [0, 2π]n, t = r∗ as |R| → 1− 0
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But |F (AteiΘ)| ≤ g(t) ≤ g(t0) exp
t∫

t0

(β(τ) + γ(τ))dτ and r∗A = R. Then we put t = r∗

and obtain

lnmax{|F (z) : z ∈ Tn(0, R)} = ln max
Θ∈[0,2π]n

|F (ReiΘ)| ≤ ln max
Θ∈[0,2π]n

g(r∗) ≤

≤ ln g(t0) + max
Θ∈[0,2π]n

r∗∫
t0

(β(τ) + γ(τ))dτ ≤

≤ ln g(t0) + max
Θ∈[0,2π]n

r∗∫
t0

n∑
j=1

αjlj(Aτe
iΘ) (max{1, c}(1 + p) + pε) dτ =

= ln g(t0) + max
Θ∈[0,2π]n

r∗∫
t0

n∑
j=1

rj
r∗
lj

( τ

r∗
ReiΘ

)
(max{1, c}(1 + p) + pε) dτ.

This implies (65).

Using proved lemmas we will formulate and prove propositions that provide growth esti-
mates for analytic solutions of the following system of partial differential equations:

Gpjej(z)F
(pjej)(z) +

∑
∥Sj∥≤pj−1

GSj
(z)F (Sj)(z) = Hj(z), j ∈ {1, . . . , n} (67)

pj ∈ N, Sj ∈ Zn
+, Hj and GSj

are analytic functions in Bn. Denote QW (Bn) = Q(Bn)∩W (Bn).
Accordingly, QW (D) = Q(D) ∩W (D).

We will say that non-homogeneous system of PDE’s (67) belongs to class A(G,H,L), if
L ∈ QW (Bn), for all z ∈ Bn and for every j ∈ {1, . . . , n} the analytic functions Hj and GSj

in Bn satisfy the following conditions:

1) for every ∥Sj∥ ≤ pj − 1 and for each M ∈ Zn
+,

∥M∥ ≤ 1 +
n∑

k=1
k ̸=j

pk, |G(M)
Sj

(z)|LSj−M(z)≤BSj ,M l
pj
j (z)|Gpj1j

(z)|,

|G(M)
pj1j

(z)|≤Bpj1j ,MLM(z)|Gpj1j
(z)|,

2) for every I ∈ Zn
+,

∥I∥ = 1 +
n∑

k=1
k ̸=j

pk |H(I)
j (z)| ≤ DI,jL

I(z)|Hj(z)|,

3) Gpj1j
(z) ̸= 0, where BSj ,M , DI,j, Bpj1j ,M are positive constants, H(z) = (H1(z), . . . ,

Hn(z)), G(z) is a matrix consisting of coefficients GSJ
(z) of system (67).

Homogeneous system of PDE’s (67) belongs to class A(G,0,L), if condition 1) holds for
M ∈ Zn

+, such that ∥M∥ ≤
∑n

k=1
k ̸=j

pk and Gpj1j
(z) ̸= 0. Conditon 2) is not required in this

case.
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Instead of Gpj1j
(z) ̸= 0 we can require validity of conditions 1) and 2) for all z ∈

Bn \ Dn(0, R′). It is possible in view of Theorem 11. If for some M ∈ Zn
+ G

(M)
Sj

(z) ≡ 0 or
H

(M)
j (z) ≡ 0 then we suppose that BSj ,M = 0 or DM,j = 0, respectively.

Theorem 17. If non-homogeneous system of PDE’s (67) belongs to class A(G,H,L) and
an analytic function F (z) in Bn satisfies (67) then F has bounded L-index in joint variables
and

lim
|R|→1−0

lnmax{|F (z)| : z ∈ Tn(0, R)}

max
Θ∈[0,2π]n

1∫
0

⟨R,L(τReiΘ)⟩dτ
≤ max{1, c}, (68)

where c is defined in (73).

Proof. Taking into account that the function F (z) satisfies system (67), we calculate the
partial derivative I ∈ Zn

+ in each equation of the system∑
0≤M≤I

CM
I G(M)

pjej
(z)F (pjej+I−M)(z)+

+
∑

0≤M≤I

CM
I

∑
∥Sj∥≤pj−1

G
(M)
Sj

(z)F (Sj+I−M)(z) = H
(I)
j (z), (69)

where CM
I = i1!...in!

m1!(i1−m1)!...mn!(in−mn)!
and

∥I∥ = 1− pj +
n∑

k=1

pk = 1 +
n∑

k=1
k ̸=j

pk.

Using the second condition of the class definition A(G,H,L), we obtain

|H(I)
j (z)|≤DI,jL

I(z)|Hj(z)| ≤

≤ DI,jL
I(z)

(
|Gpjej(z)||F (pjej)(z)|+

∑
∥Sj∥≤pj−1

|GSj
(z)||F (Sj)(z)|

)
. (70)

Equation (69) yields

F (pjej+I)(z) =
1

Gpjej(z)

(
H

(I)
j (z)−

∑
0≤M≤I

M ̸=0

CM
I G(M)

pjej
(z)F (pjej+I−M)(z)−

−
∑

0≤M≤I

CM
I

∑
∥Sj∥≤pj−1

G
(M)
Sj

(z)F (Sj+I−M)(z)
)
. (71)

From (71) and the first condition it follows

∣∣F (pjej+I)(z)
∣∣ = 1

|Gpjej(z)|

DI,jL
I(z)

|Gpjej(z)||F (pjej)(z)|+
∑

∥Sj∥≤pj−1

|GSj
(z)||F (Sj)(z)|

+

+
∑

0≤M≤I

M ̸=0

CM
I |G(M)

pjej
(z)||F (pjej+I−M)(z)|+

∑
0≤M≤I

CM
I

∑
∥Sj∥≤pj−1

|G(M)
Sj

(z)||F (Sj+I−M)(z)|

 ≤



68 A. I. BANDURA, O. B. SKASKIV

≤ DI,jL
I(z)

|F (pjej)(z)|+
∑

∥Sj∥≤pj−1

BSj ,0L
pjej−Sj(z)|F (Sj)(z)|

+

+
∑

0≤M≤I

M ̸=0

CM
I Bpjej ,MLM(z)|F (pjej+I−M)(z)|+

+
∑

0≤M≤I

CM
I

∑
∥Sj∥≤pj−1

BSj ,MLpjej−Sj+M(z)|F (Sj+I−M)(z)|. (72)

Dividing this inequality by Lpjej+I(z), we obtain that for every

∥I∥ = 1 +
n∑

k=1
k ̸=j

pk

and j ∈ {1, . . . , n}∣∣F (pjej+I)(z)
∣∣

Lpjej+I(z)
≤ DI,j

 |F (pjej)(z)|
Lpjej(z)

+
∑

∥Sj∥≤pj−1

BSj ,0
|F (Sj)(z)|
LSj(z)

+

+
∑

0≤M≤I

M ̸=0

CM
I Bpjej ,M

|F (pjej+I−M)(z)|
Lpjej+I−M(z)

+
∑

0≤M≤I

CM
I

∑
∥Sj∥≤pj−1

BSj ,M
|F (Sj+I−M)(z)|
LSj+I−M(z)

≤

≤

DI,j(1 +
∑

∥Sj∥≤pj−1

BSj ,0) +
∑

0≤M≤I

M ̸=0

CM
I Bpjej ,M +

∑
0≤M≤I

CM
I

∑
∥Sj∥≤pj−1

BSj ,M

×

×max

{
|F (S)(z)|
LS(z)

: ∥S∥ ≤
n∑

j=1

pj

}
.

Obviously, ∥pjej + I∥ = 1 +
∑n

j=1 pj. This implies

max

{∣∣F (K)(z)
∣∣

LK(z)
: ∥K∥ = 1 +

n∑
j=1

pj

}
≤ max{1, c} ·max

{
|F (S)(z)|
LS(z)

: ∥S∥ ≤
n∑

j=1

pj

}
,

where

c= max
∥I∥=1−pj+

∑n
k=1

pk,

j∈{1,...,n}

DI,j(1+
∑

∥Sj∥≤pj−1

BSj ,0) +
∑

0≤M≤I

M ̸=0

CM
I Bpjej ,M+

+
∑

0≤M≤I

CM
I

∑
∥Sj∥≤pj−1

BSj ,M

 (73)

for all z ∈ Cn \ Dn(0, R′).
Thus, by Lemma 4 estimate (68) holds, and by Corollary 5 the analytic function F in Bn

has bounded L-index in joint variables.
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If system (67) is homogeneous (Hj(z) ≡ 0), the previous theorem can be simplified.

Theorem 18. If homogeneous system of PDE’s (67) belongs to class A(G,0,L) and an
analytic function F in Bn is a solution of the system then F has bounded L-index in joint
variables and

lim
|R|→1−0

lnmax{|F (z)| : z ∈ Tn(0, R)}

max
Θ∈[0,2π]n

1∫
0

⟨R,L(τReiΘ)⟩dτ
≤ max{1, c}, (74)

where c is defined in (73) with DI,j = 0 and ∥I∥ = −pj +
∑n

k=1 pk instead of ∥I∥ =
1− pj +

∑n
k=1 pk.

Proof. If Hj(z) ≡ 0 then (71) implies

F (pjej+I)(z) =
1

Gpjej(z)

−
∑

0≤M≤I

M ̸=0

CM
I G(M)

pjej
(z)F (pjej+I−M)(z)−

−
∑

0≤M≤I

CM
I

∑
∥Sj∥≤pj−1

G
(M)
Sj

(z)F (Sj+I−M)(z)

 . (75)

Hence, we obtain

|F (pjej+I)(z)| ≤ 1

|Gpjej(z)|

 ∑
0≤M≤I

M ̸=0

CM
I |G(M)

pjej
(z)||F (pjej+I−M)(z)|+

+
∑

0≤M≤I

CM
I

∑
∥Sj∥≤pj−1

|G(M)
Sj

(z)||F (Sj+I−M)(z)|

 .

Dividing the obtained inequality by Lpjej+I(z) and using assumptions of the theorem on
the functions GSj

, we deduce

|F (pjej+I)(z)|
Lpjej+I(z)

≤ 1

|Gpjej(z)|Lpjej+I(z)

 ∑
0≤M≤I

M ̸=0

CM
I Bpjej ,MLM(z)|Gpjej(z)||F (pjej+I−M)(z)|+

+
∑

0≤M≤I

CM
I

∑
∥Sj∥≤pj−1

BSj ,MLpjej−Sj+M(z)|Gpjej(z)||F (Sj+I−M)(z)|

 =

=
∑

0≤M≤I

M ̸=0

CM
I Bpjej ,M

|F (pjej+I−M)(z)|
Lpjej+I−M(z)

+
∑

0≤M≤I

CM
I

∑
∥Sj∥≤pj−1

BSj ,M
|F (Sj+I−M)(z)|
LSj+I−M(z)

≤

≤

 ∑
0≤M≤I

M ̸=0

CM
I Bpjej ,M+

∑
0≤M≤I

CM
I

∑
∥Sj∥≤pj−1

BSj ,M

×



70 A. I. BANDURA, O. B. SKASKIV

×max

{
|F (S)(z)|
LS(z)

: ∥S∥ ≤ −1 +
n∑

j=1

pj

}
.

Obviously, ∥pjej + I∥ =
∑n

j=1 pj. Therefore,

max

{∣∣F (K)(z)
∣∣

LK(z)
: ∥K∥ =

n∑
j=1

pj

}
≤ max{1, c} ·max

{
|F (S)(z)|
LS(z)

: ∥S∥ ≤ −1 +
n∑

j=1

pj

}
,

where

c= max
∥I∥=−pj+

∑n
k=1

pk,

j∈{1,...,n}

 ∑
0≤M≤I

M ̸=0

CM
I Bpjej ,M +

∑
0≤M≤I

CM
I

∑
∥Sj∥≤pj−1

BSj ,M


for all z ∈ Bn \ Dn(0, R′).

Thus, all conditions of Corollary 5 are satisfying. Hence, the function F has bounded
L-index in joint variables and by Lemma 4 estimate (74) holds.

Note that estimate (68) and (74) cannot be improved (see examples for n = 1 in [20]).
Moreover, using Corollary 5 and Lemma 5 we can supplement two previous Theorems

17 and 18 with propositions that contain estimates of max{|F (z)| : z ∈ Tn(0, R)}, which
can sometimes be better than (74) and (68). Two following theorems have proofs that of to
Theorems 17 and 18.

Theorem 19. If non-homogeneous system of PDE’s (67) belongs to class A(G,H,L) and
an analytic function F (z) in Bn satisfies (67) then F has bounded L-index in joint variables
and

lim
|R|→1−0

lnmax{|F (z)| : z ∈ Tn(0, R)}

max
Θ∈[0,2π]n

1∫
0

⟨R,L(τReiΘ)⟩dτ
≤ max{1, c}, (76)

where c′ is defined in (77).

Proof. As in proof of Theorem 17, dividing (72) by (pjej + I)!Lpjej+I(z), we obtain that for
every ∥I∥ = 1 +

∑n
k=1
k ̸=j

pk and j ∈ {1, . . . , n}

|F (pjej+I)(z)|
(pjej + I)!Lpjej+I(z)

≤DI,j

 |F (pjej)(z)|
(pjej + I)!Lpjej(z)

+
∑

∥Sj∥≤pj−1

BSj ,0
|F (Sj)(z)|

(pjej + I)!Lpjej−Sj(z)

+

+
∑

0≤M≤I

M ̸=0

CM
I Bpjej ,M

|F (pjej+I−M)(z)|
(pjej + I)!Lpjej+I−M(z)

+

+
∑

0≤M≤I

CM
I

∑
∥Sj∥≤pj−1

BSj ,M
|F (Sj+I−M)(z)|

(pjej + I)!LSj+I−M(z)
≤

≤ DI,j

 |F (pjej)(z)|
(pjej + I)!Lpjej(z)

+B
∑

∥Sj∥≤pj−1

|F (Sj)(z)|
(pjej + I)!Lpjej−Sj(z)

+
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+B
∑

0≤M≤I

M ̸=0

CM
I

|F (pjej+I−M)(z)|
(pjej + I)!Lpjej+I−M(z)

+

+B
∑

0≤M≤I

CM
I

∑
∥Sj∥≤pj−1

|F (Sj+I−M)(z)|
(pjej + I)!LSj+I−M(z)

≤

≤

DI,j

 pj!

(pjej + I)!
+B

∑
∥Sj∥≤pj−1

(pjej − Sj)!

(pjej + I)!

+

+B
∑

0≤M≤I

M ̸=0

CM
I

(pjej + I −M)!|
(pjej + I)!

+B
∑

0≤M≤I

CM
I

∑
∥Sj∥≤pj−1

(Sj + I −M)!

(pjej + I)!

×

×max

{
|F (S)(z)|
LS(z)

: ∥S∥ ≤
n∑

j=1

pj

}
.

where B = max{BSj ,M , Bpjej ,M : j ∈ {1, . . . , n},0 ≤ M ≤ I, ∥I∥ = 1 +
∑n

k=1
k ̸=j

pk.}
Obviously, ∥pjej + I∥ = 1 +

∑n
j=1 pj. For all z ∈ Cn \ Dn(0, R′) it implies

max

{∣∣F (K)(z)
∣∣

K!LK(z)
: ∥K∥ = 1 +

n∑
j=1

pj

}
≤ max{1, c′} ·max

{
|F (S)(z)|
S!LS(z)

: ∥S∥ ≤
n∑

j=1

pj

}
,

where

c′ = max
∥I∥=1−pj+

∑n
k=1

pk,

j∈{1,...,n}

DI,j

 pj!

(pjej + I)!
+B

∑
∥Sj∥≤pj−1

(pjej − Sj)!

(pjej + I)!

+

+B
∑

0≤M≤I

M ̸=0

CM
I

(pjej + I −M)!|
(pjej + I)!

+B
∑

0≤M≤I

CM
I

∑
∥Sj∥≤pj−1

(Sj + I −M)!

(pjej + I)!

 . (77)

In view of Corollary 5 the analytic function F in Bn has bounded L-index in joint vari-
ables. And by Lemma 5 estimate (76) holds.

By analogy to the proofs of Theorems 18 and 19 it can be proved the following assertion.

Theorem 20. If homogeneous system of PDE’s (67) belongs to class A(G,0,L) and F is an
analytic solution of the system in Bn then F has bounded L-index in joint variables and

lim
|R|→1−0

lnmax{|F (z)| : z ∈ Tn(0, R)}

max
Θ∈[0,2π]n

1∫
0

⟨R,L(τReiΘ)⟩dτ
≤ max{1, c′},

where c′ is defined in (77) with DI,j = 0 and ∥I∥ = −pj +
∑n

k=1 pk instead ∥I∥ = 1 − pj +∑n
k=1 pk.

Remark 2. The obtained propositions in this section are new even for functions analytic in
a disc. Analytic functions in the unit disc of bounded l-index are considered in [35,36].
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For example, if n = 1 then system (67) reduces to the following differential equation

gp(z)f
(p)(z) +

p−1∑
j−0

gj(z)f
(j)(z) = h(z), (78)

where h and gj are analytic functions in D. Then Theorem 17 implies the corollary for n = 1.

Corollary 6. Let l ∈ QW (D) and for all z ∈ C such that |z| > r′ analytic functions h and
gj in D satisfy the following conditions

1)
∣∣∣g(m)

j (z)
∣∣∣ ≤ Bj,ml

p−j+m(z)|gp(z)| and
∣∣g′p(z)∣∣ < Bp,1l

m(z)|gp(z)| for every j ∈ {1, . . . , p−
1}, m ∈ {0, 1},

2) |h′(z)| ≤ Dl(z)|h(z)|,
where Bj,m and D are nonnegative constants, and Bp,1 is positive constant. If an analytic
function f in D satisfies (78) then f has bounded l-index and

lim
r→1−0

lnmax{|f(z)| : |z| = r}

max
θ∈[0,2π]

r∫
0

l (τeiθ) dτ

≤ c,

where c= D(1 +
∑p−1

j=0 Bj,0) +Bp,1+
∑1

m=0

∑p−1
j=0 Bj,m.
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