Maremaruani Crymil. T.46, Ne2 Matematychni Studii. V.46, No.2

VIK 517.55, 517.57
I. E. CHYZHYKOV, M. A. VOITOVYCH

ON ASYMPTOTIC BEHAVIOR OF THE pTH MEANS OF
THE GREEN POTENTIAL FOR 0 <p<1

I. E. Chyzhykov, M. A. Voitovych. On asymptotic behavior of the pth means of the Green
potential for 0 < p < 1, Mat. Stud. 46 (2016), 159-170.

For 0 < p <1 we prove sharp estimates of pth means of the invariant Green potentials in
the unit ball in C" in terms of smoothness properties of a measure.

1. Introduction and main result. For n € N, let C" denote the n-dimensional complex
space with the inner product

n
(z,w) = szwj, z,w e C".

j=1

Let B denote the unit ball {z € C": |z| < 1} with the boundary S = {z € C": |z| = 1},

where |z| = \/(z, 2).

For z,w € B, define the involutive automorphism ¢,, of the unit ball B given by

w— Pyz — (1 —|w)V?Q,z
1—(z,w) ’

Ppu(2) =

where Pyz =0, P,z = <‘Zﬁg>w, w # 0, is the orthogonal projection of C™ onto the subspace

generated by w and @, = I — P,. We note that (|10, p.11])

(1= w)(A —]2*)
1= (zw)?

1= pu(2)]* = (1)

The invariant Laplacian A on B is defined by

Af(a) = A(f 09,)(0),

where f € C*(B), A = 437" (0%/02;0%) is the ordinary Laplacian. The operator A is
invariant with respect to any holomorphic automorphism of B, i.e., A( fo) = (A f) o for
all 1» € M, the group of holomorphic automorphisms of B (|8, Chap.4], [10]).

The Green’s function for the invariant Laplacian is defined by G(z, w) = g(¢w(2)), where
g(z) = %L [ (1 — )" 172+1dt ([10, Chap.6.2]).
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If 11 is a nonnegative Borel measure on B, the function G, defined by

Gu(2) = [ Glevu)duto)

is called the (invariant) Green potential of p, provided G, # +oc. It is known that (|10,
Chap. 6.4]) the condition G, # 400 is equivalent to

/B (1~ JuwP) dp(w) < oo, 2)

The Green potential is closely connected to the notion of an M-subharmonic function ([10,
Chap. 3]). A function u on B is called M-harmonic if u € C?(B) and Au = 0. A function
w on B is called M-subharmonic if it is upper semicontinuos and Au > 0 in the sense of
distributions. In particular, —G, is M-subharmonic. Note that in the case n = 1 the classes
of M-subharmonic functions and subharmonic functions coincide.

Let u be a measurable function locally integrable on B. For 0 < p < oo we define

o) = ([ utrop da<5>); ,

where do is the Lebesgue measure on S normalized so that o(S) = 1.
The following Riesz Decomposition Theorem holds.

Theorem A ([11]). Suppose that u is M-subharmonic in B and

sup my(r,u) < oo.
1/2<r<1
Let pu be the Riesz measure of u in B with ‘du(z) = Au(2)(1 — |2[>)™""1dV (2)’ where V is
the Lebesgue measure on B. Then there exists a signed Borel measure v on S such that for
allz € B

u(z) = Plv](z) — Gu(z) (3)
where
[P
P[V](Z) - s ‘1 - <Z,<>|2nd (C)

is the Poisson-Stieltjes integral.

Growth of the integral P[v](z) in the uniform metric is described in terms of smoothness
properties of the measure v in [1] for n = 1, and in [4] for arbitrary n € N. Growth of
my(r, P[v]) for n =1 and p > 1 is described in [15].

In the case n > 1, sharp estimates of the growth rate of m,(r,G,) for the whole class of
Borel measures satisfying (2) are proved by M. Stoll in [9]. The case n = 1 is studied much
more deeper, see e.g. [12, 13, 14]).

Theorem B (|9]). Let G, be the Green potential on B.

(1) If1<p< %, then

liI}l (1 —r2)"=VPp (.G,) = 0. (4)
r—1—
(2) If n > 2 and 2%2:1) <p< gz:;, then

liminf(1 — )"~V (r, G ) = 0. (5)

r—1—
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Theorem B gives the maximal growth rate of the pth mean of the Green potentials, but
does not take into account particular properties of a measure p. It appears that smoothness
properties of the so called complete measure (in the sense of Grishin |7, 2, 3|) or the related
measure (see [6]) of a subharmonic function allow us to describe its growth. Here we just
note that in the case when n = 1 and u = —G,, the complete measure A\ = A\, of u is the
weighted Riesz measure dA(z) = (1 — |z|)du(z).

Define for a,b € B the nonisotropic metric on S by d(a, b) = |1—{a, b)|*/? ([8, Chap.5.1]).

For £ € S and § > 0 we set

C(€,0) ={z € B: d(z,€) < 6%}, D(,6)={z€ B:d(z,6) <3}, d\(z) = (1—|z|)"du(z).

The growth of m,(r,G,) in terms of properties of the measure p are described in [5] for
n > 1. One dimensional analogue has been established earlier in [3] for all p > 1.

Theorem C ([5]). Let n € N, 1 < p < %, 0 < < 2n, and let p be a Borel measure
satisfying (2). Then
my (r,G) =0 ((1—r)""), r11 (6)

holds if and only if

(/S N (C(E,6)) da(g)); _ 0@, 0<d<1. (7)

In this paper we would like to consider the case 0 < p < 1. For this interval one can
obtain an analogue of necessity part of Theorem C.

Theorem 1. Letn > 1,0 <p <1,0 < v < 2n, and let u be a Borel measure satisfying (2)
and

my, (r,G,) =0 ((1 - 7“)7_") , 1 (8)
hold. Then
([rcemine) =ow. o<s<1 )
S
Proof. The proof repeats that of necessity in Theorem C. n

The following theorem is the main result of the paper.

Theorem 2. Letn>1,0<p<1,0 <+ < 2n, and let 1 be a Borel measure satisfying (2)
and

//\ (C(€,6))do(€) =0 (87), 0 <6 < 1, (10)
S

hold. Then
my (r,G,) =0 ((L—r)™"), rt1l (11)

Remark 1. An example in Section 4 shows that estimate (11) is sharp for all p € (0, 1].
As a corollary we obtain a criterion of the growth of m,(r, G,) in terms of properties of the
measure /4 in the case p = 1.
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Corollary 1. Let n > 1, 0 <~y < 2n, and let u be a Borel measure satisfying (2). Then

/ A(C(E,8))do(€) =0 (87), 0<d <1, (12)
S

holds if and only if
my (r,Gy) =0 ((1—7r)""), rtl (13)

Remark 2. Due to Proposition 1.10 ([5]) we always have

[Ae€a)dot©) = o), 540

S

This agrees with the relation m4(r,G,) = o(1), r 1 1 as it was shown by Ulrich ([11], see
also [10]).

2. Some properties of the Green’s function. The following lemma gives some basic
properties of g which will be needed later.

Lemma A ([10]). Let 0 < § < i be fixed. Then g satisfies the following two inequalities:

n+1 9m
(1= [2[9)", z € B,

—[2]")", z € B, |z] 24, (14)

9(z) >
g(2) < c(9)

where ¢(9) is a positive constant. Furthermore, if n > 1 then

4n
(1

g(2) <[] 742, 2] <. (15)

We need an estimate of p-means of the Green’s function for 0 < p < 1. Analogues
estimates for p > 1 are established by Stoll (|9, Lemma 5|). His proof does not work for
p < 1, though we use some ideas and notation from [9).

For fixed 0,0 < 0 < 1/2, denote B*(z,0) = {w € B: |py,(z)| < ¢} and for 0 < r < 1

denote
E(r) = B*(rt,9).

tesS

Lemma 1. Let 0 < p < 1, n € N. Then there exists ro € (0,1) such that for all r € (1o, 1)
and w € E(r)

mGlow)r) = (1=, i pe 0.1\ {55

1/p
mp(G(-,w),r) =0 ((1 — 7’2)n/p (]n 1 i?") ) , ifp= Q(Tl—l—l)’ n> 1.

Proof. Let w € E(r),|w| = p. Since o is invariant under the group of unitary transformations
of C",

/S 9(pu(rt)) do(t) = /S 9(@pe(rt))Pdo(t) = /S 9(@re(pt))Pdo(t),

where e = (1,0,...,0) € C".
For 0 <r,p <1, and fixed § € (0,3], let N* = {t € S: pt € B*(re,0)}.
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For t € S\ NP, we have (|9, p. 491])
/Sg(%e(Pt))pdG(t) S e(l—p" )L —r?) ) <l — %), (16)

Also, for ¢ > 0, let Q¢ = {se?: 0 < 1—5 < (1 —72),]0] < c(l—7r*)}and Q¢ = {t =
(th-”,tn) c Si tl S Qi}
By the definition of N?, one has |¢,.(pt)| < 0 for t € NF. Hence by (15) and (1)

11— rpt, |21

- 2An=1) = ¢
g(gore(pt)) - ’(pre(pt” (|1 . 7‘;0251’2 (1 . TQ)(l . pg))n_17 (17)

where ¢; = ¢1(n).

It is known that (|9, Lemma 3|) there exist co = c2(d) and r(J) such that NP C Q% for
all p with pe € B*(re, ), and all r > r(d). Moreover, one can choose rg € (0, 1) such that
the inclusion holds for all r € (ry,1) and 0 < 0 < 3.

By (1), pt € B*(re,d) if and only if (1 —r?)(1 — p?) > (1 — 6%)|1 — rpt1]?, i.e

(1-r)(1- ).

C«Olpb

1
11— rpti]? < ﬁ(l —r*)(1-p%) <

Since t € NP, we can apply the previous inequality to deduce

/ 9(ne (pt)Pdo(t) < cs(1 — 2P (1 — R
NfF

' / (L =rpt? = (=) (1 = ) Vo (1) =z ea(l = 2D (1 2P (18)

T

Since ([9, p. 488])

: 0
11— rpse> — (1 —r?)(1 = p?) = (p — r)> 4+ 2pr(1 — 5) — r?p*(1 — 5%) + 4rpssin® 22
) e 1
2 (T—p) +(1 _S)<1_T)+_27 mln{pr, 3} > 57 (19)
7r

by formula 1.4.5(2) in [8],

I, = c4(n // 2(|11 = rpse®? — (1 —r?)(1 - p2))_p(n_1)sdsd9 <
c2
ca(1—r?) )
6?1 -p(n—1)
<cs / / (1—5)”’2[(r—p)2+(1—s)(1—T)+—2} T an) ds.
m
1—ca(1-72) 0

So
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e2(17r%) g2\ ~P(=1)
+ / ((1_8)(1_T)+7r2) df||ds <
m/ (1=s)(1-7)
1 my/ (1—5)(1—7)
< e / (1- s)"—2[ / (1= 8)(1 — )"V gt
1—ca(1—72) 0
c(1-r?) 9 —ap(n—1)
+ / (—) df| | ds.
0
my/ (1—5)(1—7)
Direct calculation shows that for 0 <1 — s < ¢p(1 —7r?)
02(1—7"2) 1 1-2p(n—1) 0.1 1 .
/ 9_2p(n_1)d9 < {CG( - T) , PE ( ) ] \ 2(n—1) [
Cg In 1 P = 2(77,—1—1)
(1-s)(1—7)
Let us consider three cases. Firstly, let 0 < p < ( .Since 0 < 1 — 5 < 2¢(1 — 1), we
get

1
I, <c / (1—5)""2(1 — r)1—2p(n—1)d$ < cg(1—r?)" 2p(n—1)

1—ca(1—72)

1
I, < / (1= sy 3P (1 — ) horloD o (1= 21— ) 20D s <

1—ca(1-72)
< ClO(l o T?)n—2p(n 1)'
Finally, if p = m, n > 1, then
1
I, <c / (1-5)"2(1+1n ! ds < cp(1—r*"1ln !
= 1—r = 1—7r
1—c2(1-72)

Therefore from the latter inequalities, (16) and (18) we get
) ) € (= AP AP

(1 . p2>n—1 < c(n,p)(1 _ r2)n/p’ pF— (n — 1)

=Cn (1 _ r2)n717n/p
1 1 1/]’
my(G(-,w).7) < 1y (((1 — =) (=) ) :
1 1
< _ 2\n/pial/p & =
< c(n)(1 —7r7)""In 11— P 2(n—1)
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The upper estimates are proved. Let us prove the lower estimate. By (17) we have

[qg(wre(Pt))de(t) >a [ lprelpt)| 2P Vdo(t) =

Q5
1— t 2p(n—1)
& (|1 rptal? — (1 - r2)(1 — p2))
1 — 2p(n—1)
> & / (1=rp) ——da(t).
& (L= rptal? = (1= 1)1 — p?))

Equality (19) implies

11— rpse|> — (1 =131 — p?) < (r—p)®> +2(1 — 5)(1 —rps) + 02 < &(1 — )2, se € Q.

r

Then
[ atentotpott) = a1 = oo
S
1 c(1-r2?)
X / { / (1—s*)"2(|1 — rpse”|* — (1 —r?)(1 — p2))p(n1)sds} do >
1—c(1-72) 0
1 c(1-r2)
> &4(1 — )2 / [ / (1—s*)""2(1 - r)_2p(”_1)sds} do = & (1 —r*)".
1—c(1—72) 0
So, my(G(-,w),r) > & (1 — )", p € (0; 1\ {575} O

3. Proof of Theorem 2. Since, by the convexity, m, (r,G,) < m; (r,G,), 0 <p <1, it is
enough to prove (11) for p = 1. We follow the scheme from [5].
Let us estimate the absolute values of

uy(2) == / G(z,w)dpu(w) and wus(z) = / G(z,w)dp(w).
B*(=3) B\B*(2,1)

We start with u;. By definition

0 < u(z) = /B (o Sl = / 9w (2))dp(w).

B*(Z7

=
S~—

By (15) we have g(z) < ¢|z|72""2 for |z| < 1 and some positive constant c. Thus,

1
Z’Z

EI<e [ @ dutw)

Denote z = 7€, where r = |2|, £ <r < 1and w=|wlp, {,n € S. Let

K(Z701702> - {w € B: ’T_ ’w“ < Jlad(£7lr]> < 02}‘
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In [5] it is proved that

B <z, i) C K (2 es(1 — 1), eaa(1 — 7)) (20)

where ¢13 = % and c14 = 41/2. We denote
2 1 ~ 2 1
K(z) =K <z, g(l —7),4v2(1 — T)2> , K(2) =K (z, g(l —7),8V2(1 — 7’)2) .
The inclusion (20) implies

I 3—/|U1 r&)|do (€ <015//* (e |00 (ré) " Pdp(w)do (€) <

u() -
<as [ gt ©

S K(rf)

where ¢15 = ¢15(p). Then, by Fubini’s theorem we deduce (z = r§, w = |w|n)

do(&
I < ci6(n,p) / / WW(WW <
nes d(Em)<av2(1-n)/2
lwl-rl<2(1-r)
< culp.m) / / ) 21)
lol—rl<3(

Applying to (21) subsequently (1), (14) and Lemma 1, we obtain that for 0 < p <1

do(§) L1
/ 0w 7”5 |2n 2 SW < [gg(¢r£(w))da(f) <cir(1—rH", 5 <r<l.

Substituting the estimate of the inner integral into (21) we get
h<east=n" [ duul, (2
|[w]|—r|<3 (1-r)
We need the following lemma that plays a key role in the proof of Theorem C.

Lemma B ([5]). Let v be a finite positive Borel measure on S, 0 < § < 1, and p > 1. Then

[t syine) < g [ 08 dole)

where N is a positive constant independent of p and J.

To obtain the final estimate of I, for a fixed r € (%, 1), we define the measure v; on the
balls {D(n,t): n € S,t > 0} by

(D) =A({pc e B lp—rl < 20— ) d¢.m) < 1}).
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It can be expanded to the family of all Borel sets on B in the standard way. It is clear that

(D, 0) = (1= u({pC € B:lp—rl < (=), d(¢m) <1}).

By using of (22) and Lemma B we get

I < cig / d\(Jlw|n) = CIQ/dVl(U) <
s

||w]—r[<Z(1-7)

QLA /Syl (D(n,8v2(1 = 1)%)) dor(n) = %/j (&rn)) doto)

Note that if p € K (rn) then

11— (pCm <=l + A =p) & < Uty +es+1)(1 =) =en(l—7).  (23)

Hence,

h< 2 [ A Clmen(t =) doti) (24)

By the assumption of the theorem we deduce
L=0(1-r)™"), rTL (25)

Let us estimate

us(z) = /BG(z,w)(l ~ )" dA(w)

where dA(w) = (1 — |w|)”XB\B*(Z )(w)d,u(w), X is the characteristic function of a set E.

1
7
We may assume that |z > 3.

We denote

Er = Ex(2) = {w €B: ‘1 - <ﬁ,w>‘ < 2R — |z|)}, kelZ,.
z

Since |1—(z,w)| > 3 |1 — <‘—§|,w> , one has that for w € Epy1\ B, [1—(z,w)| > 2871 (1—|2]).
Combining Lemma A with the equality in (1) for 2 € B such that |z| > I we get that

2
0< Gz, w) < ea (M> holds. So

[1—(z,w)|?
iz (S
[bgzﬁ] . )
(Lt b = 12))" o5 (1 D1 = 21)) " 5
= /\( 22<k-1><1—|z|>2> d“w)“QQ/El( TEEE ) AA(w) <

o0

4”622 ~ 4“022 ~
< —dA\(w) +/ 22 \(w) <
P /EkH\Ek (22:=D(1 — |z) g (1=1z)"
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4"cp A (Bi1) | 5 A" o A (E)

< E AE < g
= (1—z])" (k_l 92n(k—1) +A(E) | < (1—|z|)" - 22n(k 2)

Therefore

A (E(r€))
To2n(k-2) do(§) =

/|u2 ré)|do(§) <

=(1Cf’;>n i / MO(6 2 - r>)>da<f>s(1 2 e =

k=1

o

k(y—2n) _ Cos 27—2np . Cog (n
(=71 =22 (17

k

Hence

my(r,Gy) < my(r,G)) /|u1 ré)|do(§) /|u2 ré)|do(€) < ( c(n,y)

Al
4. An example.

Proposition 1. Forn > 1,0 < p < 1, n < v < 2n, there exists a Borel measure y on B
sutisfying (2) and such that

Gu(z) =0 (1= z)™"), [ 11 (26)

and for some C > 0
AC(E6)>Co, 0<d< 1. (27)

Proof. We define du(z) = (1—|(zi|‘;+)+mv where V' is the Lebesgue measure on B.
We write

awzéG@wwwzéw

Since, by (20) 1 — |w| =< 1 — |2 holds for w € B* (z,1), we get

G(z,w)dV (w) Cor rter(1=r) .
Ji < C27/*(z l) (1 . |Z|)2n+1_,y < (1 — |Z|)2n_,'_1_7 /T /SG(Z,PU)dU(U)fP ld,O

—c1(1-r)

1
4

G(z,w)du(w Gz,w)dpu(w) =: J; + Js.
o MKHLwH)(>M) +

Using Lemma 1 for p = 1, we obtain

J, < C2s / HCl(H)(l P ldp <
1 -~ - -~ - ~ .
(L= [2])2 7 oo (L—r)=

For w € B\ B* (z,1) we have (see (1))

o< 0o 2o (LTI’

1= {z,w)l?
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Then by the above inequality and [8, Chap.1.4.10] it follows that

n (1 — |'LU| ) n n —2n+4-y y—n
Jo < (1 = [2]) ST P dV(w) < czo(1 = [2])"(1 = |2]) = c3o(1 — [2])
Thus mq(r,G,) = O((1 —r)"™"), r T L

Let us prove (27). We have d\(w) = 4V Then

(I=|w])Ft=7"

AC(.6)) > / dviw)

(1= Jw[)rt= =

cEn{1-5<wl<1-4}

> g7t / dV(w) > ed7 e = 67,

cEnn{1-<wl<1-2

The latter estimates follow from the inclusion

) ) ) ) )
0(5,5)H{1—§§!w|§1—1}3{!w!n:Zgl—\\ 2 d(¢,m) < \/g}

Let us prove this. We denote v = (1 — $)¢ € 9C(&,6), ¢ € S. Since min{d(&,n): |wly €
C(€,6)N{1 -2 < |w| <1—2}}is attained at v, it is enough to estimate d(¢, ¢) from below.

= =& Q] = VIT= (&0~ (& bl (& i) >
> V=& RIT=TE0 — @RI - /5 - 6.1 > /2

The estimate (27) is proved. O
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