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We consider the problem on splitting functions in the Paley-Wiener space into the sum of
two ones, each being “large” only in their domain.

Decomposition problems in spaces of analytic functions is concidered by many mathemati-
cians. R. S. Yulmukhametov in [1], [2] considered the problem on splitting of function in Paley
Wiener space into the product of two functions. Yu. I. Lyubarskii in [3] studied the splitting
of functions with a triangle indicator diagram. I. E. Chyzhykov in [4] studied similar issues in
terms of subharmonic functions. V. M. Dilnyi in [5] consider the problem about decompositi-
on of a function in the Paley-Wiener space into the sum of two functions, each being “large”
only on half-plane.

We denote by W2, o > 0, the Paley-Wiener space, i.e., the space of entire functions f of
exponential type < ¢ belonging to LP(R). The space W? can be defined (see |6, p. 663|) as
the space of entire functions satisfying the condition

1
+o0 , . P
sup {/ |f(7“ew’)|pe_p”5m9"|dr} < +o0.
pe(0;2m) 0

The following statement plays a fundamental role in the theory of Paley-Wiener spaces ([2]).

Theorem. (Paley-Wiener) Space f € W2 coincides with the space of functions repre-
sented as

f(z) = \/%_W /_Z o(it)e*dt, p € L*(—io;io). (1)

Analogical statements are also known for the cases 1 < p < 2 and p = 1. For the case
p = 1 an analogue is proved by G. Z. Ber (|7]). In another form the criterion for belonging
to W} is obtained by R. Boas (|8, p. 106]) and other.

Theorem. ([7]) The space f € W} coincides with the space of functions represented by
(1), where

et)= D ae™,  (a)el (2)

k=—o00
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and
+oo +oo L
k+m
m;m k;w(—l) Chim 3| < TO0

Let EP[C(a; )], 0 < f—a < 27, 1 < p < +00, be the space of analytic functions f in
Cla; 8) = {z: a < argz < [} such that

+o0
sup {/ \f(rew)\dr} < +00.
a<p<f 0

Almost everywhere on JC («; 8), functions f € EP[C(a; )] (|9]) have angular boundary
values (we denote it by f) and f € LP[C(a; B)].

Problem. Whether each function f € W} admits a splitting f = x + p, where functions x
and p are analytic in C; = {z:Rez >0}, and x € E' [C(0; )], p € E' [C(—3;0)]?
This problem is generated by studies of completeness of functions ([10]) and considered
in [5]. Above problem is interesting in the theory of integral operators and the shift operator.
We offer a new way of solving above problem other than in [5].
We find representations in the form of a function y

x(2) = xa(2) +ixa(—i2), (3)

where
1 7 itz 1 0 itz
x1(z) = E/o p(t)e™dt, xa2(z) = ) p(t)e™dt.
We write u = f — x, and understand that the function y as a solution of the problem.
We obtain the following statement.

Theorem 1. Let f € W!. The function x defined by (3) is a solution of Problem if and
only if both of the following conditions are fulfilled

“+oo —+00

I Il .
k
)

m=1 |k=—o0
“+o00 +oo

2|2 “lm+ itk

m=1 |k=—o0

< +o00. (5)

Example. Let ¢(t) = |t| — 0. Tt is clear that f(z) = \/‘7132 (cosoz —1). Then

1 7 its 1 eio? 1 o
Xl(z):\/?/o (|t|—0)e’falt:—%<z2 —;4—5),

0
_ 1 . o 1 e
X2(—iz) = o /(]t\ —o)edt = (; ~ = + = > :

X(2) = x1(2) +ixe(—iz) = L (€% +ie™7" — 1 — 1)

\2mz?

=)

1
27

Q‘

Hence

and p(z) = —= (e799% —ie 7% — 1 +14).

2mz2
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To prove Theorem 1, we need several lemmas.

Lemma 1. Let f € W,. Then x(z —if) € L'(Z;+00) if and only if
400 k
Z Ck . dx < 400, (6)

/z v @=2(GHR) (@it (5 +F))

where coefficients ¢, defined in (2).

Proof. Since f € W} and W} C W2, by the Paley-Wiener Theorem this function is repre-
sented in the form (1), where ¢ is determined by the equality (2). Furthermore, the series
in (2) converges uniformly on every interval of the positive real semiaxis by the Weierstrass
M-test. Then the series can be integrated term by term

x1(2) cpe o edt = —W,
No 0 i(z — k?)
0 +oo ] +oo _ o—o(z— 1k—")
—ikmt ]_ ]_ (&
—1z) = — cge o efdt = ——— cfp———
xa(—i2) \/ﬂ e kz g 2 = g (z — Z%”)
Therefore
1 +00o 1 — e'ia(zfl%7r 1— efa(zfi’%“)
z) = x1(2) + ixa(—iz) = — Crl - - 7
x(2) = x1(2) + ixa(—i2) zwk;ook < Z_;%r Z_iz%r (7)
For 2 =z — z% we have
T 1 +00 -1 k,; zox—l—z Uﬂﬁ—i-m

X<$_ %):_Ek;jkx—ﬁ( \/—Z +k>+

1 . k(14 1)
+¢%¢§Lkam—§@+mxx—&@+k»

= —Ti(z) + Ta(z) + Ts(x). (8)

Consider the integral over = € [Z;4-00) from the modulus of the first addend

400 +oo
[r |T1(z)|dz = Z/

mf/

T x—l——)‘d:z::

q

a :Jc+"" +3 —fi (_1)kck
xXr

- T(i+k)+
% +OO/ —+o00 (—1)kck
— (L4 k)+

Let ¥ = k —n, then

Kmm<m—¢l2/

k
o Ck/+n
_ wr _ 7rk,/
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Therefore
+00 , o 727 +00 +oo k+ Corin oo (_1)k/+nck,+n
_ | 1(5(1 | T = _im_ mp B Z E(_i_k/)
z 2 o k'=—0c0 O 2

(—1>k,+nck/+n Ry ( 1)k/+ Ck’+ k’ oo (_1>k'+nck/+nkl
§ G s 5

Pl Gt ) I SR ¢ ) S 1+ k)

dx) <

<6% . /er f(gmn ( 1 1 )d+
_ Chian ‘ B N
> /27Tn:1 0 b ——oo k' + x_;_:;_gk/ z7r_7|—k,
g +oo . k/
+ ERAVET n < ‘ + ) dot
0 k/g:oo( ) i —%_Ek/ §+§k/2
S ()M ek

klz_oo x (1 + k/2)

) ez(Z[l +212(n)+213(n)>.

Consider the first sum. The series

+o0o

k/—i-n ]_ 1
(_1> Ckl"!‘n 1T T 1.0 T rm T 1./
2. I _mf  Im _mp
k'=—00 20 o 20 o

converges uniformly on every bounded interval by the Weierstrass M-test. Therefore, term
by term integration leads

—x
Zh - Z/ k/Zoo ol T E o) (2 |
+o00  +oo / . d
< - |
5 5 o gz

Then, applying the Mean-Value Theorem, we can write
—x

/o (v =55 = 2F) (=35 — 2¥)

where a € [0; 1]. Hence

2
dr — a(7)

((F =5 =) (-5 — ZK)[
o 20 o 20 o

+oo +oo  +oo o
_[ < |C / | - - .
2N =2 2 I G R g

On changing the order of summation of absolute convergent series we obtain

R e el

4 =—

oo 1 — 1 +oo 1
Zk/:oo\/(a_k,)“i\/k/hrlékz m+b+2_2m<+m
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and Z::ioo |ckrin| < M < 400, where the constant M is independent of k', we have
> Ii(n) < 4oo0.
We estimate Iy(n). Let us remark that the integrand

+o0
/ 1 K’
k'4+n
Z (=1 e <_i_ﬂ_£k/+z+zk/2)‘

k'=—o00 20

is independent of x. On changing the order of summation we obtain
+o0 +00 g
11—tk
> =3 / 2
n=1

. de <
—%—k’) (1+ k7?) -

K |Ck’+n’ p
z(

k:’:—oo

+o00 \/m
S k,:Z_OO \/]{:27 14 k’Q Z |Ck’+n| < 2]{3/; 11 k’2 Z |Ck’+n| < +00.

We now consider I3(n). The series is independent of x. Therefore, using Theorem B., we
deduce Y 7% I3(n) < +oo. Hence f T (z)|dz < +o0.

Noting that
“+o0o

\ | 1
Z Ck +k5)| <_ Z |ck|7

k —

we deduce f | Ty (z)|dz < +o0. Finally, inequality (6) implies f |T5(x)|dx < +o0. The
sufficiency is proved.

Now suppose that f € W}l y € Ll( ;+00). We now prove that inequality (6) holds.
Using (8), we conclude

v

o
As in the proof the first part of lemma we showe that T} € L'(Z;400) and T, € L'(Z; +00).
Hence T3 € L'(Z;400). It is clear that inequality (6) holds. O
Lemma 2. Let a function f belong to W}. Then conditions (6) and (4) are equivalent.
Proof. Let the condition (4) holds. Then

/+OO
jus

+oo k
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Let us show that

where
= k
R e
)
F(m—3—k) 7 (m—35—ik)
Since
k —
(w+Z(m—5-k)(z+5(m—5—ik)
o 1 1
:71'(1—2) (ac—}—g(m—%—k) _(:v+§(m—%—zk)>7
k o 1 1
Fn—5 B (m—g—ik) (1= (%(m—%—k) CS(m—g ik
we have
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where o € [0;1]. In the first sum we change the order of summation and let m’ = m — k,
that

+oo  +oo

>3 lal = <

e \fla—k+m)?+ (ko m)? 4 L

0 400
§Z|Ck| Z ,2+ +Z|k| Z Axm)Etl <+oo
k=—o00 m/'=1-k k=1 m/=1— k

Let us estimate the second sum in the right-hand side of (9). We note that

—+00

> lal - <

k=——o0 \/(a+m)2 + (k+ %)2\/m2 + (k+ %)2

It follows that

+oo  +oo

>3 e —
m=1k=—o0 \/(a +m)?+ (k+3)

Using this inequality we obtain

\/m2+(k:+ : Z |Ck|z_<+oo.

“+oo jus
Z/ O(m;z)dr < 4o0.
m=1 0

Finally, the condition (6) holds.
Let now the condition (6) holds. Then

—+00

D

m=1

“+o00

k

C - -

,Z_:oo “T(m—1—k) T (m—§—ik)
T +OO

k
A T e e T

k_

7 = i
+/0 k—Zka(x+§(m_l—k)) (w—l—z—(m—%—k))dfc <
too x| oo .
ST
. ) dx+
e Y ey sy
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k

+;/o k;wck(ﬁﬁ(m—%—k))(wﬂ% (m—3-k)

As in the proof the first part of the lemma we show that

dz.

+o0 us
Z/ O(m;z)dx < 400
m=1"0
and the proof is complete.
O
Lemma 3. Let f € W,. Then x(iy — 5=) € L'(Z;+00) defined by (3) if and only if
/‘+oo f k
Ck. T T (1 dy < +OO7 (10)
W= Wiz (k+3) b+ 3 (G—H)

where coefficients ¢, defined by (2).
Proof. Since f € W], x is determined by equality (7). For z = iy — = we have
1)kefm'y+%

Ty 1 R (—1)kie=ov
X<Zy_%>_ﬂk;wcky+z (k+1) \/_ Z —I—’;r %—k)+

k=—o00

1 & k(=1 —1) B
VG D) GG R

Noting that

|cx]
Z ‘Jy+iZ(k+3 Z el

k—foo

we obtain f;oo |F1(y)|dy < +o00. Consider the integral over y € [Z; +00) of modulus of I

400 +o0 z
[ Rww=Y |
> n=1 0

_Lﬁ/%wwmﬁf 1t
- Ver y+ =+ I (2 —k)

3 +""/ (—1)kck

+00
We use the estimation of 77 from Lemma 1 and deduce f;oo |Fy(y)|dy < +o00. We note that

from inequality (10) it follows that f |F3(y)|dy < +o0.

Now suppose that x(iy — 5-) € Ll( ; +00). Let us show that inequality (10) holds. Then
(11) implies

Fy (y—i-@)‘dy:
o

dy <

k=—o00

dy.

Byy) = x (v-35) + i) = Fay).

As in the proof the first part of the lemma we show that Fy € L'(Z;4-00) and F, € L'(Z; 4-00)
without using (10). Therefore F3 € L'(Z;400). It is obvious that (10) holds. O
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Lemma 4. Let a function f belong to W}. Then (10) is equivalent to (5).
Proof. Let the inequality (5) hold. Then
+oo0 | 10
Ck T (1 dy:
|\ X e
+00 z +00
= i i dy =
;1/0 k;ock(%%(m%“’f))(y+§(m—’f+%)) !
=l | s mt g +ik) (y+ 5 (m—k+3))
+o00 L +00 k
— . , . — | dy <
R R e H SR P VR e ey e
+o00 z +o00 k
< - — —
_m:1</o ;_:oock((y+§(m+%+ik))(y+§(m—k+%))
= b d +Z f c
R | R = R R D R
Let us prove that
+oo jus
Z/Uﬁ(m;y)dy< +o00, (11)
m=1 0
where
400 L
d(m;y) = — ——
) E_J’“<<y+§<m+%+zk>><y+§<m—k+%>>
B k
;—r(m+%+2’k)§(m—k+%) '
Since

k
G+ 2 (nt 5 +0) (2 (m = £+ 9)

B o 1 B 1
(=1 —1) y+I(m+i+ki) y+Z(m—k+1i))’
k o 1

1
T T &l e e )

we deduce

(ks y) =

+o0 o y
k:z—ooﬂ-<_1_i)0k ((y+§(m+ki+%))§(m+%+ik)+
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<

+<y+g<m—k+§>>g<m—k+%>>

+o0 o —y
< _— - -
- Z Vo & (‘(y+§(m+k:z’+%))§(m+§+z‘k:)

).

«
+

- 1
(ks y)dy < — |kl
/0 \/ik;o ' Vit m)P 4 (k+ 1) /m2 4 (k+ 1)

y
(y+7(m—k+3))7(m—k+3)

_|_

Using the mean value theorem, we get

™

«

1 400
+E Z |Ck| \/(a—k‘—f-m)Q"‘%\/(m_k)Q—}—i,

k=—o00

where « € [0; 1]. As in the proof of Lemma 2 we now conclude that these series are convergent.

Therefore, we find that (12) hold. Thus, (10) holds.
Let now the condition (10) holds. Then

+00 “+o0o I{I
DD D oy E ey
)~ T(m+Li4+ik) I (m—k+1)
T 400
_/U Z Ck p p - K po 7 dy—l—
o S WHI(m+g+ik)) (y+ T (m—k+3))
7 I L
+ . —dy| <
[ X e rre i ®
<+f/§19(m'y)dy—l—/+oo Jio c i dy
>~ 5 k T (i . T (i .
1o = | Ty (5 +ik) (D (5 k)

As in the proof the first part of the lemma we deduce that (12) holds without using (5).
Then, inequality (5) is proved. O
We need the following lemma (see [11], [12]).

Lemma 5. If a function x is analytic in C («; 3), has the angle boundary values a. e. on

IC (a; B), x € LP (OC («; 8)) , and for some v € (0;7/(a — f3))

+o0 %
(Ve > 0): sup {/ |X(re"“’)|peemdr} < +o00,
0

a<p<f

then x € EP[C(a; B)].
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Proof of Theorems 1. Let f € W} admits splitting f = x + u, where y and u are analytic
in C;. Further, x € E* [C(0;Z)], p € E' [C (—%;0)]. Let us remark that y € E* [C (0;%)]

implies x(z — &) € E' [C(0;2)] ([14]). Thelre%o,re7 x(z —£Z) € L' (0C(0;2)) . Thus we

. 20 20
have x(z — &) € L' (g, +oo) . We note that from Lemmas 1 and 2 it follows that condition

(4) holds. Similarly, it can be shown that x(iy — =) € L' (Z;+00) . Since it is evident that
Lemmas 3 and 4 implies (5), this proves the necessity.

Let f € W} and conditions (4), (5) hold. From Lemmas 1-4, we get the following x(z —
i) e L' (Z;+00) and x(iy — &) € L* (Z;+00) . Notice that x is an entire function yields
x(z— % —-L)elLl (8@ (0; %)) . Since y € W2 by the Paley-Wiener Theorem, for any ¢ > 0
we obtain

+oo - 3
. ) 3
/ X(re® — o= — e~ dr =
0

+o0 ; 3

) 1T T _ . _..3 .

— |X(7,€'Lga . . )‘6 rU\smcp\e er +rosm<pd7, <
0 20 20

toe , s T , +oo 3 2
< / [x(re" — — — —)|26_2T°|51W|d7“/ ey | < b < 400,
0 2(7 20' 0

where b is independent of . It follows from Lemma 5 that y(z — & £) e E! [(C (0 ”)} .

€ 2 2
To prove the theorem, we consider the space EP [(C (O; %)], 1 < p < 400, of functions
analytic in C, such that

1
NS +oo P
max {sup {/ | f(x+ z'y)|pe_p"y|dx} ; sup {/ |f(x+ iy)|pe_p0y|dy}} < +o00.
y€R 0 x>0 —c0

We note that from Lemmas 2 in [13] it follows that x(z— 2 — ) € E! [C(0;Z)] . Therefore,

Yy € E! [C(0;%)] . Finally, we apply Lemma 1 from [13] and conclude that x € E* [C (0;%)] .
Similarly, it can be shown that 4 € E* [C(—%;0)]. O
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