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We consider the problem on splitting functions in the Paley-Wiener space into the sum of
two ones, each being “large” only in their domain.

Decomposition problems in spaces of analytic functions is concidered by many mathemati-
cians. R. S. Yulmukhametov in [1], [2] considered the problem on splitting of function in Paley
Wiener space into the product of two functions. Yu. I. Lyubarskii in [3] studied the splitting
of functions with a triangle indicator diagram. I. E. Chyzhykov in [4] studied similar issues in
terms of subharmonic functions. V. M. Dilnyi in [5] consider the problem about decompositi-
on of a function in the Paley-Wiener space into the sum of two functions, each being “large”
only on half-plane.

We denote by W p
σ , σ > 0, the Paley-Wiener space, i.e., the space of entire functions f of

exponential type ≤ σ belonging to Lp(R). The space W p
σ can be defined (see [6, p. 663]) as

the space of entire functions satisfying the condition

sup
φ∈(0;2π)

{∫ +∞

0

|f(reiφ)|pe−pσr| sinφ|dr

} 1
p

< +∞.

The following statement plays a fundamental role in the theory of Paley-Wiener spaces ([2]).

Theorem. (Paley-Wiener) Space f ∈ W 2
σ coincides with the space of functions repre-

sented as
f(z) =

1√
2π

∫ σ

−σ

φ(it)eitzdt, φ ∈ L2(−iσ; iσ). (1)

Analogical statements are also known for the cases 1 < p < 2 and p = 1. For the case
p = 1 an analogue is proved by G. Z. Ber ([7]). In another form the criterion for belonging
to W 1

σ is obtained by R. Boas ([8, p. 106]) and other.

Theorem. ([7]) The space f ∈ W 1
σ coincides with the space of functions represented by

(1), where

φ(t) =
+∞∑

k=−∞

cke
−ikπt

σ , (ck) ∈ l1 (2)
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and
+∞∑

m=−∞

∣∣∣∣∣
+∞∑

k=−∞

(−1)k+mck+m
k

1 + k2

∣∣∣∣∣ < +∞.

Let Ep[C(α; β)], 0 < β − α < 2π, 1 ≤ p < +∞, be the space of analytic functions f in
C(α; β) = {z : α < arg z < β} such that

sup
α<φ<β

{∫ +∞

0

|f(reiφ)|dr
}

< +∞.

Almost everywhere on ∂C (α; β), functions f ∈ Ep[C(α; β)] ([9]) have angular boundary
values (we denote it by f) and f ∈ Lp[C(α; β)].

Problem. Whether each function f ∈ W 1
σ admits a splitting f = χ+ µ, where functions χ

and µ are analytic in C+ = {z : Re z > 0}, and χ ∈ E1
[
C
(
0; π

2

)]
, µ ∈ E1

[
C
(
−π

2
; 0
)]

?

This problem is generated by studies of completeness of functions ([10]) and considered
in [5]. Above problem is interesting in the theory of integral operators and the shift operator.
We offer a new way of solving above problem other than in [5].

We find representations in the form of a function χ

χ(z) = χ1(z) + iχ2(−iz), (3)

where

χ1(z) =
1√
2π

∫ σ

0

φ(t)eitzdt, χ2(z) = − 1√
2π

∫ 0

−σ

φ(t)eitzdt.

We write µ = f − χ, and understand that the function χ as a solution of the problem.
We obtain the following statement.

Theorem 1. Let f ∈ W 1
σ . The function χ defined by (3) is a solution of Problem if and

only if both of the following conditions are fulfilled

+∞∑
m=1

∣∣∣∣∣
+∞∑

k=−∞

ck
k(

m− i
2
− k
) (

m− i
2
− ik

)∣∣∣∣∣ < +∞, (4)

+∞∑
m=1

∣∣∣∣∣
+∞∑

k=−∞

ck
k(

m+ i
2
+ ik

) (
m+ i

2
− k
)∣∣∣∣∣ < +∞. (5)

Example. Let φ(t) = |t| − σ. It is clear that f(z) =
√
2√

πz2
(cosσz − 1) . Then

χ1(z) =
1√
2π

∫ σ

0

(|t| − σ)eitzdt =
1√
2π

(
eiσz

z2
− 1

z2
+

σ

iz

)
,

χ2(−iz) =
1√
2π

0∫
−σ

(|t| − σ)etzdt =
1√
2π

(
σ

z
− 1

z2
+

e−σz

z2

)
.

Hence
χ(z) = χ1(z) + iχ2(−iz) =

1√
2πz2

(
eiσz + ie−σz − 1− i

)
and µ(z) = 1√

2πz2
(e−iσz − ie−σz − 1 + i) .
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To prove Theorem 1, we need several lemmas.

Lemma 1. Let f ∈ W 1
σ . Then χ(x− i π

2σ
) ∈ L1(π

σ
; +∞) if and only if∫ +∞

π
σ

∣∣∣∣∣
+∞∑

k=−∞

ck
k(

x− π
σ

(
i
2
+ k
)) (

x− iπ
σ

(
1
2
+ k
))∣∣∣∣∣ dx < +∞, (6)

where coefficients ck defined in (2).

Proof. Since f ∈ W 1
σ and W 1

σ ⊂ W 2
σ , by the Paley-Wiener Theorem this function is repre-

sented in the form (1), where φ is determined by the equality (2). Furthermore, the series
in (2) converges uniformly on every interval of the positive real semiaxis by the Weierstrass
M-test. Then the series can be integrated term by term

χ1(z) =
1√
2π

∫ σ

0

+∞∑
k=−∞

cke
−ikπt

σ eitzdt =
1√
2π

+∞∑
k=−∞

ck
eiσ(z−

kπ
σ
) − 1

i(z − kπ
σ
)

,

χ2(−iz) = − 1√
2π

∫ 0

−σ

+∞∑
k=−∞

cke
−ikπt

σ etzdt = − 1√
2π

+∞∑
k=−∞

ck
1− e−σ(z−i kπ

σ
)

(z − ikπ
σ
)

.

Therefore

χ(z) = χ1(z) + iχ2(−iz) =
1√
2π

+∞∑
k=−∞

cki

(
1− eiσ(z−

kπ
σ
)

z − kπ
σ

− 1− e−σ(z−i kπ
σ
)

z − ikπ
σ

)
. (7)

For z = x− i π
2σ

we have

χ
(
x− i

π

2σ

)
= − 1√

2π

+∞∑
k=−∞

ck
(−1)kieiσx+

π
2

x− π
σ
( i
2
+ k)

+
1√
2π

+∞∑
k=−∞

ck
(−1)kie−σx+πi

2

x− iπ
σ
(1
2
+ k)

+

+
1√
2π

+∞∑
k=−∞

ck
πk(1 + i)

σ(x− π
σ
( i
2
+ k))(x− iπ

σ
(1
2
+ k))

= −T1(x) + T2(x) + T3(x). (8)

Consider the integral over x ∈ [π
σ
; +∞) from the modulus of the first addend∫ +∞

π
σ

|T1(x)|dx =
+∞∑
n=1

∫ π
σ

0

∣∣∣T1

(
x+

πn

σ

)∣∣∣ dx =

=
1√
2π

+∞∑
n=1

∫ π
σ

0

∣∣∣∣∣ieiσ(x+πn
σ )+

π
2

+∞∑
k=−∞

(−1)kck
x− π

σ
( i
2
+ k) + πn

σ

∣∣∣∣∣ dx =

=
e

π
2

√
2π

+∞∑
n=1

∫ π
σ

0

∣∣∣∣∣
+∞∑

k=−∞

(−1)kck

x− π
σ
( i
2
+ k) + πn

σ

∣∣∣∣∣ dx.
Let k′ = k − n, then∫ +∞

π
σ

|T1(x)|dx =
e

π
2

√
2π

+∞∑
n=1

∫ π
σ

0

∣∣∣∣∣
+∞∑

k′=−∞

(−1)k
′+nck′+n

x− iπ
2σ

− π
σ
k′

∣∣∣∣∣ dx.
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Therefore∫ +∞

π
σ

|T1(x)|dx =
e

π
2

√
2π

(
+∞∑
n=1

∫ π
σ

0

∣∣∣∣∣
+∞∑

k′=−∞

(−1)k
′+nck′+n

x− iπ
2σ

− π
σ
k′ −

+∞∑
k′=−∞

(−1)k
′+nck′+n

π
σ

(
− i

2
− k′

) +

+
+∞∑

k′=−∞

(−1)k
′+nck′+n

π
σ

(
− i

2
− k′

) +
+∞∑

k′=−∞

(−1)k
′+nck′+nk

′

π
σ
(1 + k′2)

−
+∞∑

k′=−∞

(−1)k
′+nck′+nk

′

π
σ
(1 + k′2)

∣∣∣∣∣ dx
)

≤

≤ e
π
2

√
2π

+∞∑
n=1

(∫ π
σ

0

∣∣∣∣∣
+∞∑

k′=−∞

(−1)k
′+nck′+n

(
1

x− iπ
2σ

− π
σ
k′ −

1
iπ
2σ

− π
σ
k′

)∣∣∣∣∣ dx +

+

∫ π
σ

0

∣∣∣∣∣
+∞∑

k′=−∞

(−1)k
′+nck′+n

(
1

− iπ
2σ

− π
σ
k′ +

k′

π
σ
+ π

σ
k′2

)∣∣∣∣∣ dx+
+

∫ π
σ

0

∣∣∣∣∣
+∞∑

k′=−∞

(−1)k
′+nck′+nk

′

π
σ
(1 + k′2)

∣∣∣∣∣ dx
)

=
e−

π
2

√
2π

(
+∞∑
n=1

I1(n) +
+∞∑
n=1

I2(n) +
+∞∑
n=1

I3(n)

)
.

Consider the first sum. The series
+∞∑

k′=−∞

(−1)k
′+nck′+n

(
1

x− iπ
2σ

− π
σ
k′ −

1
iπ
2σ

− π
σ
k′

)
converges uniformly on every bounded interval by the Weierstrass M-test. Therefore, term
by term integration leads

+∞∑
n=1

I1(n) ≤
+∞∑
n=1

∫ π
σ

0

+∞∑
k′=−∞

|ck′+n|

∣∣∣∣∣ −x(
x− iπ

2σ
− π

σ
k′
) (

− iπ
2σ

− π
σ
k′
)∣∣∣∣∣ dx ≤

≤
+∞∑
n=1

+∞∑
k′=−∞

|ck′+n|
∫ π

σ

0

∣∣∣∣∣ −x(
x− iπ

2σ
− π

σ
k′
) (

− iπ
2σ

− π
σ
k′
)∣∣∣∣∣ dx.

Then, applying the Mean-Value Theorem, we can write∫ π
σ

0

∣∣∣∣∣ −x(
x− iπ

2σ
− π

σ
k′
) (

− iπ
2σ

− π
σ
k′
)∣∣∣∣∣ dx =

α
(
π
σ

)2∣∣(απ
σ
− iπ

2σ
− π

σ
k′
) (

− iπ
2σ

− π
σ
k′
)∣∣ ,

where α ∈ [0; 1]. Hence
+∞∑
n=1

I1(n) ≤
+∞∑
n=1

+∞∑
k′=−∞

|ck′+n|
α∣∣(α− i

2
− k′

) (
− i

2
− k′

)∣∣ .
On changing the order of summation of absolute convergent series we obtain

+∞∑
n=1

I1(n) ≤
+∞∑

k′=−∞

1√
(α− k′)2 + 1

4

√
k′2 + 1

4

+∞∑
n=1

|ck′+n| ,

Since∑+∞

k′=−∞

1√
(α− k′)2 + 1

4

√
k′2 + 1

4

≤
−1∑

k=−∞

1

k′2 + 1
4

+ b+
∑+∞

k=2

1

(k′ − 1)2 + 1
4

< +∞
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and
∑+∞

n=−∞ |ck′+n| ≤ M < +∞, where the constant M is independent of k′, we have∑+∞
n=1 I1(n) < +∞.
We estimate I2(n). Let us remark that the integrand∣∣∣∣∣

+∞∑
k′=−∞

(−1)k
′+nck′+n

(
1

− iπ
2σ

− π
σ
k′ +

k′

π
σ
+ π

σ
k′2

)∣∣∣∣∣
is independent of x. On changing the order of summation we obtain

+∞∑
n=1

I2(n) =
+∞∑
n=1

∫ π
σ

0

∣∣∣∣∣
+∞∑

k′=−∞

(−1)k
′+n |ck′+n|

1− i
2
k′

π
σ

(
− i

2
− k′

)
(1 + k′2)

∣∣∣∣∣ dx ≤

≤
+∞∑

k′=−∞

√
1 + 1

4
k2√

k2 + 1
4
(1 + k′2)

+∞∑
n=1

|ck′+n| ≤ 2
+∞∑

k′=−∞

1

(1 + k′2)

+∞∑
n=−∞

|ck′+n| < +∞.

We now consider I3(n). The series is independent of x. Therefore, using Theorem B., we
deduce

∑+∞
n=1 I3(n) < +∞. Hence

∫ +∞
π
σ

|T1(x)|dx < +∞.

Noting that
+∞∑

k=−∞

|ck|∣∣x− iπ
σ
(1
2
+ k)

∣∣ ≤ 1

x

+∞∑
k=−∞

|ck|,

we deduce
∫ +∞

π
σ

|T2(x)|dx < +∞. Finally, inequality (6) implies
∫ +∞

π
σ

|T3(x)|dx < +∞. The
sufficiency is proved.

Now suppose that f ∈ W 1
σ , χ ∈ L1(π

σ
; +∞). We now prove that inequality (6) holds.

Using (8), we conclude

T3(x) = χ

(
x− iπ

2σ

)
+ T1(x)− T2(x).

As in the proof the first part of lemma we showe that T1 ∈ L1(π
σ
; +∞) and T2 ∈ L1(π

σ
; +∞).

Hence T3 ∈ L1(π
σ
; +∞). It is clear that inequality (6) holds.

Lemma 2. Let a function f belong to W 1
σ . Then conditions (6) and (4) are equivalent.

Proof. Let the condition (4) holds. Then∫ +∞

π
σ

∣∣∣∣∣
+∞∑

k=−∞

ck
k(

x− π
σ

(
i
2
+ k
)) (

x− iπ
σ

(
1
2
+ k
))∣∣∣∣∣ dx =

=
+∞∑
m=1

∫ π
σ

0

∣∣∣∣∣
+∞∑

k=−∞

ck
k(

x+ π
σ

(
m− i

2
− k
)) (

x+ π
σ

(
m− i

2
− ik

))∣∣∣∣∣ dx =

=
+∞∑
m=1

∫ π
σ

0

∣∣∣∣∣
+∞∑

k=−∞

ck
k(

x+ π
σ

(
m− i

2
− k
)) (

x+ π
σ

(
m− i

2
− ik

))−
−

+∞∑
k=−∞

ck
k

π
σ

(
m− i

2
− k
)

π
σ

(
m− i

2
− ik

) + +∞∑
k=−∞

ck
k

π
σ

(
m− i

2
− k
)

π
σ

(
m− i

2
− ik

)∣∣∣∣∣ dx ≤
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≤
+∞∑
m=1

(∫ π
σ

0

∣∣∣∣∣
+∞∑

k=−∞

ck

(
k(

x+ π
σ

(
m− i

2
− k
)) (

x+ π
σ

(
m− i

2
− ik

))−
− k

π
σ

(
m− i

2
− k
)

π
σ

(
m− i

2
− ik

))∣∣∣∣∣ dx+
π

σ

∣∣∣∣∣
+∞∑

k=−∞

ck
k

π
σ

(
m− i

2
− k
)

π
σ

(
m− i

2
− ik

)∣∣∣∣∣
)
.

Let us show that
+∞∑
m=1

∫ π
σ

0

θ(m; x)dx < +∞,

where

θ(m; x) =

∣∣∣∣∣
+∞∑

k=−∞

ck

(
k(

x+ π
σ

(
m− i

2
− k
)) (

x+ π
σ

(
m− i

2
− ik

)) −

− k
π
σ

(
m− i

2
− k
)

π
σ

(
m− i

2
− ik

))∣∣∣∣∣ .
Since

k(
x+ π

σ

(
m− i

2
− k
)) (

x+ π
σ

(
m− i

2
− ik

)) =

=
σ

π(1− i)

(
1

x+ π
σ

(
m− i

2
− k
) − 1

(x+ π
σ

(
m− i

2
− ik

)) ,

k
π
σ

(
m− i

2
− k
)

π
σ

(
m− i

2
− ik

) =
σ

π(1− i)

(
1

π
σ

(
m− i

2
− k
) − 1

π
σ

(
m− i

2
− ik

)) ,

we have

θ(m; x) =

∣∣∣∣∣
+∞∑

k=−∞

σ

π(1− i)
ck

(
−x(

x+ π
σ

(
m− i

2
− k
))

π
σ

(
m− i

2
− k
)+

+
x(

x+ π
σ

(
m− i

2
− ik

))
π
σ

(
m− i

2
− ik

))∣∣∣∣∣ dx ≤

+∞∑
k=−∞

σ√
2π

|ck|

(∣∣∣∣∣ −x(
x+ π

σ

(
m− i

2
− k
))

π
σ

(
m− i

2
− k
)∣∣∣∣∣+∣∣∣∣∣ x(

x+ π
σ

(
m− i

2
− ik

))
π
σ

(
m− i

2
− ik

)∣∣∣∣∣
)
dx.

∫ π
σ

0

θ(m; x)dx ≤ 1√
2

+∞∑
k=−∞

|ck|
α√

(α− k +m)2 + 1
4

√
(−k +m)2 + 1

4

+

+
1√
2

+∞∑
k=−∞

|ck|
α√

(α+m)2 +
(
k + 1

2

)2√
m2 +

(
k + 1

2

)2 , (9)
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where α ∈ [0; 1]. In the first sum we change the order of summation and let m′ = m − k,
that

+∞∑
m=1

+∞∑
k=−∞

|ck|
α√

(α− k +m)2 + 1
4

√
(−k +m)2 + 1

4

≤

≤
+∞∑

k=−∞

|ck|
+∞∑

m′=1−k

α√
(α+m′)2 + 1

4

√
m′2 + 1

4

≤

≤
0∑

k=−∞

|ck|
+∞∑

m′=1−k

1

m′2 + 1
4

+
+∞∑
k=1

|ck|
+∞∑

m′=1−k

1

(1 +m′)2 + 1
4

< +∞.

Let us estimate the second sum in the right-hand side of (9). We note that

+∞∑
k=−∞

|ck|
α√

(α+m)2 +
(
k + 1

2

)2√
m2 +

(
k + 1

2

)2 ≤

≤
+∞∑

k=−∞

|ck|
1

m2 +
(
k + 1

2

)2 ≤
+∞∑

k=−∞

|ck|
1

m2
.

It follows that
+∞∑
m=1

+∞∑
k=−∞

|ck|
α√

(α+m)2 +
(
k + 1

2

)2√
m2 +

(
k + 1

2

)2 ≤
+∞∑

k=−∞

|ck|
+∞∑
m=1

1

m2
< +∞.

Using this inequality we obtain

+∞∑
m=1

∫ π
σ

0

θ(m; x)dx < +∞.

Finally, the condition (6) holds.
Let now the condition (6) holds. Then

+∞∑
m=1

∣∣∣∣∣
+∞∑

k=−∞

ck
k

π
σ

(
m− i

2
− k
)

π
σ

(
m− i

2
− ik

)∣∣∣∣∣ =
+∞∑
m=1

∣∣∣∣∣
+∞∑

k=−∞

ck
k

π
σ

(
m− i

2
− k
)

π
σ

(
m− i

2
− ik

)−
−
∫ π

σ

0

+∞∑
k=−∞

ck
k(

x+ π
σ

(
m− i

2
− k
)) (

x+ iπ
σ

(
m− 1

2
− k
))dx+

+

∫ π
σ

0

+∞∑
k=−∞

ck
k(

x+ π
σ

(
m− i

2
− k
)) (

x+ iπ
σ

(
m− 1

2
− k
))dx∣∣∣∣∣ ≤

≤
+∞∑
m=1

∫ π
σ

0

∣∣∣∣∣
+∞∑

k=−∞

ck

(
k

π
σ

(
m− i

2
− k
)

π
σ

(
m− i

2
− ik

) −

− k(
x+ π

σ

(
m− i

2
− k
)) (

x+ iπ
σ

(
m− 1

2
− k
)))∣∣∣∣∣ dx+
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+
+∞∑
m=1

∫ π
σ

0

∣∣∣∣∣
+∞∑

k=−∞

ck
k(

x+ π
σ

(
m− i

2
− k
)) (

x+ iπ
σ

(
m− 1

2
− k
))∣∣∣∣∣ dx.

As in the proof the first part of the lemma we show that
+∞∑
m=1

∫ π
σ

0

θ(m;x)dx < +∞

and the proof is complete.

Lemma 3. Let f ∈ W 1
σ . Then χ(iy − π

2σ
) ∈ L1(π

σ
; +∞) defined by (3) if and only if∫ +∞

π
σ

∣∣∣∣∣
+∞∑

k=−∞

ck
k(

y + iπ
σ

(
k + 1

2

)) (
y + π

σ

(
i
2
− k
))∣∣∣∣∣ dy < +∞, (10)

where coefficients ck defined by (2).

Proof. Since f ∈ W 1
σ , χ is determined by equality (7). For z = iy − π

2σ
we have

χ
(
iy − π

2σ

)
=

1√
2π

+∞∑
k=−∞

ck
(−1)kie−σy

y + iπ
σ

(
k + 1

2

) + 1√
2π

+∞∑
k=−∞

ck
(−1)ke−σiy+π

2

y + π
σ

(
i
2
− k
)+

+
1√
2π

+∞∑
k=−∞

ck
πk(−1− i)

σ
(
y + iπ

σ

(
k + 1

2

)) (
y + π

σ

(
i
2
− k
)) = F1(y) + F2(y) + F3(y).

Noting that
+∞∑

k=−∞

|ck|∣∣y + iπ
σ
(k + 1

2
)
∣∣ ≤ 1

y

+∞∑
k=−∞

|ck|

we obtain
∫ +∞

π
σ

|F1(y)|dy < +∞. Consider the integral over y ∈ [π
σ
; +∞) of modulus of F2∫ +∞

π
σ

|F2(y)|dy =
+∞∑
n=1

∫ π
σ

0

∣∣∣F2

(
y +

πn

σ

)∣∣∣ dy =

=
1√
2π

+∞∑
n=1

∫ π
σ

0

∣∣∣∣∣e−iσ(y+πn
σ )+

π
2

+∞∑
k=−∞

(−1)kck

y + πn
σ
+ π

σ

(
i
2
− k
)∣∣∣∣∣ dy ≤

≤ e
π
2

√
2π

+∞∑
n=1

∫ π
σ

0

∣∣∣∣∣
+∞∑

k=−∞

(−1)kck

y + πn
σ
+ π

σ

(
i
2
− k
)∣∣∣∣∣ dy.

We use the estimation of T1 from Lemma 1 and deduce
∫ +∞

π
σ

|F2(y)|dy < +∞. We note that

from inequality (10) it follows that
∫ +∞

π
σ

|F3(y)|dy < +∞.

Now suppose that χ(iy− π
2σ
) ∈ L1(π

σ
; +∞). Let us show that inequality (10) holds. Then

(11) implies
F3(y) = χ

(
y − π

2σ

)
+ F1(y)− F2(y).

As in the proof the first part of the lemma we show that F1 ∈ L1(π
σ
; +∞) and F2 ∈ L1(π

σ
; +∞)

without using (10). Therefore F3 ∈ L1(π
σ
; +∞). It is obvious that (10) holds.
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Lemma 4. Let a function f belong to W 1
σ . Then (10) is equivalent to (5).

Proof. Let the inequality (5) hold. Then∫ +∞

π
σ

∣∣∣∣∣
+∞∑

k=−∞

ck
k(

y + iπ
σ

(
k + 1

2

)) (
y + π

σ

(
i
2
− k
))∣∣∣∣∣ dy =

=
+∞∑
m=1

∫ π
σ

0

∣∣∣∣∣
+∞∑

k=−∞

ck
k(

y + π
σ

(
m+ i

2
+ ik

)) (
y + π

σ

(
m− k + i

2

))∣∣∣∣∣ dy =

=
+∞∑
m=1

∫ π
σ

0

∣∣∣∣∣
+∞∑

k=−∞

ck
k(

y + π
σ

(
m+ i

2
+ ik

)) (
y + π

σ

(
m− k + i

2

))−
−

+∞∑
k=−∞

ck
k

π
σ

(
m+ i

2
+ ik

)
π
σ

(
m− k + i

2

) + +∞∑
k=−∞

ck
k

π
σ

(
m+ i

2
+ ik

)
π
σ

(
m− k + i

2

)∣∣∣∣∣ dy ≤

≤
+∞∑
m=1

(∫ π
σ

0

∣∣∣∣∣
+∞∑

k=−∞

ck

(
k(

y + π
σ

(
m+ i

2
+ ik

)) (
y + π

σ

(
m− k + i

2

))−
− k

π
σ

(
m+ i

2
+ ik

)
π
σ

(
m− k + i

2

))∣∣∣∣∣ dy + π

σ

∣∣∣∣∣
+∞∑

k=−∞

ck
k

π
σ

(
m+ i

2
+ ik

)
π
σ

(
m− k + i

2

)∣∣∣∣∣
)

Let us prove that
+∞∑
m=1

∫ π
σ

0

ϑ(m; y)dy < +∞, (11)

where

ϑ(m; y) =

∣∣∣∣∣
+∞∑

k=−∞

ck

(
k(

y + π
σ

(
m+ i

2
+ ik

)) (
y + π

σ

(
m− k + i

2

))−
− k

π
σ

(
m+ i

2
+ ik

)
π
σ

(
m− k + i

2

))∣∣∣∣∣ .
Since

k(
y + π

σ

(
m+ i

2
+ ik

)) (
y + π

σ

(
m− k + i

2

)) =

=
σ

π(−1− i)

(
1

y + π
σ

(
m+ i

2
+ ki

) − 1

y + π
σ

(
m− k + i

2

)) ,

k
π
σ

(
m+ i

2
+ ik

)
π
σ

(
m− k + i

2

) =
σ

π(−1− i)

(
1

π
σ

(
m+ i

2
+ ki

) − 1
π
σ

(
m− k + i

2

))

we deduce

ϑ(k; y) =

∣∣∣∣∣
+∞∑

k=−∞

σ

π(−1− i)
ck

(
−y(

y + π
σ

(
m+ ki+ i

2

))
π
σ

(
m+ i

2
+ ik

)+
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+
y(

y + π
σ

(
m− k + i

2

))
π
σ

(
m− k + i

2

))∣∣∣∣∣ ≤
≤

+∞∑
k=−∞

σ√
2π

|ck|

(∣∣∣∣∣ −y(
y + π

σ

(
m+ ki+ i

2

))
π
σ

(
m+ i

2
+ ik

)∣∣∣∣∣+
+

∣∣∣∣∣ y(
y + π

σ

(
m− k + i

2

))
π
σ

(
m− k + i

2

)∣∣∣∣∣
)
.

Using the mean value theorem, we get∫ π
σ

0

ϑ(k; y)dy ≤ 1√
2

+∞∑
k=−∞

|ck|
α√

(α+m)2 +
(
k + 1

2

)2√
m2 +

(
k + 1

2

)2+
+

1√
2

+∞∑
k=−∞

|ck|
α√

(α− k +m)2 + 1
4

√
(m− k)2 + 1

4

,

where α ∈ [0; 1]. As in the proof of Lemma 2 we now conclude that these series are convergent.
Therefore, we find that (12) hold. Thus, (10) holds.

Let now the condition (10) holds. Then

+∞∑
m=1

∣∣∣∣∣
+∞∑

k=−∞

ck
k

π
σ

(
m+ i

2
+ ik

)
π
σ

(
m− k + i

2

)∣∣∣∣∣ =
=

+∞∑
m=1

∣∣∣∣∣
+∞∑

k=−∞

ck
k

π
σ

(
m+ i

2
+ ik

)
π
σ

(
m− k + i

2

)−
−
∫ π

σ

0

+∞∑
k=−∞

ck
k(

y + π
σ

(
m+ i

2
+ ik

)) (
y + π

σ

(
m− k + i

2

))dy+
+

∫ π
σ

0

+∞∑
k=−∞

ck
k(

y + π
σ

(
m+ i

2
+ ik

)) (
y + π

σ

(
m− k + i

2

))dy∣∣∣∣∣ ≤
≤

+∞∑
m=1

∫ π
σ

0

ϑ(m; y)dy +

∫ +∞

π
σ

∣∣∣∣∣
+∞∑

k=−∞

ck
k(

y + π
σ

(
i
2
+ ik

)) (
y + π

σ

(
i
2
− k
))∣∣∣∣∣ dy.

As in the proof the first part of the lemma we deduce that (12) holds without using (5).
Then, inequality (5) is proved.

We need the following lemma (see [11], [12]).

Lemma 5. If a function χ is analytic in C (α; β) , has the angle boundary values a. e. on
∂C (α; β) , χ ∈ Lp (∂C (α; β)) , and for some γ ∈ (0;π/(α− β))

(∀ε > 0) : sup
α<φ<β

{∫ +∞

0

|χ(reiφ)|pe−εrγdr

} 1
p

< +∞,

then χ ∈ Ep[C(α; β)].



ON SPLITTING FUNCTIONS IN PALEY-WIENER SPACE 147

Proof of Theorems 1. Let f ∈ W 1
σ admits splitting f = χ + µ, where χ and µ are analytic

in C+. Further, χ ∈ E1
[
C
(
0; π

2

)]
, µ ∈ E1

[
C
(
−π

2
; 0
)]

. Let us remark that χ ∈ E1
[
C
(
0; π

2

)]
implies χ(z − iπ

2σ
) ∈ E1

[
C
(
0; π

2

)]
([14]). Therefore, χ(x − iπ

2σ
) ∈ L1

(
∂C
(
0; π

2

))
. Thus we

have χ(x− iπ
2σ
) ∈ L1

(
π
σ
; +∞

)
. We note that from Lemmas 1 and 2 it follows that condition

(4) holds. Similarly, it can be shown that χ(iy − π
2σ
) ∈ L1

(
π
σ
; +∞

)
. Since it is evident that

Lemmas 3 and 4 implies (5), this proves the necessity.
Let f ∈ W 1

σ and conditions (4), (5) hold. From Lemmas 1-4, we get the following χ(x−
iπ
2σ
) ∈ L1

(
π
σ
; +∞

)
and χ(iy − π

2σ
) ∈ L1

(
π
σ
; +∞

)
. Notice that χ is an entire function yields

χ(z− iπ
2σ

− π
2σ
) ∈ L1

(
∂C
(
0; π

2

))
. Since χ ∈ W 2

σ by the Paley-Wiener Theorem, for any ε > 0
we obtain ∫ +∞

0

|χ(reiφ − iπ

2σ
− π

2σ
)|e−εr

3
2 dr =

=

∫ +∞

0

|χ(reiφ − iπ

2σ
− π

2σ
)|e−rσ| sinφ|e−εr

3
2+rσ sinφdr ≤

≤
(∫ +∞

0

|χ(reiφ − iπ

2σ
− π

2σ
)|2e−2rσ| sinφ|dr

∫ +∞

0

e−εr
3
2+rσdr

) 1
2

≤ b < +∞,

where b is independent of φ. It follows from Lemma 5 that χ(z − iπ
2σ

− π
2σ
) ∈ E1

[
C
(
0; π

2

)]
.

To prove the theorem, we consider the space Ẽp
[
C
(
0; π

2

)]
, 1 ≤ p < +∞, of functions

analytic in C+ such that

max

{
sup
y∈R

{∫ +∞

0

|f(x+ iy)|pe−pσ|y|dx

}
; sup
x>0

{∫ +∞

−∞
|f(x+ iy)|pe−pσ|y|dy

}} 1
p

< +∞.

We note that from Lemmas 2 in [13] it follows that χ(z− iπ
2σ
− π

2σ
) ∈ Ẽ1

[
C
(
0; π

2

)]
. Therefore,

χ ∈ Ẽ1
[
C
(
0; π

2

)]
. Finally, we apply Lemma 1 from [13] and conclude that χ ∈ E1

[
C
(
0; π

2

)]
.

Similarly, it can be shown that µ ∈ E1
[
C
(
−π

2
; 0
)]

.
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