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We consider the linear topology space of entire functions of a proximate order and nor-
mal type less than the given type with respect to the proximate order. We obtain a form of
continuous linear functional on this space.

1. We introduce the necessary definitions. A function o(r), defined on the ray (0, 00) and
satisfying the Lipschitz condition on any segment [a, b] C (0, 00), that satisfies the conditions
li =p> li ! Inr =
lim o(r) =p >0, and TLIEOTQJF(T) nr =20
is called a proximate order.

A detailed exposition of properties of a proximate order can be found in [1, 2|. In this
paper we use the notation V(r) = 79, We will assume that V(r) is an increasing function
on (0,00) and hIEo V(r)=0.

r—

We will say that a proximate order g;(r) is less than the proximate order o(r) if

lim o1(r) = p1 < p = lim o(r).
7—00

7—00

We now formulate a simple property of a proximate order that we shall need frequently |1,
(2), p-33].
Forr — o0 and 0 < a < k < b < oo the asymptotic inequality

(1 —e)k’V(r) < V(kr) < (1+¢e)k"V(r) (1)

holds uniformly in k.
Let My(r) = max|f(z)|. If for an entire function f(z) the quantity

|2|=r
: log My(r)
or = limsup ————=
YTV
is different from zero and infinity, then o(r) is called of a prozimate order of the entire

function f(z) and oy is called the type of the function f(z) with respect to the proximate
order o(r).
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Let o(r) be a proximate order, lim, ., o(r) = p > 0. A single valued function f(z) of
the complex variable z is said to belong to the space [o(r), o) if f(z) has the order less than
o(r) or equal o(r) but in this second case the type is less than o.

Thus f € [o(r),0) if and only if there exist Cy > 0 and o7 > 0, 0y < o, such that
1f(2)] < CreosVUED for all 2 € C.

A sequence of functions {f,,(z)} from [o(r), o) converges in the sense of [o(r),o) if (i) it
converges uniformly on compacts, (ii) there exists 5 < o such that

[fn(2)| <exp[BV([2))],  [2] > 70(B8), n =1,

where 7(3) does not depend on n.
For a suitable C'(3), which does not depend on n, for all z

[fa(2)] < C(B) exp[BV(|2])] (n=1). (2)

The space [o(r), ) is a linear topology space with the sequential topology.
We introduce the function ¢(t) to be the unique solution of the equation ¢t = V(r). So

p(V(t) =t. (3)
The following theorem on relation of the type of the function to the rate of decrease of
its Taylor coefficients is true.
Theorem 1. ([1, Theorem 2’, p.42|) The type oy of an entire function f(z) = ) ¢,2"
n=0

with a proximate order o(r) (p > 0) is given by the equation

limsup (n) {/Jex] = (e7p)"/* (4)

n—o0

Let p > 0. Set
(eap)™/”

(e(n))™”

o0
For a function f(z) = ) ¢,2" € [0(r), o), we associate the function
n=0

dn: nZl,dozl

F(z) = anz”, b, = 2—", n > 0. (5)
n=0 "

It is analytic in the closed disk |z| < 1. Indeed, we have by (4) lim sup ¢(n) ¥/|c,| < (eap)'/?,

n—o0

hence ¢(n) {/|c,| < (ea1p)V/?, opo1 < o, n > ng, and

n/p
bl < ()" nzno.
o

Since 01 < o, we obtain

limsup v/|b,| < 1

n—o0

and the series (5) converges in the disk |z| <r, r > 1.
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Conversely, for any analytic function F'(z) in the disk |z| < 1 it corresponds the function

f(z) from [o(r),0).
If a function f(z) of [o(r),o) corresponds to the function F(z) as indicated above we
write

f(z) ~ F(2).
It is obvious, that if f(z) € [o(r), o) then f(Az) ~ F(Az) in the sense of [o(r), \’0), where
A > 0 is a parameter, and if f,(z) ~ F,,(z) (n =1,2,...,m) then

Z A fr(2) ~ Z anFn(2).

In the present paper we prove two theorems.

Theorem 2. A sequence { f,(z)} of functions from [o(r), o) converges in the sense of [o(r), o)
if and only if there exists r > 1 such that the sequence {F,(2)} (fn(z) ~ F,.(z)) converges
uniformly inside the disk |z| < r and {F,(z)} are analytic in this disk.

Theorem 3. Every continuous linear functional [ on the space [o(r),c) has the form

(f) = ancn, f(2)=) ca2", (6)

where the quantities a,, satisfy

lim sup ¢~ () /|an| < (eop)™"/7. (7)
n—oo
The case o(r) = p > 0 was considered by A.F. Leont’ev [3, Theorem 1.1.7 and 1.1.10].
The case of the space [o(r), o] of entire functions of type less than or equal o with respect
to the proximate order o(r) was consider in [4].

2. We now prove Theorem 2. Let

fr(z) = Zcff)z”, Fr(2) = Zb,(f)z", k>1,

n=0 n=0

and let the sequence {fy(z)} converge in the sense of [o(r), o). By Cauchy’s inequality and
the condition (2)
exp[BV(r)]

rn ’

] < C(B)

n

|z| =7>0,

for some 3,0 < 8 < 0.
p(n)
(Bp)/e”

by (1) for and (3) we obtain

() =5

Put here r =

This yields

1< S e v ()] <

(BB [(L+en
e [ ozt
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It follows from (2), for z = 0,
1P| < Co(B), k> 1.

Therefore
0] = |Cd |<Cs(ﬁe>(66) (n>0,k>1).

n

1/p
o
We take ry < < ) . Since f < o we may take € > 0 such that ry is greater than 1. For

Bes

|z| < ro,

s . . 0 ﬁea n/p .
|Fn(2) — Fi(2)| <;\bg P = b 4 2C5(8,e) > ( = o -

n=s+1

The series on the right-hand side converges. Given £; we choose s so that the second addend
is less than &;.
Uniform convergence {fx(z)} on compacts implies that for each fixed n the coefficient

¢ has a limit as k — co. Then b$” also has a limit as k — co. That is why

>~ Hl < e
n=1

if m and k are sufficiently large. Finally, |F,,,(2) — Fi(2)| < 2¢1, |2| < ro.
We now prove the second part of the theorem. Let the sequence {Fj(z)} converge
uniformly in the disk |z| < 79, 79 > 1 and all functions are analytic in this disk. Let

fn(2) ~ F,(z). Repeating the arguments of [3] and [4], from this estimate by Theorem 1, we
get that the function ) 7 (Z)fpp()n)) is an entire function of the proximate order o(r) and

the type 5. This type is less than o so 79 > 1. Therefore the condition (2) holds.

Since the coefficient ¢ has a limit as k — oo for each fixed n it is possible to prove
similarly to the previous that the sequence {fi(z)} converges uniformly on compact sets. So
this sequence converges in the sense of [o(r), o).

Remark 1. If the sequence { fz(z)} converges to f(z) in the sense of [o(r), o), and {Fj(2)}
converges to F'(z) then f(z) ~ F(z).

3. By Theorem 2 it can be argued that the space [o(r), o) of functions f(z) with convergence
in the sense of [o(r), o) is transform onto the space A(D) of functions F(z) analytic in the
disk D = {z : |z| < 1}. A sequence {Fj(z)} of functions from A(D) converges to F(z)
in the sense of A(D) if there exists 7o > 1 such that all {F,(2)} are analytic in the disk
Doy ={z:]|z| <ro} and {Fy(z)} converges to F(z) by the norm ||F|| = m%x\F( 2)|.

Next, using the form of a linear functional in the space [o(7), o] ([4]), and the arguments
of the proof of Theorem 1.1.10 [3], it is not difficult to establish the validity of Theorem 3.

We recall the following known facts ([3, p. 17-18]):

1) Let F,(z) € A(D) (n > 1). In order to a function Fy(z) € A(D) can be approximated
with an arbitrary accuracy by linear combinations of functions F),(z) it is necessary and
sufficient that the equalities

L(F,) =0, n>1, (8)
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where L(F') is an arbitrary continuous linear functional on A(D), imply L(F,) = 0. In
particular, the system of functions {F, ()} is complete in A(D) if and only if equalities (8)
imply that for arbitrary L one has L(F) = 0 for any function F(z) € A(D).

2) Let M be a proper closed set in A(D) and Fy € A(D). Then there exists a functional
L(F) with the property: L(F) =0 for all F' € M but L(Fp) # 0.

Note that a closed set M in A(D), corresponds to a closed set in the space [o(r), o) by
the relation f(z) ~ F(z).

In virtue of these facts we obtain the following statements:

1) Let f.(2) € [o(r),0) (n > 1). In order to a function fy(z) € [o(r), o) can be approxi-
mated with arbitrary accuracy by linear combinations of functions f,(z) (in the sense of

[p(1r),0)) it is necessary and sufficient that equalities

[(fa) =0 (n2>1), (9)

where [(f) is an arbitrary continuous linear functional on [o(r), o), imply I(fy) = 0. In
particular, the system of functions { f,,(z)} is complete in [o(r), o) if and only if equalities (9)
imply [(f) = 0 for any function f(2) € [o(r),0).

2) Let N be a closed set in [o(r), o) that does not coincide with the [o(r), o) and fy(2) €
[o(r),0)\N. Then there exists a functional I(f) with the property: I(f) =0 for all f(z) € N
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