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Results on the belonging of entire functions to generalized convergence classes earlier ob-
tained by the authors are carried over on entire functions of several complex variables.

1. Introduction. Let

1) =Yt (1)

k=0

be an entire transcendental function, M(r, f) = max{|f(z)| : |z| = r} and u(r, f) =
= max{|ax| : k¥ > 0} be the maximal term of the series (1). Let L be class of continuous
functions « such that a(z) > 0 for z > xy, a(z) = a(xg) for x < xy and on [zg, +00)
the function a increases to +oo. We say that @ € L if @ € L and a(z(1 + o(1))) =
= (14 o(1))a(x) as * — +oo and remark that if « € L° then [1] rli>_nﬁoo % = ¢(\) < 400

for each A € [1, +00).
For a € L and B € L we say that f belongs to the generalized convergence class if

/°° alln M(r, f))
ro rp(ln r)

We remark that p(r, f) < M(r, f) < 2u(2r, f). Therefore, if & € L° and 8 € L°, then (2)

holds iff
/°° a(ln pu(r, f))
o rB(n )

Theorem 1 from 2| for entire Dirichlet series implies the following statement.

dr < +o0. (2)

dr < +o00. (3)

Theorem A. Let a € L be a concave function on [zg, +00) and a(e”) € L°. Let a function
B € LY satisfy the condition x(3'(z)/B(x) > h > 0 on [zg, +00) and

* a(x)
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In order that f belong to generalized convergence class it is necessary and in the case when
lag|/|ag+1| o0 as ky < k — oo it is sufficient that

N 1 > dt
g(a(k) —a(k=1))5 <Eln —) <o, fufa) = | 5 (5)

By © we denote the class of positive functions ® unbounded on (—oo,+00) such that
the derivative @’ is continuously differentiable, positive and increasing to +o0c on (—o0, +00)
and we say that an entire function (1) belongs to the convergence ®-class if

* ®'(In r)In M(r, f)
| .
/TO 32(In 1) dln r < 400 (6)
In [3] it is proved that if ® € Q and
*P'(0)In ¥'(0)
——————2do < 400, (7)
/7‘0 ®2(0)
then (6) holds iff
*@'(Inr)In p(r, f)
dl .
/TO 32(In 1) nr < -+oo (8)

On the other hand, Theorem 1 from [4] implies the following statement.

Theorem B. Let ® € ) and
"(0)®(0)
(®'(0))?

In order that (8) hold it is necessary and in the case when |ag|/|aki1|  +oo as
ko < k — oo it is sufficient that

0<h< < H < +o0, (9)

o0

1
> m < +00. (10)

—5 O/
k=0 lak]

Clearly, by condition (9) from Theorem B we get the necessary and sufficient condition
for belonging of f to the convergence ®-class.

Here we carry over these results on entire functions of several complex variables.

We remark that in [7] it is investigated the belonging to convergence classes of the functi-
ons represented by series, similar to the Taylor-Dirichlet series.

2. Generalized convergence class. Let Z = (z1,. .., z,) € C". We consider the exhaustion
of the space C" by the system (Ggr)g>o of a complete multiple-circular domains with the
center at the point (0,...,0) € C". We assume that this system satisfies the conditions:

1) U GR = (Cn;

R>0

11) (VRl < Rg) : GR1 C GRQ;

iii) (21,...,2n) € G1 <= (VR > 0) : (Rz1,...,Rz,) € Gpg;

iv) (21,...,2,) € Gp = (V(01,...,0,) € R") : (216 ... 2,€") € Gg.

We denote dg(ki,. .., k,) = max{[z|i*...|z|'» . Z € G = G} and suppose that if
Z = (21,21,...,2,) € G then |z >1>0forall j=1,...,n.
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Let
f(Z)=f(z1,21,. -y 20) = Z Ay i 24 2 (11)

be an entire transcendental function. We put Mz(R) = Mz(R, f) = max{|f(Z)| : Z € Gr}
and say that the function (11) belongs to the generalized convergence class if

> a(ln Mz(R, f))
A% e R < oo, (12)

where o € L and 8 € L. The following theorem is true.

Theorem 1. Suppose that the functions a and 3 satisfy the assummptions of Theorem A
and Ay = max{|a, . k.| : k1 + -+ k, = k}. In order that the function (11) belong to the
generalized convergence class it is necessary and in the case when |Ag|/|Ag+1| / +oo as
ko < k — oo it is sufficient that

- 1 1 > dt
kzzo(a(k) —ak—-1))5 (E In \A_k|> < +oo, fi(z) = ’ m (13)

Proof. We use a method of A.A. Gol’dberg [5], applied for finding of formulas for the determi-
nation of the order and the type of the function In Mg(R, f).

We denote
Pk(glv"'agn): Z Aky,....kn, 517"'757@”‘
kvt tkn =k
Then [5]
max{Mg(1, Po)R* : k> 0} < Mg(R, f) < Fi(R) = Y Mg(1, PR, (14)
k=1

Since max{Mz(1, B,)R* : k > 0} = p(R, Fy) and the functions In (R, Fy) and In Fy(R)
belong to the same generalized convergence class, the relation (12) holds iff

“ a(ln u(R, Fy))
dln R < 400. 15
/RO B R) (15)
Let -
mm:;&y,&;%ﬂ%Jmlm%%wwm. ,,,,, (16)

By Lemma 3 from [5] By < Mg(1, Py) < By(k + 1)" and, therefore,

In p(R, Fy) <Iln p(R,F)) <max{ln By +nk+kln R: k> 0} =
=max{ln By +k(In R+n): k> 0} =1n pu(Re", F).

Hence it follows that

“a(ln pu(R, Fy)) * a(ln pu(R, F1)) * a(ln pu(Re™, Fy))
/RO 50 R) dlnRS/RO 30 R) dlnRS/RO B0n 1) dln R
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and in view of the condition 3 € L° the relation (15) is equivalent to the relation

/°° a(ln p(R, F3))
Ro B(ln R)

dln R < +o0. (17)

Since the closed domain G is bounded, contained in some polycylinder Z;, = {Z : |z;| < L}.
Therefore, dg(ki, ..., k,) = d¥, where | < dy < L and, thus,

By =df max |a
k- =k

and In (R, Fy) = max{ln A, + kln dj, + kln R}, that is
In p(IR, F3) <In u(R, Fy) <1In pu(LR, F3), (18)

where F3(R) = >°7 | AxRF. From (18) in view of the condition 3 € L it follows that the
relation (17) and

/OO ol (B F3)) gy g < oo (19)

Ro A(ln R)
are equivalent. By Theorem A in order that inequality (19) hold, it is necessary and in

the case |Ax|/|Ars1| / +00 as kg < k — oo it is sufficient that (14) holds. Theorem 1 is
proved. ]

3. Convergence ®-class. We say that the function (11) belongs to the convergence ®-class
(®eQ)if

/°° ®'(In R)In Mg(R, f) | _ too. (20)

Ro ®2(ln R)
The results of the section are announced in [6] without the proof.
Theorem 2. Let the function ® € Q satisfy the condition (7), (9), and ®'(c+0O(1)) < ¥'(0)

as 0 — +o00. In order that (20) hold it is necessary and in the case when |Ag|/|Ag+1| 7 +00
as kg < k — oo it is sufficient that

= d'(+ In )

Proof. In view of a result from [3] and the inequalities (14) the relation (20) holds if and
only if

/Oo o Bl 1l F) g1y g < oo, (22)

Ro $2(In R)
For the function (16) as above we have In p(R, F3) < In u(R, Fy) < In p(Re™, Fy), whence
oo / o0 /
/ d'(In Rz) In u(R, FQ)dln R< / d'(In RQ) In u(R, Fy)
Ro ®2(In R) Ro ®2(In R)

< /°° ®'(In R)In p(Re™, Fy)
= Jry ®%(In R)

dln R <

dln R
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and according to the condition ®'(0 4+ O(1)) =< ®'(0) as 0 — +oo the relation (22) is
equivalent to the condition
/°° ®'(In R)In p(R, Fy)
Ro (1)2(111 R)
For the function F3(R) =Y >7 | A, R" we have (18) and, therefore, in view of the condition
?'(0 4+ 0O(1)) < (o) as 0 — +oo the relation (23) hold if and only if

dln R < +o0. (23)

@' (In R)In u(R, F3)
dln R < . 24
/RO ®2(In R) m s e (24)
By Theorem B in order that inequality (24) holds, it is necessary and in the case when
|Ak|/|Ak+1| 7 +00 as ko < k — oo it is sufficient that (21) holds. O

Choosing properly the function a and 3 or ® from Theorems 1 and 2 we obtain suitable
corollaries. If we choose for example ®(0) = e, 0 < p < 400, then we obtain the following
statement for an entire function of finite order.

Corollary 1. In order that [ ;Z m]\éf#d}% < 400, it is necessary and in the case when

| Akl /|Agsa| /400 as ko < k — oo it is sufficient that Y37, [Ag|?/* < 4-o0.

For an entire function of finite logarithmic order p € (1, +00) we choose ®(0) = o” for
o > 0p.

Corollary 2. In order that f;j %dl‘? < 400, p > 1, it is necessary and in the case

when |Ag|/|Aks1| / +00 as kg < k — oo it is sufficient that

§° (i In L)Hp < 400
S \E 1A .
=R0
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