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We study the structure of inverse primitive feebly compact semitopological and topological
semigroups. We find conditions under which the maximal subgroup of an inverse primitive
feebly compact semitopological semigroup S is a closed subset of S and describe the topologi-
cal structure of such semiregular semitopological semigroups. Later we describe the structure
of feebly compact topological Brandt \’-extensions of topological semigroups and semiregular
(quasi-regular) primitive inverse topological semigroups. In particular, we show that the inver-
sion in a quasi-regular primitive inverse feebly compact topological semigroup is continuous. An
analogue of the Comfort—-Ross Theorem is proved for such semigroups: the Tychonoff product
of an arbitrary family of primitive inverse semiregular feebly compact semitopological semi-
groups with closed maximal subgroups is feebly compact. We describe the structure of the
Stone-Cech compactification of a Hausdorff primitive inverse countably compact semitopolo-
gical semigroup S such that every maximal subgroup of S is a topological group.
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B pabore nsydaercst cTpyKTypa IICEBIOKOMITAKTHBIX WHBEPCHBIX MTPUMUATHBHBIX ITOJIYTOIO-
JIOTHYECKUX U TOMOJOTHIECKHUX MOIyrpyil. Haliienbl ycioBusi, npu KOTOPBIX MAKCHMAJIbHAS
MOJIMPYIIIA MICEBIOKOMIIAKTHON MHBEPCHON MPUMUTUBHOM IIOJIY TOINOJOTHIECKON Oy TPYIIIBL S
SIBJISIETCSI 3aMKHYTBIM I[TOJIMHOXKECTBOM B S’ U OIMCaHA TOIOJOTHYECKasi CTPYKTYPa TAKUX MOJIy-
PEryJISIPHBIX TOJIY TOTIOJIOTUYIECKUX MOMyrpyni. Jlasee Mbl onuchbiBaeM CTPYKTYPY IICEBIOKOM-
maktubx A’-pacmupennit Bpanara TomosormgecKnx MOMYTPYII U TIOJTyPeryIspHbIX (KBasu-
PEryJIsIPHBIX) NPUMUTUBHBIX MHBEPCHBIX TOIOJIOMMYECKUX MOJIYIPYIIL. B 9acTHOCTU MBI [IOKA-
3bIBaeM, 4YTO MHBEPCHUA B KBA3UPETyAAPHON IPUMUTUBHOU MHBEPCHOMN IICEBIOKOMIIAKTHON TO-
[TOJIOTUYECKO TOJIYTPYIIIE SBJISETCS HEIPEPBIBHBIM OTOOpakeHmeM. MBI Takyke JOKa3bIBaeM
anajor Teopembl Komdopra—Pocca st TaKUX TOJIYIPYIIT: THXOHOBCKOE IIPOU3BENIEHUE IIPO-
U3BOJIBHOI'O ceMeiicTBa IPUMUATUBHBIX NHBEPCHBIX IIOJIYPEryIdPHBIX IICEBJOKOMIIAKTHBIX HOJIY-
TOIIOJIOTUYECKAX IHOJYTPYHII C 3aMKHYTBIMA MAaKCHUMAJIbHBIMU IIOATPYIIIAMHU SBJIACTCA IICEB-
JIOKOMITAKTHBIM TIpOocTOpancTBOM. OmnucaHa CTPYKTypa CTOYH-YEXOBCKON KOMIIAKTU(MUKAIIII
xayc1op¢OBOI TPUMUTUBHON WHBEPCHOM CIETHO KOMITAKTHOMN ITOJTYTOIIOJIOTHIECKO IOy TPYII-
bl S TAKOM, YTO KaxKjias MaKCHUMaJIbHasl IOATPYIIIA B S sIBJISI€TCS] TOIIOJIOIUIECKOI IPYIIIOI.

1. Introduction and preliminaries. Further we shall follow the terminology of [8, 9, 13,
25, 32|. By N we shall denote the set of all positive integers.
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A semigroup is a non-empty set with a binary associative operation. A semigroup S is
called inverse if for any z € S there exists a unique y € S such that -y -z = x and
y-x -y =1y. Such an element y € S is called inverse to x and is denoted by z~!. The map
assigning to each element z of an inverse semigroup S its inverse z 7! is called the inversion.

For a semigroup S by E(S) we denote the subset of idempotents of S, and by St (resp.,
S%) we denote the semigroup S with the adjoined unit (resp., zero) (see |9, Section 1.1]). If
a semigroup S has zero Og, then for any A C S we denote A* = A\ {0s}.

For a semilattice F/ the semilattice operation on E determines the partial order < on E

e< f ifandonlyif ef = fe=e.

This order is called natural. An element e of a partially ordered set X is called minimal if
f < eimplies f =e for f € X. An idempotent e of a semigroup S without zero (with zero)
is called primitive if e is a minimal element of E(S) (of (E(S5))*).

Let S be a semigroup with zero and A > 1 a cardinal. On the set By(S) = (A x S x \)U
{0} we define a semigroup operation as follows

(o, ab,9), if g=r;
0, if B #,

and (a, a,3)-0 =0-(a,a,8) =0-:0=0, forall o, 3,7,0 € Aand a,b € S.If S is a monoid, then
the semigroup B, (S) is called the Brandt \-extension of the semigroup S ([15]). Obviously,
J ={0}U{(a, O,B): O is zero of S} is an ideal of B,(S). We put BY(S) = B,\(S)/J and
we shall call BY(S) the Brandt \°-extension of the semigroup S with zero ([16]). Further,
if A C S then we shall denote A, 3 = {(a,s,5): s € A} if A does not contain zero, and
Avpg = {(a,s,8): s € A\{0}}Uu{0} if 0 € A, for o, € A\. If T is a trivial semigroup
(i.e., Z contains only one element), then by Z° we denote the semigroup Z with the adjoined
zero. Obviously, for any A > 2 the Brandt \’-extension of the semigroup ZV is isomorphic
to the semigroup of A\ x A-matrix units. Any Brandt \°-extension of a semigroup with zero
contains the semigroup of A X A-matrix units. Further by B) we shall denote the semigroup
of A x A-matrix units and by BY(1) the subsemigroup of A x A-matrix units of the Brandt
A-extension of a monoid S with zero.

A semigroup S with zero is called 0-simple if {0} and S are its only ideals and S-S # {0},
and completely 0-simple if it is O-simple and has a primitive idempotent (|9]). A completely
0-simple inverse semigroup is called a Brandt semigroup ([25]). By Theorem I1.3.5 (]|25]),
a semigroup S is a Brandt semigroup if and only if S is isomorphic to a Brandt A-extension
B,\(G) of a group G.

Let {S,: ¢t € .#} be a disjoint family of semigroups with zero such that 0, is zero in S,
for any « € #. We put S = {0} UJ{SF: 1€ F}, where 0 ¢ |J{S: ¢ € #}, and define
a semigroup operation “ -7 on S in the following way

(avaaﬁ) ) (’Yabv(s) = {

; {st, if st € S} for some ¢ € &
s-t=

0, otherwise.

13 2

The semigroup S with the operation is called an orthogonal sum of the semigroups
{S,: v € #} and in this case we shall write S =" _,S,.

A non-trivial inverse semigroup is called a primitive inverse semigroup if all its non-zero
idempotents are primitive ([25]). A semigroup S is a primitive inverse semigroup if and only
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if S is an orthogonal sum of Brandt semigroups (|25, Theorem 11.4.3]). We call a Brandt
subsemigroup 7' of a primitive inverse semigroup S maximal if every Brandt subsemigroup
of S which contains T, coincides with 7.

In this paper all topological spaces are Hausdorff. If Y is a subspace of a topological
space X and A C Y, then by cly(A) and inty(A) we denote the topological closure and
interior of A in Y, respectively.

A subset A of a topological space X is called regular open if intx(clx(A)) = A.

We recall that a topological space X is:

o semiregqular if X has a base consisting of regular open subsets;

e quasiregular if for any non-empty open set U C X there exists a non-empty open set

V' C U such that clx (V) C U;
e compact if each open cover of X has a finite subcover;
o sequentially compact if each sequence {x;};en of X has a convergent subsequence in X;
e countably compact if each open countable cover of X has a finite subcover;

e countably compact at a subset A C X if every infinite subset B C A has an accumulation
point x in X;

e countably pracompact if there exists a dense subset A in X such that X is countably
compact at A;

e feebly compact if each locally finite open cover of X is finite;

e pseudocompact if X is Tychonoff and each continuous real-valued function on X is
bounded;

o k-space if a subset F' C X is closed in X if and only if F N K is closed in K for every
compact subspace K C X.

According to Theorem 3.10.22 of [13|, a Tychonoff topological space X is feebly compact if
and only if X is pseudocompact. A Hausdorff topological space X is feebly compact if and
only if every locally finite family of non-empty open subsets of X is finite. Every compact
space and every sequentially compact space are countably compact, every countably compact
space is countably pracompact, and every countably pracompact space is feebly compact
(see [2]).

We recall that the Stone-Cech compactification of a Tychonoff space X is a compact
Hausdorff space X containing X as a dense subspace so that each continuous map f: X —
Y to a compact Hausdorff space Y extends to a continuous map f: X — Y ([13]).

A (semi)topological semigroup is a Hausdorff topological space with a (separately) conti-
nuous semigroup operation. A topological semigroup which is an inverse semigroup is called
an nverse topological semigroup. A topological inverse semigroup is an inverse topological
semigroup with continuous inversion. We observe that the inversion on a topological inverse
semigroup is a homeomorphism (see [12, Proposition II.1]). A Hausdorff topology 7 on an
(inverse) semigroup S is called an (inverse) semigroup if (S,7) is a topological (inverse)
semigroup. A paratopological (semitopological) group is a Hausdorff topological space with
a jointly (separately) continuous group operation. A paratopological group with continuous
inversion is a topological group.

Let 6TG G, be a class of semitopological semigroups.
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Definition 1 ([15]). Let A > 1 be a cardinal and (5, 7) € 6GTE®, a semitopological monoid
with zero. Let 75 be a topology on B,(S) such that:

a) (BA(S),TB) € 6TEB,; and

b) for some o € A the topological subspace (Sq,a,7B|s,..) is naturally homeomorphic to

(5, 7).
Then (B\(S), 7p) is called a topological Brandt \-extension of (S,7) in GTEG,.

Definition 2 (|16]). Let A > 1 be a cardinal and (5, 7) € GTE®,. Let 75 be a topology on
BY(S) such that

a) (BY(S),7p) € GTEG,;

b) the topological subspace (Sa,qa;7B|s,.) is naturally homeomorphic to (S,7) for some
a €N

Then (BY(S),7p) is called a topological Brandt \°-extension of (S,7) in GTESS,.

Later, if ©T&®, coincides with the class of all semitopological semigroups we shall say
that (BY(S),75) (resp., (BA(S), 7)) is a topological Brandt \°-extension (resp., a topological
Brandt A-extension) of (S, ).

Algebraic properties of Brandt \’-extensions of monoids with zero, non-trivial homo-
morphisms between them, and a category whose objects are ingredients of the construction
of such extensions were described in [22]. In [19] and [22] a category whose objects are
ingredients in the constructions of finite (resp., compact, countably compact) topological
Brandt \’-extensions of topological monoids with zeros were described.

O. Gutik and D. Repovs proved that any O-simple countably compact topological inverse
semigroup is topologically isomorphic to a topological Brandt A-extension By(H) of a coun-
tably compact topological group H in the class of all topological inverse semigroups for some
finite cardinal A > 1 (|21]). Every 0-simple feebly compact topological inverse semigroup is
topologically isomorphic to a topological Brandt A-extension By(H) of a feebly compact
topological group H in the class of all topological inverse semigroups for some finite cardinal
A > 1 ([20]). Next O. Gutik and D. Repovs showed in [21] that the Stone-Cech compactifi-
cation B(T') of a 0-simple countably compact topological inverse semigroup 7" has a natural
structure of a 0-simple compact topological inverse semigroup. It was proved in [20] that the
same is true for 0-simple feebly compact topological inverse semigroups.

In [7] the structure of compact and countably compact primitive topological inverse
semigroups was described and it was shown that any countably compact primitive topological
inverse semigroup embeds to a compact primitive topological inverse semigroup.

W. W. Comfort and K. A. Ross in [10] proved that the Tychonoff product of an arbitrary
family of pseudocompact topological groups is a pseudocompact topological group. They
proved also that the Stone-Cech compactification of a pseudocompact topological group
has a natural structure of a compact topological group. O. Ravsky in [29] generalized the
Comfort—Ross Theorem and proved that the Tychonoff product of an arbitrary non-empty
family of feebly compact paratopological groups is feebly compact.

In [17] the structure of feebly compact primitive topological inverse semigroups is descri-
bed and it is shown that the Tychonoff product of an arbitrary non-empty family of feebly
compact primitive topological inverse semigroups is feebly compact. It is proved also that
the Stone-Cech compactification of a feebly compact primitive topological inverse semigroup
has a natural structure of a compact primitive topological inverse semigroup.
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In this paper we study the structure of inverse primitive feebly compact semitopologi-
cal and topological semigroups. We find conditions under which a maximal subgroup of an
inverse primitive feebly compact semitopological semigroup S is a closed subset of S and
describe the topological structure of such a semiregular semigroup. Later we describe the
structure of feebly compact topological Brandt A-extensions of topological semigroups and
semiregular (quasi-regular) primitive inverse topological semigroups. In particular we show
that the inversion in a quasi-regular primitive inverse feebly compact topological semigroup
is continuous. Moreover, an analogue of the Comfort—Ross Theorem is proved for such semi-
groups: the Tychonoff product of an arbitrary family of primitive inverse semiregular feebly
compact semitopological semigroups with closed maximal subgroups is a feebly compact
space. We describe the structure of the Stone-Cech compactification of a Tychonoff pri-
mitive inverse countably compact semitopological semigroup S such that every maximal
subgroup of S is a topological group.

2. An adjunction of zero to a compact like semitopological group. Given a topologi-
cal space (X,7) M. H. Stone (|33]) and M. Katétov (|23]) consider the topology 7, on X
generated by the base consisting of all regular open sets in the space (X, 7). This topology
is called the semiregularization of the topology 7. If (X, 7) is a paratopological group then
(X, 7.) is a T3 paratopological group ([26, Ex. 1.9], [27, p. 31|, and |27, p. 28]).

Lemma 1 (|3, Theorem 1.7]). Each paratopological group that is a dense Gs-subset of
a regular feebly compact space is a topological group.

We recall that a group G endowed with a topology is left (resp. right) (w-)precompact, if
for each neighborhood U of unit of G there exists a (countable) finite subset F' of G such
that FU = G (resp. UF = G). It is easy to check (see, for instance, [26, Proposition 3.1| or
[26, Proposition 2.1]) that a paratopological group G is left precompact if and only if G is
right precompact, so we shall call left precompact paratopological groups to be precompact.
Moreover, it is well known ([1]) that a Hausdorff topological group G is precompact if and
only if G is a subgroup of a compact topological group. Theorem 1 of [5] implies the following
lemma.

Lemma 2. A Hausdorff topological group G is precompact if and only if for any nei-
ghborhood W of unit of the group GG there exists a finite set F C G such that G = FWF.

Lemma 3. Let S be a Hausdorff left topological semigroup, 0 be a right zero of the semi-
group S and G = S\ {0} be a subgroup of the semigroup S. Then 0 is an isolated point of
the semigroup S provided one of the following conditions holds:

(1) the group G is left precompact;

(2) the group G is a feebly compact paratopological group;

(3) the group G is left w-precompact and feebly compact;

(4) S is a feebly compact topological semigroup;

(5) S is a topological semigroup and for each neighborhood U C G of unit of the group G
there exists a finite subset F of the group G such that G = FU'U.

Proof. Assume the contrary. Put F = {UNG: U C S is a neighborhood of the point 0}.
Since 0 is a non-isolated point of the semigroup S, the family F is a filter. Let x € G be an
arbitrary element and U an arbitrary member of the filter F. Since x0 = 0 and left shifts on
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the semigroup S are continuous, there exists a member V' of the filter F such that zV C U.
Then V C 271U, so x7'U € F. Since S is Hausdorff, there exists a neighborhood W C G of
unit such that G\ W € F.

Now we consider cases (1)—(5) separately.

(1) Since the group G is left precompact, there exists a finite subset F' of the group G
such that FIW = G. But then

o=G\|JzW=)z(G\W)eF,

zeF zeF

a contradiction.

(2) Since the semiregularization G, of the group G is a feebly compact T3 (and, hence,
a regular) paratopological group, G, is a topological group by Lemma 1. Therefore G, is
precompact. Thus there exists a finite subset F' of the group G such that F - clg(W) = G.
But then

o=G\|Jz de(W)=)2(G\dec(W)) € F,
zeF zeF

a contradiction.

(3) Since the group G is left w-precompact, there exists a countable subset C' = {¢,: n €
N} of the group G such that CW = G. For each positive integer n put C,, = {¢;: 1 <i < n}
and V,, = G\ C,WW. Since the family F is a filter we have that V,, € F. Since 0 is a non-
isolated point of the semigroup S, inte(V},) is a non-empty open subset of the space G. Since
the space G is feebly compact, there exists a point € ,,cy cle (intg(V5)). Since G = CW
we conclude that there exists a positive integer n such that x € ¢, W. But

W Nl (intg(Vi)) C e,Wnelg(Vy,) =W nelg (G\C,W) =, WN (G\ C,WV) =g,

a contradiction.

(4) First we suppose that the space of the semigroup S is regular. Lemma 1 implies that
G is a topological group. If the group G is left precompact then 0 is an isolated point of
the semigroup S by Case (1). So we assume that the group G is not left precompact. By
Lemma 2 there exists a neighborhood Wy C G of unit such that G # FyWyF, for each finite
subset Fy of the group G. The multiplication on the semigroup S is continuous. Hence there
exists a member V] of the filter F such that V> C G\ W. Moreover, there exist a symmetric
open neighborhood W; of unit and a member V5 of the filter F such that WPV, C Vi and
W C Wy. Let C be a maximal subset of the set G'\ V4 such that W2eNW2c = @ for distinct
elements c, ¢ of the set C. If z is an arbitrary element of the set G\ V3 then W2cNWiz # &
for an element ¢ of the set C. Hence G\ Vo, C W{C. Put F = {c € C: WicNV, = &}.
Then we have C'\ F C W1V, and hence G\ Vo C WiC' € WEF U WP Vs, Then we get that
G\Vi C G\ Vo C WIFUW}V; and hence G\ Vi € WLF, because W7V, C Vy. Since
e G\W D V2D (G\W}F)2, we see that z(G\ WF) Z e for each element x € G\ W!F.
Then we have (G \ W}F)™' € W{F and hence G C W{F U F Wl

Since W} C W, we conclude that the set F is infinite. Let C’ be an arbitrary countable
infinite subset of the set F. Since the space S is feebly compact we have that there exists
a point xg € S such that each neighborhood V' of the point z( intersects infinitely many
members of the family {IWic: ¢ € C'} of the open subsets of the space S. Clearly, z¢ # 0.
Then g € G. Put V! = Wjxg. Then there exist distinct elements ¢ and ¢ of the set C’
such that Wic N Wixg # @ and Wid N Wizy # . This implies zg € W2c N WEd # @,
a contradiction.
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Now we consider the case where the space of the semigroup S is not necessarily regular. We
claim that the semiregularization .S, of the semigroup S is a regular topological semigroup.

Indeed, let U = intg(cls(U)) be an arbitrary regular open subset of the space S and z € U
an arbitrary point. If x # 0 then there exists an open neighborhood W C G of unit such
that 0 & clg(W) and zW? C U. Then x € xW? C 2W clg(W) C clg(U). Since translations
by elements of the group G are homeomorphisms of the space, the set W clg(W) is open,
and hence

xz € xW Cclg(aW) C aW clg(W) C intg(clg(U)).

If x = 0 then there exist an open neighbourhood W C G of unit and an open neighbourhood
V C S of z such that WV C U. Then x € V. C WV C Weclg(V) C clg(U). We have
that € V C intg(clg(U)). Let y € clg(V) be an arbitrary point distinct from 0. Then
Wy C clg(U) is an open neighborhood of y. Hence y € Wy C intg(clg(U)). Therefore the
space S, is regular.

Now we show that multiplication on the semigroup S, is continuous. Indeed, let z,y € S
be arbitrary points and O,, = intg(clg(O,y)) 2 xy be an arbitrary regular open subset of
the space S. There exist open subsets O, > x, O, > y of the semigroup S such that 0,0, C
Ogy. Since multiplication on the semigroup S is continuous, clg(O,) - clg(O,) C clg(Oyy).
Let 2’ € cls(O,), ¥ € clg(O,) be arbitrary points. If 2’ # 0 then since left translations
by elements of the group G are homeomorphisms of S onto itself, the set 2’ intg(cls(O,))
is open, so x'y’ € intg(clg(Oyy)). Similarly, if ¥ # 0 then z'y’ € intg(clg(O,y)) too. If
x = y = 0 does not hold then we can choose neighborhoods O, and O, so small that
cls(O,) Nelg(O,) # 0. Then necessarily ' #0or ¢y’ #0. If s =y =0 and 2’ =y’ = 0 then
2’y = xy € intg(clg(O,y)) by the choice of the neighborhood O,,,. Therefore, in all the cases
we have 2y’ € intg(clg(Oyy)). Thus intg(clg(O,)) - intg(clg(Oy)) C intg(clg(Oyy))-

So, by the already proved case of the regular semigroup, 0 is an isolated point of the
semigroup S,. Since the topology of the semigroup S, is weaker than the topology of the
semigroup S, 0 is an isolated point of the semigroup S.

(5) Since the multiplication on the semigroup S is continuous, there exist a neighborhood
Wy C W of unit and a member V of the filter F such that W,V C G\W. Then W, VNW = &,
so VAW W, c VW 'W = @. Hence G\ W[ 'W, € F. By the assumption, there exists
a finite subset F' of the group G such that G = FW~='W. Then

Fo (=G \W'Wi) =G\ | J2W'W #£ 2,

xeF zeF
a contradiction. O

Remark 1. Authors do not know, if a counterpart of Lemma 3 holds if the group G is
a countably compact semitopological group.

3. Feebly compact topological Brandt \’-extensions of topological semigroups
and primitive inverse semitopological semigroups.

Proposition 1. Let S be a Hausdorff semitopological semigroup such that S is an orthogonal
sum of the family {BS (S;): i € &} of topological Brandt \)-extensions of semitopological
monoids with zeros. Then for every non-zero element (v, g;, 5;) € (Si)a;,5, € B3.(Si) € S
there exists an open neighborhood Ulq, 4, 5,y of (i, gi, Bi) in S such that Uya, g, 8, S (Si), 5.
and hence every set (S;)7,. 5. Is an open subset of S.
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67

of (av, gi, ;) in S. Hausdorffness of S implies that there exists an open neighborhood V{4, 4, 5,
of (a4, gi, B;) in S such that 0 ¢ Vq, 4,,5,)- By the separate continuity of the multiplication in
S there exists an open neighborhood W,, 4, 5,) of (s, gi, ;) in S such that

Proof. Suppose the contrary that U, g,.6,) € (Si)oiﬁi for every open neighborhood Ulq, 4,.5)

W(aivgiaﬁi) ) (617 €i, 61) - V(Omgiﬁi) and (aia €i, O‘i) : W(Oéivgiyﬁi) C ‘/(O‘ivgi»ﬂi)‘

Then condition Wiq, 4,5, € (Si), 5, implies that either Wa, 4, 5,)-(8i, €i, 8i) 3 0 or (o, €5, )
Wiaig,8) 2 0, a contradiction. The obtained contradiction implies the statement of the
proposition. ]

Corollary 1. Let S be a Hausdorff primitive inverse semitopological semigroup and S be
an orthogonal sum of the family {B,,(G;): i € £} of semitopological Brandt semigroups
with zeros. Then the following statements hold:

(i) for every non-zero element (o, g;, 3i) € (Gi)as5: C By, (G;) € S there exists an open
neighborhood U, 4. 5,) of (v, g, B;) in S such that Uia, g, 3,y € (Gi)a,,p and hence every
subset (G;)a, 5, is an open subset of S;

(1) every non-zero idempotent of S is an isolated point of E(S).
Proof. Assertion (i) follows from Proposition 1 and (ii) follows from (7). O

Proposition 2. Let S be a Hausdorff countably compact semitopological semigroup such
that S is an orthogonal sum of the family {B (S;): i € S} of topological Brandt X{-
extensions of semitopological monoids with zeros. Then for every open neighborhood U(0)
of zero 0 in S the set of pairs of indices (c, 3;) such that (S;)a, 5 € U(0) is finite. Moreover,
every maximal topological Brandt \)-extension BY (S;), i € ., is countably compact.

Proof. Suppose to the contrary that there exists an open neighborhood U(0) of zero 0 in S
such that (S;)a;5 € U(0) for infinitely many pairs of indices (o, 5;). Then for every such
(Si)a;3; we choose a point zq, 5 € (Si)a.s \ U(0) and put A = (J{za, 5} Then A is
infinite and Proposition 1 implies that the set A has no accumulation point of S. This
contradicts Theorem 3.10.3 of [13]. The obtained contradiction implies the first statement of
the proposition.

The second statement follows from Proposition 1, because by Theorem 3.10.4 of [13]
every closed subspace of a countably compact space is countably compact. O

Proposition 2 implies the following corollary.

Corollary 2. Let S be a Hausdorff primitive inverse countably compact semitopological
semigroup and S be an orthogonal sum of the family {B,,(G;): i € £} of semitopological
Brandt’s semigroups with zeros. Then for every open neighborhood U(0) of zero 0 in S the
set of pairs of indices («y, 3;) such that (S;)a; 5 € U(0) is finite. Moreover, every maximal
Brandt subsemigroup B,,(G;), i € .#, is countably compact.

Proposition 3. Let S be a Hausdorff feebly compact semitopological semigroup such that
S is an orthogonal sum of the family {B3 (S;): i € '} of topological Brandt \}-extensions
of semitopological monoids with zeros. Then

(1) every maximal topological Brandt \)-extension B (S;), i € .#, is feebly compact;

(1) the subspace (S;)a, s; Is feebly compact for all a;, 5; € A;.
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Proof. (i) Let F = {U,: o € _#} be a infinite family of open non-empty subsets of BY (.5;).
If 0 is contained in infinitely many members of the family .% then it is not locally finite. In the
opposite case the family .# contains an infinite subfamily .’ no member of which contains 0.
Since the space S' is feebly compact, there exists a point x € S such that each neighborhood
of x intersects infinitely many members the family .%#’. Suppose that x € U = ng (S;)\ {0}
for some index j # i. By Proposition 1, U is an open subset of S. But U N U, = & for each
member U, of the family .#’. Hence z € B (S;), a contradiction. Thus the family .%’ is not
locally finite in BY (S;).

(¢7) Since the semigroup operation in S is separately continuous the map f,, 5: S —
Stz (ag, 1, ) - x- (5, Ls;, B;) is continuous too, and hence (S;)q, 5 is a feebly compact
subspace of S as a continuous image of a feebly compact space. n

Proposition 3 implies the following corollary.

Corollary 3. Let S be a Hausdorff primitive inverse feebly compact semitopological semi-
group and S an orthogonal sum of the family {B,,(G;): i € #} of semitopological Brandt
semigroups with zeros. Then

(1) every maximal Brandt semigroup By, (G;), i € ., is feebly compact;
(1) (Gy)2, 5, is feebly compact for all oy, B € A;.

Proposition 4. Let S be a semiregular feebly compact semitopological semigroup such that
S is an orthogonal sum of the family {B3 (S;): i € #} of topological Brandt \{-extensions
of semitopological monoids with zeros. Then for every open neighborhood U(0) of zero 0
in S the set of pairs of indices (o, ;) such that (S;)a, 5 € U(0) is finite.

Proof. Since the semigroup S is semiregular, there exists a regular open neighborhood
V(0) of zero 0 in S such that V(0) C U(0). Let & = {(as,5): (Si)ass € V(0)}. Let
(o, B;) € & be an arbitrary pair. The set (S5;);,, 5, = (5i)5,5 \ cls V(0) is a non-empty
open subset of the topological space S. Indeed, in the opposite case (S;)a,,5 C clg V(0) and
since by Proposition 1 the set (5;). 5 is open and the set V/(0) is regular open, we have
(Si)a;.5; C intg(clg(V(0))) = V(0), a contradiction. One can easily check that the family
P = {(Si)n, 5 (i, ;) € &} is a locally finite family of open subsets of the topological
space S. Since S is feebly compact, the family & is finite, so the family 7 is finite too. [

Proposition 4 implies the following corollary.

Corollary 4. Let S be a semiregular primitive inverse feebly compact semitopological semi-
group and S an orthogonal sum of the family {B,,(G;): i € .#} of semitopological Brandt
semigroups with zeros. Then for every open neighborhood U(0) of zero 0 in S the set of pairs
of indices (o, 3;) such that (G)a,5 € U(0) is finite.

The structure of primitive Hausdorff feebly compact topological inverse semigroup is
described in [17]. It is proved that every primitive Hausdorff feebly compact topological
inverse semigroup S is topologically isomorphic to the orthogonal sum ) .., By, (G;) of
topological Brandt \;-extensions By, (G;) of pseudocompact topological groups G; in the class
of topological inverse semigroups for some finite cardinals A; > 1. Moreover, [17]| contains
a description of a base of the topology of a primitive Hausdorff feebly compact topological
inverse semigroup. Similar results for the primitive Hausdorff countably compact topological
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inverse semigroups and Hausdorff compact topological inverse semigroups were obtained
in [7].

The following example shows that counterparts of these results do not hold for primi-
tive Hausdorff compact (and hence countably compact and feebly compact) semitopological
inverse semigroups with continuous inversion.

Example 1. Let Z(+) be the discrete additive group of integers and O ¢ Z(+). We put
Z° to be Z(+) with adjoined zero O and consider the topology of the one-point Alexandroff
compactification on Z° with the remainder {O}. Simple verifications show that Z° is a Haus-
dorff compact semitopological inverse semigroup with continuous inversion.

We fix an arbitrary cardinal A > 1. Define a topology 75 on BY(Z°) as follows:

(i) all non-zero elements of BY(Z°) are isolated points;

(1) the family 22(0) = {U(«, 3,n): a, 8 € A\, n € N}, where
Ula,B,n) = BYUZ)\ ({-n,—n+1,....,n— 1,n})az,

forms a pseudobase of the topology 75 at zero.

Simple verifications show that (BY(Z°),75) is a Hausdorff compact semitopological inverse
semigroup with continuous inversion, and moreover the space (BY(Z°), 75) is homeomorphic
to the one-point Alexandroff compactification of the discrete space of cardinality max{\, w}
with the remainder zero of the semigroup BY(Z").

Theorem 1. Let S be a Hausdorff primitive inverse countably compact semitopological
semigroup and S an orthogonal sum of the family {B,,(G;): i € #} of semitopological
Brandt semigroups with zeros. Suppose that for every ¢ € . there exists a maximal non-
zero subgroup (G;)a, a;, @ € A, such that at least the one of the following conditions holds:

(1) the group (G;)a,.q, is left precompact;
(2) (Gi)ay.0; is a feebly compact paratopological group;
(3) the group (G;)a,.a; Is left w-precompact feebly compact;
(4) the semigroup S, a; = (Gi)a,a; U {0} Is a topological semigroup.
Then the following assertions hold:
(1) every maximal subgroup of S is a closed subset of S and hence is countably compact;

(i7) for every i € & the maximal Brandt semigroup B,,(G;) is a countably compact
topological Brandt \-extension of a countably compact semitopological group G;;

(i11) if B(aye;,0,) 15 a base of the topology at unit (o, €;, ;) of a maximal non-zero subgroup
Gi)a,o, Of S, i € &, such that U C (G;)a, .o, for any U € B, e, o), then the family
1y 1901 ( 1951 7/)

BB, i) = {(@,x,ai) U (v, e4,7): U € @(%ei,ai)}
is a base of the topology of S at the point (B;,x,7v;) € (Gi)g,n < Ba/(Gy), for all
Bi, i € i
(1v) the family
P = {S\((Gh)ailﬂil U---u (Gik>aikyﬁik) Dyl € I 0, B, € Ny,
ke N {(y,Bi),- -, (v, Bi,)} Is ﬁnite}
is a base of the topology at zero of S.
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Proof. (i) Fix an arbitrary maximal subgroup G of S. Without loss of generality we can
assume that G is a non-zero subgroup of S. Then there exists a maximal Brand subsemi-
group By, (G;), ¢ € &, which contains G. The separate continuity of the multiplication

in .S implies that for all oy, 8,7, 0; € A; the map @Z)f;:g’ S — S defined by the formula

w‘jlf(z) = (i, e, aq) - x - (s, €4, 0;), where e; is unit of the group Gj, is continuous. Since for
all a;, Bi,7i,0; € A\; the restrictions wi‘f Gayp, - (Gidang = (Gi)ys, and wZ‘; (Gi)ay 5,
(Gi)yioi = (Gi)a,p are bijective continuous maps we conclude that (G;)a, s and (G;)., s,
are homeomorphic subspaces of S, and moreover the semitopological subgroups (G;)a,.q, and
(Gi)~,; ~ are topologically isomorphic for all indices a;,y; € A;. Therefore G is topologically
isomorphic to the semitopological subgroup (G;)a,.q; for any «; € \;. For any «;, 8; € \;
we put Sa, 5 = (Gi)ay,s U {0}. Then for all oy, f;,7i,d; € A; the restrictions qﬁ,‘;‘f
Sei i — Sv,5, and ;Z%JS%(SZ 0 S,,.6. — Sa,.p; are bijective continuous maps. Hence S,, g, and
S...6, are homeomorphic subspaces of S, and moreover the semitopological subsemigroups
Sa,,a; and S, . are topologically isomorphic for all indices «;, v;, € A;. Now Lemma 3 implies
that 0 is an isolated point of S,, ,,. Indeed, if one of conditions (1)—(3) of the theorem is
satisfied then we can directly apply Lemma 3 and if condition (4) of the theorem is satisfied
then we observe that for each \; and a; € \; the subsemigroup S, ., of S is countably
compact as a retract of S. Hence S,, o, is feebly compact and then again Lemma 3 applies.
By Corollary 1, (G;)a,.a; is a closed subspace of S and by Theorem 3.10.4 of [13] (Gi)ay.a, 18
countably compact, and hence so is G, too.

(77) The arguments presented in the proof of assertion (i) imply that for every i € &
the maximal Brandt semigroup B),(G;) is a topological Brandt A-extension of a countably
compact semitopological group G;. By Corollary 1 we have that for every i € .# the maximal
Brandt semigroup B,,(G;) is a closed subset of S. By Theorem 3.10.4 of [13] B,,(G;) is
countably compact.

Assertion (7i7) follows from (it).

(1v) follows from Corollary 2 and assertions (7) and (7). O

Sa;.p; :

The proof of the following theorem is similar to the proof of Theorem 1 and makes use
of Corollary 3 and Proposition 4.

Theorem 2. Let S be a Hausdorff primitive inverse feebly compact semitopological semi-
group and S be the orthogonal sum of a family {By,(G;): i € .} of semitopological Brandt
semigroups with zeros. Suppose that for every i € % there exists a maximal non-zero
subgroup (Gi)a,.a; i € Ai, such that at least one of the following conditions holds:

(1) the group (G;)a,.q; is left precompact;

(2) (Gi)as.a; is a feebly compact paratopological group;

(3) the group (G;)a,.a; Is left w-precompact feebly compact;

(4) the semigroup Sy, o; = (Gi)asa; U {0} is a topological semigroup.
Then the following assertions hold:

(1) every maximal subgroup of S is an open-and-closed subset of S and hence is pseudo-
compact;

(i7) for every i € .# the maximal Brandt semigroup B, (G;) is a feebly compact topological
Brandt \-extension of a feebly compact semitopological group Gj;
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111) 1if PBla,.e, o,) 1S @ base of the topology at unit (o, e;, ;) of a maximal non-zero subgroup
( 15Ci, z)
(Gi)as,a; of S, i € I, such that U C (G;)ay,0, for any U € Ba, e, o), then the family

'%(ﬁi,x,'yi) = {(6i)x7 ai) U - (aia eia/yi): U e @(ai,ei,ai)}

is a base of the topology at the point (3;,x,7;) € (Gi)a.~ € By, (Gi), for all B;,v; € Ni;
if, in addition, the topological space S is semiregular then

(1v) the family

Bo = {N((Gir)as, 5, U U(Gias, 8, ) i1s- -0k € I vy, By € Ny, k €N;
if {(w,,Bi)s-- -, (v, By)} is finite}

is a base of the topology at zero of S.

The following example shows that in the case of the primitive Hausdorff feebly compact
semitopological inverse semigroups with compact maximal subgroups and continuous inver-
sion statement (7i7) of Theorem 2 does not hold.

Example 2. Let )\ be an infinite cardinal and T unit circle with the usual multiplication of
complex numbers and the usual topology 7r. It is obvious that (T, 7r) is a topological group.
The base of the topology 75 on the Brandt semigroup B,(T) we define as follows:

1) for every non-zero element («, z, ) of the semigroup B)(T) the family
where Hr(x) is a base of the topology 7r at the point x € T, is the base of the
topology 75 at (a,, 8) € Bx(T);

2) the family

Bo=A{U (a1, B1; .- 500, Bp; @1y« ) 1, By ooy, B € Ny 21, .y € Tong k € N}
where

Ulou, Bus s o, Bri a1,y ag) =
= BA(T) \ (Tayp U -+ - U Ta, 5, U, 2, 0): o, f € Ai e {1, k}}),

is the base of the topology 75 at zero 0 € By(T).

Simple verifications show that (B)(T), 75) is a non-semiregular Hausdorff feebly compact
topological space for every infinite cardinal \. We show that multiplication on (By(T), 75) is
separately continuous. The proof of the separate continuity of multiplication in the cases 0-0
and (o, z, ) - (7,9,9), where o, 5,7,0 € A and z,y € T, is trivial. Hence we only consider
the cases (o, z,) -0 and 0 - («, z, ).

Then we have

(a,2,8) - U(B, Br;-. .1 B, Buion, Bui 5 i, Bsa, ..o, ) ©
C {0} U J{Tan \ {(,z21,7), .. (225, 1)} : y €A\ {B1, .., Ba}} €

g U<Oé751; = ';avﬁn;alaﬁl; s ;O‘n7ﬁn;x'r17 S ,QJSEk) g U<Oé17ﬁ1; v ;anaﬁn;xxb s 7'%‘:1:]6)
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and similarly

U(OéhOé;...;Oér,“Oé;O(l,,Bl;...;Oén,ﬁn;xl,...,l'k) '(O(,J],,B) g
g {O}UU{T%ﬁ\{(ry?x1x7ﬁ)7‘-'7(771:/61;75)} : fye /\\{Oélw"aan}} g

gU(alﬂ/g;"';an’/B;a17/81;"‘;an7/8n;x1x7"'7xk‘x) g U(&17/81;"’;an7/8n;x1x7’"’xkx)7

for all Ulay, Br;...;0m, Bn;xay, ... xxy), Ulag, ;... ;0m, By xiz, ..., xpx) € HBy. This
completes the proof of the separate continuity of multiplication in (By(T), 75).

Proposition 5. The space (B)\(T), 7g) is countably pracompact if and only if A < c.

Proof. (<) Suppose that A < ¢. Then there exists a countable dense subgroup H of T. Let
$Hx be the family of all distinct conjugate classes of subgroup H in T. Since the subgroup H
is countable we conclude that the cardinality of $g is ¢. This implies that there exists a
one-to-one (not necessary bijective) map f: A x A = Hpy: (o, ) — gopH. Then by the
definition of the topology 75 we have that A = |, 3c\(9a,6H )a,s is a dense subset of the
topological space (B)(T), 7). Fix an arbitrary infinite countable subset @ of A. If the set
Q N T, s is infinite for some o, € A then the compactness of T implies that ) has an
accumulation point in T, g, and hence in (B)(T), 75). In the other case, by the definition
of the topology 75 we have that zero 0 is an accumulation point of (). Therefore the space
(BA(T), 7p) is countably compact at A, and hence it is countably pracompact.

(=) Suppose that there exists a cardinal A > ¢ such that the space (B\(T),7p) is
countably pracompact. Then there exists a dense subset A of (B)(T),75) such that the
space (B\(T), ) is countably compact at A. By the definition of the topology 75 we have
that ANT, s is a dense subset in T, s for all a, 5 € A. Since A > ¢ and |T| = ¢ we conclude
that there exists a point € T such that (o, z, 5) € A for infinitely many distinct pairs («a, )
of indices in A. Put £ = {(«a, 5) € Ax \: (a, x, ) € A}. By the definition of the topology 75
one has that for every infinite countable subset Ky C K the set {(«, x,3): (o, B) € Ko} has
no accumulation point in (BA(T), 75), a contradiction. O

The proof of the following proposition is similar to the proof of Proposition 22 of [18|.

Proposition 6. Let S be a semiregular feebly compact (Hausdorff countably compact)
semitopological semigroup such that S is an orthogonal sum of the family {Bgi(Si): 1€
#} of topological Brandt \)-extensions of semitopological monoids with zeros, i.e. S =
> ic.s BY.(Si). Then the following assertions hold:

(1) the topological space S is regular if and only if the space S; is regular for each i € .7 ;

(#7) the topological space S is Tychonoff if and only if the space S; is Tychonoff for each
i€ S

(1ii) the topological space S is normal if and only if the space S; is normal for each i € .Z.

The following theorem characterizes feebly compact topological Brandt \°-extensions of
topological monoids with zero in the class of Hausdorff topological semigroups.

Theorem 3. A topological Brandt \’-extension (BY(S), Tp) of a topological monoid (S, 7s)
with zero in the class of Hausdorff topological semigroups is feebly compact if and only if
the cardinal X is finite and the space (S, Ts) is feebly compact.
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Proof. (<) The continuity of multiplication in (BY(S), 75) implies that for all o, 8,7,d € A
the map wi’f: BY(S) — B(S) defined by the formula wf;f(a:) = (v,15,a) -z - (B,15,0),
where 1g is unit of the semigroup S, is continuous. Since for all a, 3,7, € X the restri-
ctions 1/137’?|5w: Sap — Sys and @/Jl%ng S5 — Sap are bijective continuous maps we
conclude that S, s and S, 5 are homeomorphic subspaces of (BY(S), 75). Therefore the space
(BY(S), 75) is the union of finitely many copies of the feebly compact topological space
(S,7s), and hence it is feebly compact.

(=) Suppose that a topological Brandt A\’-extension (BY(S),7g) of a topological monoid
(S, Ts) with zero in the class of topological semigroups is feebly compact. Then by Proposi-
tion 3(77) the space (.5, 7g) is feebly compact.

Suppose on the contrary that there exists a feebly compact topological Brandt \°-
extension (BY(S),7p) of a topological monoid (S, 7s) with zero in the class of Hausdorff
topological semigroups such that the cardinal A is infinite. Then the Hausdorffness
of (BY(S),75) implies that for every o € A there exist open disjoint neighborhoods Uy
and Ua,14,) of zero and («, 1g, ) in (BY(S), 7p), respectively. Without loss of generality
we may assume that Ui1g,a) = (U(ls))a,e for some open neighborhood U(lg) of unit 1g
in (S, 7s) (see Proposition 1). By the continuity of multiplication in (BY(S), 75) there exists
an open neighborhood Vj of zero in (BY(S),7g) such that Vg - Vi C Up. Furthermore the
continuity of multiplication in (5, 7¢) implies that there exists an open neighborhood V(1)
of unit 1g in (S, 7¢) such that V(1g) - V(1g) C U(1lg) in S.

Then the feeble compactness of (BY(S), 7g) implies that zero 0 is an accumulation point
of each infinite subfamily of {(V(1g))as: «, 8 € A}. Hence Vo N (V(1g))as = @ only for
finitely many pairs of indices (c, 8). So, by the definition of multiplication on BY(S) we have
(Vo - Vo) NUa14,0) # @- This contradicts the assumption Uy N Ug,14,4) = &. The obtained
contradiction implies that cardinal A is finite. O

Theorem 3 implies the following corollary.

Corollary 5. A feebly compact topological Brandt \’-extension of a topological inverse
monoid with zero in the class of Hausdorff topological semigroups is a topological inverse
semigroup.

The following example shows that there exists a compact topological semigroup with
a non-pseudocompact topological Brandt 2°-extension in the class of topological semigroups
and hence the counterpart of Theorem 3 does not necessarily hold for semigroups without a
non-zero idempotent.

Example 3. Let X be any infinite Hausdorff compact topological space. Fix an arbitrary
z € X and define multiplication on X in the following way: x -y = 2 for all x,y € X. It is
obvious that this operation is continuous on X and z is zero of X. The set X endowed with
such an operation is called a semigroup with zero-multiplication. We define the topology 75
on the Brandt 2°-extension BJ(X) of the semigroup X as follows:

(¢) the family #(0) = {Uy1 UUs: U € HB(2)}, where %(z) is a base of the topology of X
at z, is the base of topology 75 at zero of BY(X);

(4d) for i € {1,2} and any x € X \ {z} the family % ;) = {U;;: U € %B(x)}, where %(x)
is a base of the topology of X at the point z and is the base of topology 75 at the point
(i,7,1) € BY(X);

(#77) all points of the subsets X7, and X3, are isolated points in (B5(X),7s).
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It is obvious that BY(X) is a semigroup with zero-multiplication. Simple verifications show
that 75 is a Hausdorff topology on BY(X). Hence (B9(X), 75) is a topological semigroup and
(BY(X),7g) is a topological Brandt 2%-extension of X in the class of topological semigroups.
Since X}, and X3, are discrete open-and-closed subspaces of (B9(X),7p) we have that the
topological space (BY(X), 75) is not feebly compact.

Also, the following example shows that there exists a compact topological semigroup S
such that for every infinite cardinal A there exists a compact (and hence feebly compact)
topological Brandt A%-extension BY(S) of the semigroup S in the class of topological semi-
groups.

Example 4. Let X be a compact topological semigroup defined in Example 3 and A an arbi-
trary infinite cardinal. We define the topology 75 on the Brandt A’-extension BY(X) of the
semigroup X as follows:

subset of A X A and U(z) € #Bx(z)}, where Bx(z) is a base of the topology = € X, is
a base of topology 75 at zero of BY(X);

(it) for all @, 8 € A and any « € X \ {2z} the family B3 = {Uas: U € B(x)}, where
PBx (z) is a base of the topology of X at the point x, is the base of topology 75 at the
point (o, x,3) € BY(X).

It is obvious that BY(X) is a semigroup with zero-multiplication. Simple verifications show
that 75 is a Hausdorff compact topology on BY(X). Hence (BY(X),7p) is a topological
semigroup and (BY(X),7g) is a compact topological Brandt A°-extension of X in the class
of topological semigroups.

The following proposition extends Theorem 3.

Proposition 7. Let S be a Hausdorff feebly compact topological semigroup such that S is
an orthogonal sum of the family {BY (S;): i € #} of topological Brandt \)-extensions of
topological semigroups with zeros, i.e. S =3 .., Bgi(Si). If for some i € ¥ the semigroup S;
has a non-zero idempotent then the cardinal \; is finite.

Proof. Assume on the contrary that there exists i € .# such that the cardinal ); is infi-
nite. Let e be a non-zero idempotent of S;. Then the Hausdorffness of S implies that
for every a; € \; there exist open disjoint neighborhoods Uy and U, ;) of zero and
(e, e,q;) in S, respectively. By the continuity of multiplication in S there exists an open
neighborhood V4, ¢,a:) of (v, €,05) in S such that (o, e, @) - Viase.on) - (s €, 06) C Ulny e.00)-
This implies that Via, c.a) € (5))as,a,- Therefore without loss of generality we may assume
that Uia, e,a;) = (U(€))ay,8 for some open neighborhood Uf(e) of the idempotent e in S;. By
the continuity of multiplication in S there exists an open neighborhood V} of zero in S such
that Vo - Vo C Uy. Also the continuity of the semigroup operation in S; implies that there
exists an open neighborhood V'(e) of the idempotent e in S; such that V(e) - V(e) C U(e)
in Sz

Then the feeble compactness of S implies that zero 0 is an accumulation point of each
infinite subfamily of {(V(1g))a, 5, @, B € Aiyi € F}. Hence Vo N (V(1g))a,5, = @ only
for finitely many pairs if indices (ay, 5;) from \;, i € #. Therefore, by the definition of
multiplication on S we have that (V; - Vo) N Ua,e,a:) 7 @. This contradicts the assumption
Uo N U(qa;,e,0,) = D- The obtained contradiction implies that cardinal ); is finite. O
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Theorem 2 and Proposition 7 imply the following statement.

Theorem 4. Let S be a Hausdorff primitive inverse feebly compact topological semigroup
and S an orthogonal sum of the family {B,,(G;): i € #} of topological Brandt semigroups
with zeros. Then the following assertions hold:

(1) every cardinal \; is finite;
(11) every maximal subgroup of S is open-and-closed subset of S and hence is feebly compact;

(1ii) for every i € & the maximal Brandt semigroup B),(G;) is a feebly compact topological
Brandt \-extension of the feebly compact paratopological group G;;

1) if Bla, e, o) IS @ base of the topology at unity («;, e;, o;) of a maximal non-zero subgroup
( 19Ci 5 z)
(Gi)as,a; of S, i € I, such that U C (G;)a,,0, for any U € Ba, e, a,), then the family

%(ﬁi,x,'yi) = {(ﬂhxa ai) U - (aiv eiaﬁ)/i): U e %(ai,ei,ai)}

is a base of the topology at the point (3;,x,7;) € (Gi)p,.~ € By, (G;), for all 5;,v; € \;.
If, in addition, the topological space S is semiregular then

(v) the family

'@0 = {S\<(Gil)az‘1,5i1 U---u (Gik>aik,ﬁik): 1,50 € jaaikwﬂik S >\ik7
ke N7 {<O‘i176z’1); ceey (Oézk,ﬁzk)} 1s ﬁnite}

is a base of the topology at zero of S.

The following example shows that statement (v) of Theorem 4 does not necessarily hold
when the semigroup S is functionally Hausdorff and countably pracompact but it is not
semiregular.

Example 5. In [29, Example 3| a functionally Hausdorff w-precompact first countable
paratopological group (G, 7g) is constructed such that each power of (G, 7g) is countably
pracompact but (G, 7gr) is not a topological group. Moreover, the group (G, 7g) contains
an open dense subsemigroup S. Let .# be an infinite set of indices. For any ¢ € . let ),
be any finite cardinal > 1. Let By, (G) be the algebraic Brandt A;-extension of the algebraic
group G for each i € .. Put R(G,{\i}ser) = >_;c, Bx, (G). For any subset C of the group G
and all 7,41,...,1, € £, k € N, put

B)\q(O) = {O} U {(OZZ‘,ZL',BZ‘) - BAZ(G) T € C, Oéi,ﬁi - /\1}, R(C, {)\i}ﬁeﬂ) = ZB)\Z(C),

Uiy, ... ik) = R(S, {iYser) \ ((Ba(9)) U---U(By(5))).

We define the topology 7gp on R(G,{\;}scs) in the following way:
(1) if A, is a base of the topology 7 at unit e of the group G then the family

BB wr) = 1(Bi,2U,v): U € B}

is a base of the topology Trp at the point (5;,x,7v;) € G, C By, (G,), for all §;,v; € A

(17) the family By = {U(i1,...,ix): i1,...,9 € £} is a base of the topology at zero of
R(G, N\, 7).
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It is obvious that (R(G, {\;}sc.s ), Trp) is a Hausdorff topological space. Since S is a dense
open subsemigroup of (G,7r) we conclude that (R(G,{\i}ses),Trp) is not semiregular.
Since the space (G, 7g) is functionally Hausdorff and Gg, , is an open-and-closed subspace
of (R(G,{ \i}ser),TrB), for all g;,v; € \;, the space (R(G,{\i}ges),Trp) is functionally
Hausdorff too.

Now, the definition of the semigroup R(G, {\;}sc.s) implies that

Uiy, ... ig) - By, (G) = By, (G) - U(iy, ... ,ix) = {0},

for each i, € {iy,...,ixt and U(iq, ..., 1) Uiy, ... ig) S U(iy,..., i) foralliy,... ix € Z,
k € N, because S is a subsemigroup of the group G. This and the continuity of multiplication
in (G, 7g) imply that multiplication in (R(G,{\;}sc.~) is continuous.

We claim that the topological space (R(G,{\i}ses),Trp) is countably pracompact.
Indeed, there exists a set A C S C G such that A is dense in the space (G, 7x) and this
space is countably compact at A (|29, Example 3|). Then the set R(A, {\;}se.s) is dense in
R(G,{\i}sec.r). We claim that the space R(G, {\;}se.s) is countably compact at R(A, \;, .&).
Indeed, let A’ be an arbitrary countable infinite subset of the set R(A, {\;}ge.s). If 0 is not
an accumulation point of the set A’ then there exist indices i1,.. ., € .# such that the set
Uiy, ..., i) N A" is finite. Since A C S then A’ C R(A,{\;}ger) C R(S,{\i}ser) and the
set A'N((By,(S))*U---U(By,(5))*) € A’\U (i1, ..., i) is infinite. Since for each 1 < j < k
the cardinal A is finite, there exists an index 1 < j < k and elements a, 8 € A;; such that
the intersection A’ N S, 3 C By, (A) C By, (G) is infinite. Since the space G is countably
compact at A, By (G) is countable compact at By, (A). Therefore the set A’ N S, s has
an accumulation point in By, (G).

Unlike functional Hausdorfiness, the quasiregularity guaranties stronger properties of
primitive inverse feebly compact topological semigroups and this follows from the next two
propositions.

Theorem 5. Let S be a quasiregular primitive inverse feebly compact topological semi-
group and S be the orthogonal sum of the family {B,,(G;): i € £} of topological Brandt
semigroups with zeros. Then the family

By = {S\((Gil)ailﬁil U---U (Gik)aikﬁik): 11,...,0 € f,aimﬁik IS )‘im
ke N, {(,,B,) .-, (i, B;)} is finite}

is a base of the topology at zero of S.

Proof. Assume on the way of contradiction that there exists an open subset W > 0 of S
such that U ¢ W for any U € %,. There exists an open neighborhood V- C W of zero
in S such that V -V -V C W. Since every non-zero maximal subgroup of S is an open-
and-closed subset of S and the space S is feebly compact, there exist finitely many indices
i1,..., ik € & such that V N (S\ ((By(S))* U+ U (By(S)))) is a dense open subset of
the space S\ ((Bx,(5))* U--- U (By,(5))*). Then every non-zero maximal subgroup of S
is a quasi-regular space and hence by Proposition 3 of [30] (see also [31]) every maximal
subgroup of S is a topological group. Now, Proposition 2.5 of [17] implies that

VoV -V 2 S\ (B ()" U U (By (8)) 2 W.

The obtained contradiction implies the required conclusion. O
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Since by Proposition 3 of [30] inversion on a quasiregular feebly compact paratopological
group is continuous, Proposition 6, Theorems 4 and 5 imply the following corollary.

Corollary 6. Inversion on a quasi-regular primitive inverse feebly compact topological semi-
group S' is continuous and hence S is Tychonoff.

Remark 2. Example 1 of [6] shows that inversion on a quasi-regular inverse countably
compact topological semigroup in which maximal subgroups are topological groups is not
continuous. Corollary 6 and Proposition 2.8 of [17] imply that a quasi-regular primitive
inverse feebly compact topological semigroup is Tychonoff.

Corollary 6 implies such statement.

Corollary 7. Every quasi-regular feebly compact Brandt topological semigroup is a Tycho-
noff topological inverse semigroup.

Theorem 1 implies the following theorem.

Theorem 6. Let S be a Hausdorff primitive inverse countably compact topological semi-
group and S the orthogonal sum of a family {B,,(G;): i € £} of topological Brandt semi-
groups with zero. Then the family

%0 - {S\((Gil)o‘ilvﬁh Uy (Gik)oéikvﬁik): il? cee aik € jvaikvﬁik S )\ikv
k e N7 {(C(i17/87;1)7 ] (alk7/8zk)} jS ﬁnlte}

is a base of the topology at zero of S.

By Definition 1, Theorem 6 and arguments presented in the proof of Theorem 1 imply
the following corollary.

Corollary 8. Inversion on a Hausdorff primitive inverse countably compact topological
semigroup S is continuous if and only if every maximal subgroup of S is a topological group.

Remark 3. The second named author, using a result of P. Koszmider, A. Tomita and
S. Watson ([24]), constructed under MA an example of a Hausdorff countably compact
paratopological group failing to be a topological group (|28, 29]).

4. Products of feebly compact inverse primitive semitopological semigroups and
their Stone-Cech compactification. The counterparts of the following four statements
for the Tychonoff spaces are proved in [13, Section 3.10]. But since the proofs which are
based on the function theory are not applicable for our case, we present straightforward
proofs here.

Proposition 8. Let X be a feebly compact topological space and Y be a sequentially
compact topological space. Then X X Y is feebly compact.

Proof. We have to prove that any infinite family {U,: n € N} of non-empty open subsets
of the space X x Y is not locally finite. For this purpose we find a point (z,y) € X x Y
such that every open neighborhood of (z, y) intersects infinitely many elements of the family
{Un: n € N}. Let n be a positive integer. There exist non-empty open subsets V,, C X and
W,, C Y such that V,, x W,, C U,,. Choose a point y,, € W,,. Since the space Y is sequentially
compact, the sequence {y,: n € N} has a subsequence {y,, : k € N} converging to a point
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y € Y. Since the space X is feebly compact, there exists a point z € X such that every open
neighborhood of the point x in X intersects V,,, for infinitely many numbers k. Then each
open neighborhood of the point (z,y) € X x Y intersects U, for infinitely many numbers n.
Hence (z,y) is the required point. O

Proposition 9. Let X be a Hausdorff feebly compact topological space. Then X x Y is
feebly compact for any feebly compact k-space Y.

Proof. 1t suffices to observe that every non-empty open subset of the Cartesian product
X XY contains an open subset U x V', where U and V' are non-empty open subset of X and
Y, respectively, and then Lemma 3.10.12 of [13]| implies the statement of the proposition. [

Proposition 9 implies the following two corollaries.

Corollary 9. The Cartesian product X xY of a feebly compact space X and a compactum Y
is feebly compact.

Corollary 10. The Cartesian product X x Y of a feebly compact space X and a feebly
compact sequential space Y is feebly compact.

Proposition 10. Let S be a primitive semitopological inverse semigroup such that every
maximal subgroup of S is a feebly compact paratopological (topological) group. Then S is
a continuous' image of the product Es x Gg, where Eg is a compact semilattice and Gg is

a feebly compact paratopological (topological) group provided one of the following conditions
holds:

(1) S is semiregular and feebly compact;
(2) S is Hausdorff and countably compact.

Proof. We only consider the case where S is a semiregular feebly compact space and every
maximal subgroup of S is a paratopological group because in case (2) the proof is similar.

By Theorem 2 the topological semigroup S is topologically isomorphic to the orthogonal
sum ) .. , By, (G;) of the topological Brandt );-extensions By, (G;) of feebly compact parato-
pological groups G; in the class of Hausdorff semitopological semigroups for some cardinals
Ai = 1. The family defined by formula (1) in Theorem 2(iv) determines the base of a topology
at zero of S.

Fix an arbitrary ¢ € .#. Then by Corollary 4 the space E(B,,(G;)) is compact. First we
consider the case where the cardinal ); is finite. Suppose that |E(B),(G;))| = n;+ 1 for some
integer n;. Then \; = n; > 1. On the set E; = (\; x A\;) U {0}, where 0 ¢ \; x \; we define
multiplication in the following way

0, otherwise,

(a7ﬁ) ' (775) = {

and 0 (o, B) = (o, ) - 0=0-0=0 for all o, 5,7,d € \;. Simple verifications show that F;
with this multiplication is a semilattice and every non-zero idempotent of E; is primitive.
If the cardinal ); is infinite then on the set E; = (A; X A;) U {0} we define the semilattice
operation in a similar way.

'not necessarily a homomorphic image
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We denote by ES the orthogonal sum Zieﬂ E;. 1t is obvious that Es is a semilattice

and every non-zero idempotent of Es is primitive. We determine on E’S the topology of the
Alexandroff one-point Compactlﬁcatlon 74: all non-zero idempotents of Eg are isolated points

in ES and the famlly A(0 {U U>0 and ES \U is ﬁmte} is the base of the topology

T4 at zero 0 € ES Slmple verifications show that Eg with the topology 74 is a Hausdorff
compact topological semilattice. Later we denote (Es,74) by Eg.

Let Gs = [[,c, Gi be the direct product of feebly compact paratopological groups Gj,
i € #, with the Tychonoff topology. Then Proposition 24 of [29] implies that G is a feebly
compact paratopological group. By Corollary 9 we have that the product E’S X Gg is a feebly
compact space.

For every ¢ € .# we denote by 7;: G = [[,c, Gi — G; the projection on the i-th factor.

Now, for every i € .# we define amap f;: E; x Gg — By, (G;) by the formulae f;((a, 5), g)

= (e, m;(g), 5) and f;(0, g) = 0, is zero of the semigroup Bj,(G;), and put f =J,c, fi- It is
obvious that the map f: EgxGg — S is well defined. The definition of the topology 74 on Eg
implies that for every ((a, 8), ) € Ei x G; C Egx G; the set {(cv, )} x G is open in Eg x Gy
and hence the map f is continuous at the point (e, 8), g). For every U(0) = S\ (By, (Gs,)U
By, (Gi,)U---UBy, (Gy,))" theset f~H(U(0)) = (Es\((\y x M) U...U (N, X \i,)) ) xGs
is open in Es X Gg and hence the map f is continuous.

We observe that in the case where all maximal subgroups of S are topological groups,
Gs = [],e, Gi is a pseudocompact topological group by Comfort-Ross theorem (see Theo-
rem 1.4 in [10]).

In the case of a Hausdorff semitopological semigroup S the proof is similar. O

The following result is an extension of the Comfort-Ross Theorem for primitive feebly
compact semitopological inverse semigroups.

Theorem 7. Let {S;: j € #} be a family of primitive semitopological inverse semigroups
such that for each j € ¢ the semigroup S; is either semiregular feebly compact or Hausdorff
countably compact, and suppose that each maximal subgroup of S; is a feebly compact
paratopological group. Then the direct product Hje)Z S; with the Tychonoff topology is
a feebly compact semitopological inverse semigroup.

Proof. Since the direct product of a family of semitopological inverse semigroups is a semi-
topological inverse semigroup, it is sufficient to show that the space Hje W S; is feebly

compact. For each j € 7 let Es, Gs,, and f;: Es x Gg; — S; be the semilattice, the
group and the map, respectively, defined in the proof of Proposmon 10. Since the space
H]e/(ES x Gs;) is homeomorphic to the product [];c , Es, x [];c , Gs; we conclude
that by Theorem 3.2.4 of [13], Corollary 9 and Proposition 24 of [29] the space
Hgg](ES x Glg,) is feebly compact. Now, since the map [];c , f;: H;e/(ESJ x Gg;) —
IT jes S; is continuous [] jes S; is a feebly compact topological space. ]

The proofs of the following two propositions are similar to Proposition 10 and Theorem 7;
they generalize Proposition 2.11 and Theorem 2.12 of [17].

Proposition 11. Let S be a primitive inverse topological semigroup. Then S is a continuous
(not necessarily homomorphic) image of the product Eg x Gg, where Eg is a compact
semilattice and Gg is a feebly compact paratopological group provided one of the following
conditions holds:
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(1) S is semiregular feebly compact;

(2) S is Hausdorff countably compact.

Theorem 8. Let {S;: ¢ € #} be a family of primitive inverse semiregular feebly compact
(Hausdorff countably compact) topological semigroups. Then the direct product ] e s S;
with the Tychonoff topology is a feebly compact inverse topological semigroup.

Let a Tychonoff topological space X be the topological sum of subspaces A and B, i.e.,
X = A@ B. It is obvious that every continuous map f: A — K from A to a compact
space K (resp., f: B — K from B to a compact space K) extends to a continuous map

f: X — K. This implies the following proposition.

Proposition 12. If a Tychonoff topological space X is the topological sum of subspaces A
and B, then X is equivalent to the topological sum A 5B.

The following theorem follows from Corollary 6 and Theorem 3.2 of [17], and describes
the structure of the Stone-Cech compactification of a primitive inverse feebly compact quasi-
regular topological semigroup.

Theorem 9. Let S be a primitive inverse feebly compact quasi-regular topological semi-
group. Then the Stone-Cech compactification of S admits the structure of a primitive
topological inverse semigroup with respect to which the inclusion mapping of S to (S is
a topological isomorphism. Moreover, S is topologically isomorphic to the orthogonal sum
Y icr B, (BG;) of the topological Brandt \Ai-extensions B, (8G;) of compact topological
groups G, in the class of topological inverse semigroups for some finite cardinals \; > 1.

Theorem 10. Let S be a regular primitive inverse countably compact semitopological semi-
group and S be the orthogonal sum of a family {B,,(G;): i € #} of the semitopological
Brandt semigroups with zeros. Suppose that for every i € . there exists a maximal non-zero
subgroup (G;)a,.a:y i € \i, such that at least the one of the following conditions holds:

(1) the group (G;)a,.q; is left precompact;
(2) the group (G;)a,.a; Is left w-precompact feebly compact;
(3) the semigroup Sy, o; = (Gi)asa; U {0} is a topological semigroup.

Then the Stone-Cech compactification of S admits the structure of a primitive inverse semi-
topological semigroup with continuous inversion with respect to which the inclusion mapping
of S to BS is a topological isomorphism. Moreover, 55 is topologically isomorphic to the
orthogonal sum ) .. , By, (8G;) of compact topological Brandt \;-extensions B),(8G;) of
compact topological groups SG; in the class of semitopological semigroups for some cardi-
nals \; > 1.

Proof. By Theorem 1, the semigroup S is topologically isomorphic to the orthogonal sum
> ic.r Bx,(G;) of the topological Brandt \;-extensions By, (G;) of countably compact parato-
pological groups G; in the class of semitopological semigroups for some cardinals \; > 1,
such that any non-zero #-class of S is an open-and-closed subset of S. The family %(0)
defined by formula (1) in Theorem 2(iv) determines a base of the topology at zero 0 of S.
Since the space S is regular and any non-zero .7-class of S is an open-and-closed subset
of S, every maximal subgroup of S is a topological group (|29, Proposition 3|). Hence S is
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topologically isomorphic to the orthogonal sum ) .. , By, (G;) of topological the Brandt ;-
extensions By, (G;) of countably compact topological groups G; in the class of semitopological
semigroups for some cardinals A\; > 1. Then by Proposition 6 the semigroup S is Tychonoff,
and hence the Stone-Cech compactification of S exists.

By Theorem 7, S x S is a pseudocompact topological space. Now by Theorem 1 of [14],
we have that f(S x S) is equivalent to 5S x S, and hence by Theorem 1.1 of [4], S is
a subsemigroup of the compact semitopological semigroup 35S.

By Proposition 12 for every non-zero s#-class (G;)k,, k,1 € A, we have that clgs((G;)r)
is equivalent to 5(G; )k, and hence is equivalent to SG;. Therefore we may naturally consider
the space ), , By, (8G;) as a subspace of the space 3S. Suppose that ) .. , By,(8G;) # B8S.
We fix an arbitrary z € 85\ >_,c , Bx,(8G;). Then the Hausdorffness of 45 implies that
there exist open neighborhoods V' (z) and V(0) of the points = and the zero zero 0 in S,
respectively, and there exist finitely many indices i1,...,4; € .# and finitely many pairs of
indices (cv,, i), - - ., (ai,, B;,) such that V(0) N 3S 2 S\ ((Gi)a,, ., U U (Gik)aikyﬁik)'

Then we have

V(ZL") ns - ((Gh)ail,ﬁil U---u (Gik)aikﬁik) - ((/BGh)ailﬂil U---u </8Gik)06ik7ﬁik)'

But this contradicts that x is an accumulation point of ). , By, (8G;) in S, which does
not belong to ;. , By, (8Gi), because (8Gi,)a;, 6, U~ - U (BGiy)as, g, 18 @ compact subset
of BS. n

Recall [11] that the Bohr compactification of a semitopological semigroup S is the pair
(b, B(S)) such that B(S) is a compact semitopological semigroup, b: S — B(S) is a conti-
nuous homomorphism, and if g: S — T is a continuous homomorphism of S to a compact
semitopological semigroup 7', then there exists a unique continuous homomorphism
f:B(S) — T such that the diagram

S—— & . B(.S)
X /
T
commutes. In the sequel, similar to that in General Topology, by the Bohr compactification
of a semitopological semigroup S we mean not only pair (b, B(S)) but also the compact
semitopological semigroup B(S).

By the definitions of the Stone-Cech compactification and the Bohr compactification,
Theorem 10 imply the following corollary.

Corollary 11. Let S be a Hausdorff primitive inverse countably compact semitopological
semigroup such that every maximal subgroup of S is a pseudocompact topological group and
S be the orthogonal sum of a family { By,(G;): i € .7} of semitopological Brandt semigroups
with zeros. Then the Bohr compactification of S admits the structure of a primitive inverse
semitopological semigroup with continuous inversion with respect to which the inclusion
mapping of S to (b,B(S5)) is a topological isomorphism. Moreover, (b, B(S)) is topologically
isomorphic to the orthogonal sum ., By, (8G;) of the topological Brandt \;-extensions
B\, (BG;) of compact topological groups SG; in the class of semitopological semigroups for
some cardinals \; > 1.
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