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Let Ep be a class of entire functions of the form f(z) =
∑+∞
‖n‖=0 anz

n, ‖n‖ = n1 + . . .+ np

(p ≥ 2), z = (z1, . . . , zp) ∈ Cp, and K(f, θ) = {f(z, t) =
∑+∞
‖n‖=0 an exp{2πiθnt}rn : t ∈ R},

where {θn} is a sequence of positive integers such that its arrangement {θ∗k} by increasing, i.e.
{θn : n ∈ Zp

+} = {θ∗k : k ≥ 0}, θ∗k+1 > θ∗k, satisfies the condition θ∗k+1/θ
∗
k ≥ q > 1 (k ≥ 0).

In this paper it is established that for f ∈ Ep almost surely for t ∈ R there exists a set
E(t) ⊂ Rp

+, such that for all r ∈ Rp
+ \ E(t) the inequality

Mf (r, t) = max
|z|≤r

|f(z, t)| ≤ µf (r)(Λf (r))1/4 ln3 Λf (r)

holds, where E(t) is a set of finite asymptotically logarithmic measure and Mf (r) =
max{|f(z, t)| : |zi| = ri, i ∈ {1, . . . , p}}, µf (r) = maxn∈Zp

+
{|an|rn : r = (r1, . . . , rp) ∈ Rp

+},
Λf (r) = lnp µf (r) ·

∏p
i=1 lnp−1 ri.

А. О. Курыляк, Л. О. Шаповаловска. Неравенство Вимана для целых функций многих
комплексных переменных с быстро колеблющимися коэффициентами // Мат. Студiї. –
2015. – Т.43, №1. – C.16–26.

Пусть Ep — класс целых функций вида f(z) =
∑+∞
‖n‖=0 anz

n, ‖n‖ = n1 + . . .+np (p ≥ 2),
z = (z1, . . . , zp) ∈ Cp, и K(f, θ) = {f(z, t) =

∑+∞
‖n‖=0 an exp{2πiθnt}rn : t ∈ R}, где {θn} —

последовательность натуральных чисел, упорядочение которой по возрастанию {θ∗k}, т.е.
{θn : n ∈ Zp

+} = {θ∗k : k ≥ 0}, θ∗k+1 > θ∗k, удовлетворяет условию θ∗k+1/θ
∗
k ≥ q > 1 (k ≥ 0). В

статье доказано, что для f ∈ Ep почти наверное по t ∈ R существует множество E(t) ⊂ Rp
+

такое, что для всех r ∈ Rp
+ \ E(t) имеет место неравенство

Mf (r, t) = max
|z|≤r

|f(z, t)| ≤ µf (r)(Λf (r))1/4 ln3 Λf (r),

где E(t) — множество асимптотически конечной логарифмической меры и Mf (r) =
max{|f(z, t)| : |zi| = ri, i ∈ {1, . . . , p}}, µf (r) = maxn∈Zp

+
{|an|rn : r = (r1, . . . , rp) ∈ Rp

+},
Λf (r) = lnp µf (r) ·

∏p
i=1 lnp−1 ri.

1. Introduction. In this paper we consider the class Ep of entire functions f of the form

f(z) = f(z1, . . . , zp) =
+∞∑
‖n‖=0

anz
n, z = (z1, . . . , zp) ∈ Cp, (1)
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where zn = zn1 . . . z
np
p , p ∈ N, p ≥ 2, n = (n1, . . . , np) ∈ Zp+ := (N ∪ {0})p, ‖n‖ =

∑p
j=1 nj.

For r = (r1, . . . , rp) ∈ Rp
+ := (0,+∞)p and f ∈ Ep we denote

Π(r) = {t ∈ Rp
+ : tj ≥ rj, j ∈ {1, . . . , p}}, |r| =

√
r2

1 + · · ·+ r2
p,

Mf (r) = max{|f(z)| : |zj| ≤ rj, j ∈ {1, . . . , p}},

µf (r) = max{|an|rn : n ∈ Zp+}, Mf (r) =
+∞∑
‖n‖=0

|an|rn, ln2 x = ln ln x.

Let Ep0 be the class of entire functions f ∈ Ep such that ∂
∂zj
f(z) 6≡ 0 in Cp for any

j ∈ {1, . . . , p}. We say that a subset E of Rp
+ is a set of asymptotically finite logarithmic

measure ([1]) if E is Lebesque measurable in Rp
+ and there exists an R ∈ Rp

+ such that
E ∩ Π(R) is a set of finite logarithmic measure, i.e.

lnp–meas(E ∩ Π(R)) :=

∫
· · ·
∫

E∩Π(R)\B1

p∏
j=1

drj
rj

< +∞, B1 := {r ∈ Rp
+ : |r| < 1}.

For entire functions f ∈ Ep Wiman’s type inequality can be found in [1]–[6], also analogues
of this inequality without exceptional sets for entire functions f ∈ Ep can be found in [7].
A result of [4] proved for integrals implies the following statement.

Let eK be the image of a set K ⊂ Rp by the mapping r1 = eσ1 , . . . , rp = eσp , and

γ(f) :=
{

(σ1, . . . , σp) ∈ Rp : lim
t→+∞

1

t
lnMf (e

tσ1 , . . . , etσp) = +∞
}
.

Theorem A ([4]). Let f ∈ Ep. For every ε > 0 there exist a constant C0 = C0(f, ε) > 0
and a set E ⊂ Rp

+ of finite logarithmic measure such that for an arbitrary cone K ⊂ Rp with
vertex at the origin such that K \ {0} ⊂ γ(f), and for all r ∈ eK \ E the inequality

Mf (r) ≤ C0µf (r)

p∏
i=1

lnp−1 ri · (lnµf (r))p/2(ln2 µf (r))
p+ε := A1(r) (2)

holds.

In [3] the following assertion is proved: for every ε > 0 there exist a positive constant C,
independent of f ∈ Ep, a set E ⊂ Rp

+ of asymptotically finite logarithmic measure such that
the inequality

Mf (r) ≤ Cµf (r)
(

lnµf (r) · ln(r1 · · · rp)
)p/2+ε

:= A2(r) (3)

holds for all r /∈ E.
In particular, if

∑p
j=1 ln+

2 rj = o(ln2 µf (r)) as |r| → +∞ then A1(r) = o(A2(r)) (|r| →
+∞) and inequality (3) follows immediately from (2).

For p = 2 the exceptional set E in inequality (2) is “smaller” than the exceptional set in
inequality (1.8) from Theorem 1 in [8]

Mf (r1, r2) ≤ Cµf (r1, r2) ln+ µf (r1, r2)
(

ln+
2 µf (r1, r2) · · · (ln+

k µf (r1, r2))1+ε
)2

(k ≥ 3).
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However, this inequality is the best possible ([8]) in the following sense: there exist a function
f ∈ E2 and a set E ⊂ R2

+ such that for all r ∈ E

Mf (r) ≥ µf (r) ln2 µf (r) and
∫
E∩∆R

dr1dr2

r1r2

≥ c · lnR (R ≥ R0 > 1), c > 0,

i.e. E is a set of asymptotically infinite logarithmic measure, where ∆R = {r = (r1, r2) : 1 ≤
r1 ≤ R, 1 ≤ r2 ≤ R}. This can be seen ([8]) for a function of the form f(z1, z2) = f0(z1),
where

f0(z1) =
+∞∑
k=1

znk
1

nk!

(
1 +

n2
k∑

j=1

zj1
(nk)j

)
,

(nk) is a sequence integer numbers nk such that nk+1 ≥ nk + n2
k + 1 (k ≥ 1), n1 = 1.

The function f0 is an entire function of one variable for which (with Mf0(r1) denoting the
maximum modulus and µf0(r1) the maximum term) Mf0(r1) > µf0(r1)

(
lnµf0(r1)

)2, for all
r1 in an unbounded set E0 =

⊔+∞
k=1(tk, Tk) of finite logarithmic measure, where

(
(tk, Tk)

)+∞
k=1

is a disjoint system of nonempty open intervals (tk, Tk) 3 nk (k ≥ 1). For r = (r1, r2) ∈
E0 × [1,+∞) we obtain Mf (r) = Mf0(r1) > µf0(r1)

(
lnµf0(r1)

)2
= µf (r)

(
lnµf (r)

)2.
It is easy to see that f 6∈ E2

0 .
It was proved in [1] that for every ε > 0 there exist R ∈ Rp

+ and a subset E of Π(R) of
asymptotically finite logarithmic measure such that the inequality

Mf (r) ≤ µf (r)
( p∏
i=1

lnp−1 ri · lnp µf (r)
)1/2+ε

(4)

holds for all r ∈ Π(R)\E. Using methods of [1] we can prove the following “sharper” analogue
of this inequality.

Theorem 1. Let f ∈ Ep0 and δ > 0. There exist R ∈ Rp
+ and a set E ⊂ Π(R) of asymptoti-

cally finite logarithmic measure such that the inequality

Mf (r) ≤ µf (r)
( p∏
i=1

lnp−1 ri · lnp µf (r)
)1/2

· ln5/2+δ
(

lnp µf (r) ·
p∏
i=1

lnp−1 ri

)
(5)

holds for all r ∈ Π(R) \ E.

We remark if f ∈ Ep0 and fj(zj) := f(. . . , 0, zj, 0, . . .) is the transcendental function of
zj ∈ C for any j, 1 ≤ j ≤ p then Π(R) ⊂ eγ(f) for all R ∈ (1,+∞)p because in this case
ej := (0, . . . , 0, εj, 0, . . . , 0) ∈ γ(f) for arbitrary εj > 0 and any j, 1 ≤ j ≤ p.

Remark 1. There exist a set E of asymptotically infinite logarithmic measure such that for
the entire function g(z) = exp{

∑p
j=1 zi}, each ε > 0 and r ∈ E we have

Mg(r) ≥ µg(r)
( p∏
i=1

lnp−1 ri · lnp µg(r)
)1/2−ε
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Therefore exponent 1/2 in inequality (4) cannot be replaced with a number smaller than
1/2 ([5, 6]). In this connection the following question arrives naturally: how can one describe
the “quantity” of those entire functions, for which inequality (4) can be improved?

Let Z = (Zn(t)) be a sequence of complex-valued random variables Zn(t) = Xn(t)+iYn(t)
such that both X = (Xn(t)) and Y = (Yn(t)) are real multiplicative systems (MS) uniformly
bounded by the number 1 ([5, 6]), which is defined on Steinhaus’s probability space. In [5, 6]
it was proved that for the class K(f, Z) = {f(z, t) =

∑+∞
‖n‖=0 anZn(t)zn : t ∈ R} exponent

1/2 can be replaced with exponent 1/4 in inequality (5) almost surely (Levy’s phenomenon).
In this paper we consider the class K(f, θ) of entire functions with θ = (e2πiθnt). Here

(θn) is a sequence of positive integers such that its arrangement (θ∗k) by increasing {θn : n ∈
Zp+} = {θ∗k : k ∈ Z+}, θ∗k+1 > θ∗k (k > 0), satisfies the condition

θ∗k+1/θ
∗
k ≥ q > 1, k ≥ 0. (6)

Remark, that in the case q ≥ 2 entire functions of the form

f(z, t) =
+∞∑
‖n‖=0

ane
iθntzn, t ∈ R (7)

satisfy the assumptions of Theorem 2 from [5], because (cos θnt), (sin θnt) are MS. But in
the case q > 1 the sequence of random variables (cos θnt)n∈Zp

+
need not be a MS (see [9]).

Remark that in [9] Fenton’s inequality ([8]) was improved for random entire functions
f ∈ E2 and in [10, 11] for entire function f ∈ E2 of form (7). In papers [5, 6] inequality (4)
was improved for random entire functions f ∈ Ep, p ≥ 2. A result from [5, 6] implies the
same result for the class K(f, θ) and f ∈ Ep0 by condition (6) with q ≥ 2.

We consider the case where condition (6) is satisfied for q > 1 and improve inequality (5)
also in this case, i.e. we consider the posed above question for the class K(f, θ) with f ∈ Ep0 .

Theorem 2. Let f(z, t) ∈ K(f, θ) be an entire function of the form (7), f(z) ∈ Ep0 and
a sequence of a positive integers (θn)n∈Zp

+
satisfies condition (6). Then almost surely for

t ∈ R there exist R ∈ Rp
+ and a subset E of Π(R) of finite logarithmic measure such that for

all r ∈ Π(R) \ E the inequality

Mf (r, t) = max{f(z, t) : |z| ≤ r} ≤ µf (r)(Λf (r))
1/4 ln3 Λf (r) (8)

holds, where Λf (r) = lnp µf (r) ·
∏p

i=1 lnp−1 ri, in particular

Mf (r, t) ≤ µf (r)(Λf (r))
1/4+ε, (9)

for each ε > 0.

In the class K(f, Z) of random entire functions, where Z = (Zn) is a uniformly bounded
complex-valued MS and f ∈ Ep0 , inequality (9) was proved in [5, 6].

In [12] the “quantity” of those entire functions of complex variable for which classical
Wiman-Valiron’s inequality can be improved, is described in the sense of the Baire category.
A similar question for analytic functions in the unit disc and for entire functions from the
class K(f, θ) with f ∈ E1 and a sequence (θk) that satisfies the condition (6) was considered
in [13, 16], respectively.
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2. Auxiliary lemmas.

Lemma 1 ([16]). Let (θ∗k)
N
k=1 be a sequence of integers such that condition (6) holds. Then

there exist constants Aq andBq (depending only on q) such that for any {bk : 1 ≤ k ≤ N} ⊂ C
and λ > 0 we have

P
{
t :
∣∣∣ N∑
k=1

bke
2πiθ∗kt

∣∣∣≥ AqλSN

}
≤ Bqe

−λ2 ,

where S2
N =

∑n
k=1 |bk|2, P is the Lebesque measure on [0; 1].

Lemma 2. Let θ = (θn)n∈Zp
+
be a sequence of integers, which satisfies (6). Then for any

β > 0, p ≥ 1, l ∈ N, l ≥ p and {cn : n ∈ Zp+} ⊂ C we get

P
{
t : max

{∣∣∣ l∑
‖n‖=0

cn exp
{ p∑
s=1

insψs + 2πiθnt
}∣∣∣ : ψ ∈ [0, 2π]p

}
≥ AβpSl ln

1/2 l
}
≤ (5π + 1)pB

lβ
,

where S2
l =

∑l
‖n‖=0 |cn|2, A =

√
β + p

2
(3 + p)Aq + 1 and B = Bq (Aq, Bq are constants from

Lemma 1).

Proof. Let M = [5πl3p/2+1] + 1, ψk,jk = 2πjk
M

, jk ∈ {1, 2, . . . ,M}, k ∈ {1, . . . ,M}.

q(ψ, t) =
∣∣∣ l∑
‖n‖=0

cn exp
{ p∑
s=1

insψs + 2πiθnt
}∣∣∣≤ ∣∣∣ l∑

‖n‖=0

cn exp
{ p∑
s=1

insψs,js + 2πiθnt
}∣∣∣+

+
∣∣∣ l∑
‖n‖=0

cn exp
{ p∑
s=1

insψs

}
− exp

{ p∑
s=1

insψs,jse
2πiθnt

∣∣∣}.
Then using Cauchy-Bunyakovsky’s inequality and |eia− eib| ≤ a− b (a, b ∈ R) we get for

ψs ∈ [ψs,js , ψs,js+1], s ∈ {1, . . . , p}

∣∣∣ l∑
‖n‖=0

cn

(
exp
{ p∑
s=1

insψs

}
− exp

{ p∑
s=1

insψs,js

})
e2πiθnt

∣∣∣≤ Sl

( l∑
‖n‖=0

p∑
s=1

∣∣∣ns(ψs − ψs,js)∣∣∣2)1/2

≤

≤ Sl

( l∑
‖n‖=0

p∑
s=1

∣∣∣ns2π

M

∣∣∣2)1/2

=
2π

M
Sl

( l∑
‖n‖=0

p∑
s=1

n2
s

)1/2

=
2π

M
Sl

( p∑
s=1

l∑
‖n‖=0

n2
s

)1/2

≤

≤ 2π

M
Sl

√
p

(p− 1)!
· l ·
( l∑
s=0

(l + p− 1)p−1
)1/2

=
2π

M
Sl

√
p

(p− 1)!
· l3/2(l + p− 1)

p−1
2 ≤

≤ 2π

M
Sl

√
p

(p− 1)!
· l3/2(2l)

p−1
2 =

2π

M
Sl

√
p

(p− 1)!
(
√

2)p−1 · lp/2+1 ≤ 2π

M
Sl
√

6 · lp/2+1 <

<
5π

M
Sl · lp/2+1 < Sl.

Therefore,

max{q(ψ, t) : ψ ∈ [0, 2π]p} ≤ max
{∣∣∣ l∑
‖n‖=0

cn exp
{ p∑
s=1

insψs,js + 2πiθnt
}∣∣∣} :
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: js ∈ {1, 2, . . . ,M}, s ∈ {1, 2, . . . , p}
}

+Sl.

For j ∈ N and n ∈ Zp+ such that θ∗j = θn we denote bj = cn exp
{∑p

s=1 insψs

}
, where

ϕ ∈ [0, 2π]p is fixed. By Lemma 1 with λ =
√
β + p

2
(3 + p) and

N =
l∑

‖n‖=0

1 =
l∑

s=0

Cs
p+s−1 ≤

l

(p− 1)!
(l + p− 1)(p−1) ≤ lp

(p− 1)!
2p−1 ≤ 2lp

we get

P
{
t :
∣∣∣ l∑
‖n‖=0

cn exp
{ p∑
s=1

insψs + 2πiθnt
}∣∣∣≥√β +

p

2
(3 + p)ASl ln

1/2 l
}
≤

≤ B exp
{
−
(
β +

p

2
(3 + p)

)
ln l
}
≤ B exp

{
−
(
β +

p

2
(3 + p)

)
ln l
}
≤ B

l3p/2+p2/2+β
.

Finally we get

P

{
t : max{q(ψ, t) : ψ ∈ [0, 2π]p} ≥

(√
β +

p

2
(3 + p)A+ 1

)
Sl ln

1/2 l

}
≤

≤ P

{
t : max{q(ψ1,j1 , ψ2,j2 , . . . , ψp,jp , t) : js ∈ {1, 2, . . . ,M}, s ∈ {1, 2, . . . , p}}+ Sl ≥

≥
(√

β +
p

2
(3 + p)A+ 1

)
Sl ln

1/2 l

}
≤ P

{
t : max{q(ψ1,j1 , ψ2,j2 , . . . , ψp,jp , t) :

js ∈ {1, 2, . . . ,M}, S ∈ {1, 2, . . . , p}} ≥
√
β +

p

2
(3 + p) · ASl ln1/2 l

}
≤

≤
p∑
s=1

M∑
js=1

P
{
t : q(ψ1,j1 , ψ2,j2 , . . . , ψp,jp , t) ≥

√
β +

p

2
(3 + p) · ASl ln1/2 l

}
≤

≤ MpB

l3p/2+p2/2+β
≤ (5π + 1)pl3p/2+p2/2B

lp+p2/2+β
=

(5π + 1)pB

lβ
.

Lemma 3 ([1]). Let h : Rp
+ → R+ satisfy∫ +∞

1

. . .

∫ +∞

1

du1 . . . dup
h(u)

< +∞.

Then there exist R ∈ Rp
+ and a subset E of Π(R) of finite logarithmic measure such that for

all r ∈ Π(R) \ E and s ∈ {1, . . . , p} we have

+∞∑
‖n‖=0

ns|an|rn ≤ h(ln r1, . . . , ln rs−1, lnMf (r), ln rs+1, . . . , ln rp).
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Lemma 4. There exist R ∈ Rp
+ and a subset E of Π(R) of finite logarithmic measure such

that for all r ∈ Π(R) \ E we have

+∞∑
‖n‖=0

‖n‖anrn ≤ µf (r) ·
(

lnp µf (r)

p∏
i=1

lnp−1 ri

)1/2

ln
5
2

+δ
(

lnp µf (r)

p∏
i=1

lnp−1 ri

)
×

× lnµf (r)

p∏
i=1

ln ri · ln1+δ
2 µf (r)

p∏
i=1

ln1+δ
2 ri, δ > 0.

Proof. Let h(r) =
∏p

i=1 ri ln
1+δ1 ri, δ1 > 0. By Lemma 3, there exist R ∈ Rp

+ and subsets Ej
of B(Rj) of finite logarithmic measure such that for all r ∈ B(Rj) \ Ej (j ∈ {1, . . . , p}) we
have

+∞∑
‖n‖=0

nj|an|rn ≤Mf (r) lnMf (r) ln1+δ
2 Mf (r)

p∏
i=1,i 6=j

ln ri ln
1+δ ri.

Therefore for r ∈ Π(R) \
(⋃p

i=1Ei

)
we obtain

+∞∑
‖n‖=0

‖n‖|an|rn ≤Mf (r) lnMf (r) ln1+δ
2 Mf (r) ·

p∑
j=1

( p∏
i=1,i 6=j

ln ri ln
1+δ
2 ri

)
≤

≤ pMf (r) lnMf (r) ln1+δ
2 Mf (r)

p∏
i=1

ln ri ln
1+δ
2 ri,

where Π(R) ⊂
(⋂p

j=1B(Rj)
)
∩[e; +∞)p. By Theorem 1 we get for r ∈ Π(R) \

(⋃p+1
i=1 Ei

)
+∞∑
‖n‖=0

‖n‖|an|rn ≤ µf (r) ·
( p∏
i=1

lnp−1 ri · lnp µf (r)
)1/2

ln
5p
2

+δ
(

lnp µf (r) ·
p∏
i=1

lnp−1 ri

)
×

×
{

lnµf (r) +
p− 1

2

p∑
i=1

ln2 ri +
p

2
ln2 µf (r) +

(5p

2
+ δ
)

ln2

(
lnp µf (r) ·

p∏
i=1

lnp−1 ri

)}
×

× ln1+δ
{

2 lnµf (r) +
p

2

p∑
i=1

ln2 ri

}
≤ µf (r) ·

(
lnp µf (r)

p∏
i=1

lnp−1 ri

)1/2

×

× ln
5p
2

+2δ
(

lnp µf (r)

p∏
i=1

lnp−1 ri

)
lnµf (r) · ln1+2δ

2 µf (r) ·
p∏
i=1

ln ri ln
1+2δ
2 ri =

= µf (r) ·
(

lnp µf (r)

p∏
i=1

lnp−1 ri

)1/2

ln
5p
2

+δ
(

lnp µf (r)

p∏
i=1

lnp−1 ri

)
×

× lnµf (r) ·
p∏
i=1

ln ri · ln2 µf (r) ·
p∏
i=1

ln1+δ
2 ri,

where Ep+1 is the exceptional set from Theorem 1 and δ1 > 2δ.
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3. Proofs.

Proof of Remark 1. For function g0(z) = ez we have (see, for example [17])

lim
r→∞

Mg0(r)

µg0(r) ln1/2 µg0(r)
=
√

2π.

Then for r ∈ (r0,+∞)p we get Mg(r) > µg(r)
∏p

i=1 ln1/2 µg0(ri). Denote ψ(r) = lnµg(r).
Remark that

At =
{
r : r1 = t; ri ∈ (t1, t2) =

(
ψ−1(ψ(r1)/2), ψ−1(2ψ(r1))

)}
⊂

⊂
{
r :

p∏
i=1

ψ(ri) ≥
1

2p−1(2p− 1)

( p∑
i=1

ψ(ri)
)p}

.

Indeed, if r ∈ At then
p∏
i=1

ψ(ri) = ψ(r1)

p∏
i=2

ψ(ri) > ψ(r1)

p∏
i=2

ψ(r1)

2
=
ψp(r1)

2p−1
=

=
1

2p−1(2p− 1)
(ψ(r1) + 2ψ(r1) + . . .+ 2ψ(r1)) >

1

2p−1(2p− 1)

( p∑
i=1

ψ(ri)
)p
.

For r ∈ A =
⋃+∞
r=r0

At we obtain

Mg(r, t) > µg(r)

p∏
i=1

ln1/2 µg0(ri) > µg(r)
1

2p−1(2p− 1)

( p∑
i=1

lnµg0(ri)
)p/2

>

> µg(r) ln1/2 µg(r) ·
1

2p−1(2p− 1)
> µg(r)

( p∏
i=1

lnp−1 ri · lnp µf (r)
)1/2−ε

.

It remains to remark that the set A has infinite asymptotically logarithmic measure
([5, 6]).

Proof Theorem 2. As in [5, 6] for k ∈ N we denote

Gk = {r = (r1, . . . , rp) ∈ Rp
+ : k ≤ lnµf (r) < k + 1} ∩ [1; +∞)p.

Then Gk 6= 0 for k ≥ k0. From

lim
rj→+∞

µf (r
0
1, . . . , r

0
j−1, rj, r

0
j+1, . . . , r

0
p) = +∞, j ∈ {1, . . . , p}

(see [5, 6]) we deduce that Gk is a bounded set for all k ∈ N. Let G∗k =
⋃+∞
j=kGj. Remark

that lnp-meas
⋃k0−1
j=1 Gj < +∞.

Denote E3 = E2 ∪ E1 ∪
(⋃k0−1

j=1 Gj

)
, where E1 and E2 are the exceptional sets from

Theorem 1 and Lemma 3, respectively. So, for

d = d(r) =
(

lnµf (r)
) p+4

4 ·
( p∏
i=1

ln ri

) p+3
4
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and for r ∈ Π(R) \ E3 we get∑
‖n‖≥d

|an|rn ≤
∑
‖n‖≥d

‖n‖
d
|an|rn =

1

d

∑
‖n‖≥d

‖n‖|an|rn ≤

≤ µf (r) ln
p
2

+1− p+4
4 µf (r) ·

( p∏
i=1

ln ri

) p+1
2
− p+3

4
ln

5
2

+δ
(

lnp µf (r)

p∏
i=1

lnp−1 ri

)
· ln1+δ

2 ri =

= µf (r)(lnµf (r))
p
4 ·
( p∏
i=1

ln ri

) p
4
ln

5
2

+δ
(

lnp µf (r)

p∏
i=1

lnp−1 ri

)
.

Let G∗k = Gk \ E3. By I we denote the set {k : k ≥ k0, G
∗
k 6= 0}. Then #I = +∞. For

k ∈ I we may choose a sequence r(k) ∈ G∗k. So, for all r ∈ G∗k we obtain

µf (r
(k)) < ek+1 ≤ eµf (r), µf (r) < ek+1 < eµf (r

(k)) (10)

and also [1; +∞)p \ E3 =
⋃
k∈I G

∗
k. For k ∈ I we denote Nk = [d1(r(k))], where

d1(r) = ln(eµf (r))
p+4
4 ·
( p∏
i=1

lnp−1 ri

) p+3
4

and for r ∈ G∗k

WNk
(r, t) =

{∣∣∣ Nk∑
‖n‖=0

anr
n exp

{ p∑
s=1

insψs + 2πiθnt
}∣∣∣ : ψ ∈ [0, 2π]p

}
.

For a Lebesgue measurable set G ⊂ G∗k and for k ∈ I we denote

νk(G) =
measp(G)

measp(G∗k)
,

where measp denotes Lebesgue measure on Rp.
Note that νk is a probability measure defined on the family of Lebesgue measurable

subsets of G∗k. Let Ω =
⋃
k∈I G

∗
k and I = {kj : j ≥ 1} ⊂ N, where kj < kj + 1, j ≥ 1.

For a Lebesgue measurable subset G of Ω we denote

ν(G) =
∞∑
j=0

1

νkj

(
1−

(1

2

)kj+1−kj)
νkj+1

(
G ∩G∗kj+1

)
, (11)

where k0 = 0. Therefore ν is a probability measure, which is defined on measurable subsets
of Ω. On [1; 0]×Ω we define the probability measure P0 = P ×ν, which is the direct product
of the probability measures P and ν. Now for k ∈ I we define

Fk =
{

(t, r) ∈ [0, 1]× Ω: WNk
(r, t) > Apϕ

1/2(2Np
k )SNk

(r) ln1/2Nk

}
,

where S2
Nk

(r) =
∑Nk

‖n‖=0 |an|2r2n and Ap is the constant from Lemma 2 with β = 3. Using
Fubini’s theorem and Lemma 2 with cn = anr

n and β = 3, we get for k ∈ I

P0(Fk) =

∫
Ω

∫
Fk(r)

dPdν =

∫
Ω

P (Fk(r))dν ≤
(5π + 1)pB

Nk

ν(Ω) =
(5π + 1)pB

Nk

.
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Note that N3
k > ln2 µf (r

(k)) ≥ k2. Therefore,
∑

k∈I P0(Fk) ≤ (5π+1)pB ·
∑

k∈I
1
N3

k
< +∞.

By Borel-Cantelli’s lemma the infinite quantity of the events {Fk : k ∈ I} may occur with
probability zero. Then for any point (t, r) ∈ F there exists k0 = k(t, r) such that for all
k ≥ k0 we obtain WNk

(r, t) ≤ ApSNk
(r) ln1/2Nk.

By FΩ we denote the projection of F on Ω, i.e. FΩ = {r ∈ Ω: (∃t)[(t, r) ∈ F ]}. Then
ν(FΩ ∩ G∗k) = 1 for any k ∈ I ([9]). Similarly, for the projection of F on [0, 1], F[0,1] =
∪r∈ΩF (r), we have P (F[0,1]) = 1. Let F∧(t) = {r ∈ Ω: (t, r) ∈ F}. Then also ν(F∧(t)) = 1
([4]).

There exists a subset F1 ⊂ F[0,1] such that P (F1) = 1 and ν(F∧(t)) = 1 for all t ∈ F1.
Observe that (∀t ∈ F1) : ν(F∧(t)) = 1 implies that (∀k ∈ I) : ν(F∧(t) ∩G∗k) = 1 ([9]).

For any t ∈ F1 and k ∈ I we can choose r(k)
0 (t) ∈ G∗k such that WNk

(r
(k)
0 (t), t) ≥

3
4
Mk(t), Mk(t) = sup{WNk

(r, t) : r ∈ G∗k}.
Then from νk(F

∧(t)∩G∗k) = 1 for all k ∈ I we have that there exists a point r(k)(t) ∈ G∗k∩
F∧(t) such that |WNk

(r
(k)
0 (t), t) −WNk

(r(k)(t), t)| < Mk(t)/4 or 3
4
Mk(t) ≤ WNk

(r
(k)
0 (t), t) ≤

WNk
(r(k)(t), t) + 1

4
Mk(t).

Since (t, r(k)(t)) ∈ F , from inequality (8) we get

1

2
Mk(t) ≤ WNk

(r(k)(t), t) ≤ Apϕ
1/2(2Np

k )SNk
(r(k)(t)) ln1/2Nk. (12)

So for r(k) = r(k)(t) by Theorem 1 we have S2
N(r(k)) ≤ µ2

f (r
(k))Λ

1/2
f (r(k)) ln

5
2

+δ Λf (r
(k)). Then

for t ∈ F1 and all k ≥ k0(t), k ∈ I we obtain SN(r(k)) ≤ µf (r
(k))Λ

1/4
f (r(k)) ln

5
4

+δ Λf (r
(k)).

It follows from (7) that d1(r(k)) ≥ d(r) for r ∈ G∗k. Then from t ∈ F1, r ∈ F∧(t) ∩ G∗k,
k ∈ I and k ≥ k0(t) we get

Mf (r) ≤
∑

‖n‖>d1(r(k))

|an|rn +WNk
(r, t) ≤

∑
‖n‖≥d(r)

|an|rn +Mk(t).

Finally, for t ∈ F1, we have

Mf (r, t) ≤ µf (r)
(

lnµf (r)
) p

4 ·
( p∏
i=1

ln ri

) p
4
ln

5
2

+δ Λf (r) + ASNk
(r(k)) ln1/2Nk ≤

≤ µf (r)
(

lnµf (r)
) p

4 ·
( p∏
i=1

ln ri

) p
4 · ln

5
2 Λf (r) + Apµf (r

(k)) ln
p
4 µf (r

(k))×

×
( p∏
i=1

lnp−1 r
(k)
i

) 1
4 · ln

5
2

+δ Λf (r
(k))
(p+ 4

4
ln2(eµf (r

(k))) +
p+ 3

4

p∑
i=1

ln2 r
(k)
i

) 1
2

+δ

≤

≤ µf (r)
(

lnµf (r)
) p

4 ·
( p∏
i=1

ln ri

) p−1
4 · ln

5
2 Λf (r) + µf (r)

(
lnµf (r)

) p
4 ·
( p∏
i=1

ln ri

) p−1
4 ×

× ln3−δ Λf (r) = µf (r)
(

lnµf (r)
) p

4 ·
( p∏
i=1

ln ri

) p−1
4
(

ln
5
2 Λf (r) + ln3−δ Λf (r)

)
≤

≤ µf (r)
(

lnµf (r)
) p

4 ·
( p∏
i=1

ln ri

) p−1
4 · ln3 Λf (r) = µf (r)Λ

1/4
f (r) · ln3 Λf (r).

It remains to remark that ν(G∗) defined in (11) satisfies ν(G∗) = ν(
⋃
k∈I(G

∗
k \F∧(t))) =∑

k∈I(ν(G∗k)− ν(F∧(t))) = 0.
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Then for all k ∈ i we obtain

νk(G
∗
k \ F∧(t)) =

meas(G∗k \ F∧(t))
measG∗k

= 0, meas
p

(G∗k \ F∧(t)) = 0, meas
p

(G∗ \ F∧(t)) = 0.
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