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Multiplicatively periodic meromorphic functions in the upper halfplane are considered. Two
theorems which describe some properties and the value distribution of such functions are proved.
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PaccmaTpuBaroTcs MyIbTUIIMKATHBHO TTEPUOATIECKIE MepOMOpdHbIe (DYHKIINKA B BEpXHE
oty iockKocTu. ONuUChIBAIOTCSI HEKOTOPBIE CBOWCTBA TaKUX (DYHKIWI U PACIIPEIE/IEHUE UX 3HA-
YEHUIA.

The theory of multiplicatively periodic meromorphic functions in C* = C\{0} was
elaborated by O. Rausenberger ([1]). G. Valiron (|2]) called these functions lozodromic
because the points at which such a function in the case of non-real ¢ acquires the same
value lay on logarithmic spirals. The images of these last on the Riemann sphere intersect
each meridian under the same angle, and are called loxodromic curves (Aoo( — oblique,
dpopo( — way). In log-polar coordinates they are straight lines. The theory of loxodromic
functions is tightly connected with the theory of elliptic functions ([3]). We study multipli-
catively periodic meromorphic functions in the upper halfplane.

Let H = {z: Imz > 0} and let H* = H\{0}. The set H* is invariant with respect to the
multiplicative group RT.

A function f is meromorphic in the closure G of a domain G C C if there is an open set
G4, G1 O G, such that f is meromorphic in G;.

Let A, ={z € H:qt <|z| <t},t>0,0<q< 1. Note that |J,., A = H*.

Definition 1. A function f is said to be meromorphic in H* if it is meromorphic in the
closure of any horseshoe A;.

Definition 2. A meromorphic in H* function f is said to be multiplicatively periodic of
multiplicator q, 0 < q < 1, if it satisfies the following condition

VzeH" flgz) = f(2). (1)

The set of all such functions is denoted by M.
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Theorem 1. Let f € M,. Then

1) the number of a-points, a € C, of function f # const in the horseshoe A, is finite and
does not depend on t;

2) if the function f is holomorphic and f(—z) = f(x), x € R, then f = const;

3) if f(=x) = f(x), € R*, then the function g(¢) = f(v/C), V=1 = i, is multiplicatively
periodic in C* of multiplicator ¢*. The function g <e£s> is double periodic of the period

lattice A = Zw, + Zwy with o= —% log gq.

Proof. Firstly we prove statement 1). Let m be the number of a-points of the function f
in the horseshoe A; and let z; be one of them. According to the uniqueness theorem for
analytic functions, m < +o0. Since f € M,, we have f(¢*z;) = a, k € Z.

We must prove that 3lk: z;¢F € A,.

To do this, we use the following inequality

log(qt) < log|z;¢"| <logt. (2)

Then (2) implies

logt —log |2;] logt —log |2;|

<k<l+
log q log q

The preceding inequality shows that such a £ is unique.

Let now consider the log-scale and let 7 = logt. Calculating the log-distance between the
modules of the neighbouring a-points, we obtain log |¢*z;| — log|¢"™2;] = —logq.

The width of the horseshoe A; in the log-scale also equals logt —log(qt) = —log q. Thus,
the interval (7 + logg, 7] contains exactly one term of the sequence {¢*z;}, k € Z, which
consists of m terms.

We proceed to the proof of statement 2) of Theorem 1.

Consider the function /2 in the complex plane with the slit along the non-negative axis
denoting this domain by C and choosing the branch of y/z such that v/—1 = i. That is,
VZ=+/re2, r>0,0< ¢ < 2r. Then \/z € H.

Put g(z) = f(v/z). The function g is defined and holomorphic in C. Show that it has
a holomorphic extension to the positive axis. Indeed, we have for z > 0

lim f(Vie'S) = f(VE), lim f(vre') = F(—v/a) = f(Va)

r—x T
@—40 e—2m—0

as well as 0<lirri>mf(\/x_n) = f(/x).

Then g is continuous in a neighborhood of x. Applying the segment elimination theorem
([4]) we have that g is holomorphic in C*.

Since the function f is multiplicatively periodic of multiplicator ¢, the function g is also
multiplicatively periodic in C* of multiplicator ¢.

Indeed, g(¢*2) = f(v/4%2) = f(av/Z) = f(VZ) = g(2).

Since the function g is holomorphic and multiplicatively periodic in C*, then (|3|) implies
g(z) = const as well as f(z) = const, which concludes the proof of property 2).

Taking into account the preceding proof, we have already proved that the function g(z) =
f(V/2), V=1 = i, is multiplicatively periodic in C* of multiplicator ¢. It remains to prove
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that the function g(e%ié) is double periodic of the period lattice A = Zw; + Zws with

(stwitws)

= % logg. It is enough to prove that g™ e ) = g(ezmi),
Indeed
( 27ri(5+“1+“2)) 2mil o 2mi-S 9 2mit N
g\e wo :g(e wa e e w2>:g(q€ w2)29(6 w2>7
where ¢% = ¢2™5 Im £ > 0. .

Let f be a function meromorphic in H*. Suppose that f has neither zeros nor poles on
R\ {0}. Let 2o € H*, f(20) # 0,00. Let log f(zy) be well defined. Put

Q)
L 70"

where the integral is taken along a path which connects the points zy and z in H* with the
radial slits, and

log f(z) = log f(20) + ¢, (3)

“ Q)
20 f(C)

The value distribution of functions from M, describes the following theorem.

arg f(z) = Imlog f(2) = arg f(z) + Im

dc.

Theorem 2. Let f € M,, f # const and f(z) # 0,00 on R\{0}. Then

1) the sum of the arg f increments along the segments [qt, t] and [—t, —qt] does not depend
on t and equals 27 (no(f) — neo(f)), where no(f), noo(f) are the numbers of zeros and
poles of the function f in the horseshoe A; = {z € H: q < |z| < 1} respectively;

2) let z, = r,e®" be a-points of f, a € C, and w, = p,e*® be the poles of f in A;. Then
/ (— — —) sin , dt = / Z (i - p_;) sin B, dt
qr qr pn t
qt<rp<t qt<pn<t
for any positive r.

Proof. Let 0A; =T UL U [gt,t] U [—t, —qt], where 'y, 'y are the semicircles of radii ¢t, ¢,
respectively, centered at the origin. We have by the argument principle

f'(2)
o4, f(2)

Thus, we can rewrite (4) as follows

f/ : f/ t f/ 7_ —qt& _
/ erde ZQt/ qt w /qt f T —t f(z) de =
= 27?2(710( ) — neo(f))- (5)
Using equalities f(qz) = f(z), f'(q2) = %f’(z) and (3), we conclude that (5) implies

dz = 2mi(no(f) — nso(f))- (4)

[log f(t) —log f(qt)] + [log f(—qt) —log f(—1)] = 2mi(no(f) — nes(f))- (6)
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Taking the imaginary parts of both sides of (6), we have

larg f(t) — arg f(qt)] + [arg f(—qt) — arg f(—t)] = 27 (no(f) — neo(f))-

So, the first statement of Theorem 2 is proved.
Let ﬁrstly Zn be the zeros of f in A;. Applying the residue theorem to the integrals

2%

') = 2mi Zp — w
sz(z)d2—2 ( Z n Z n)a

qt<|zn|<t qt<|wn|<t
1f(2) . 1 1
- dz = 2mi — — — .
e D S
qt<l|zn|<t qt<|wn|<t

The left hand side of each of these equalities equals
t2 /ﬂ- f’(teliSO 21(,0 / f/ 21(,0 / f/ d7'+
o flte'#)

- ') = 271 Zp — w
—i—/_ zf(z)dz—2W< Z n Z n), (7)

t

qt<|zn|<t qt<|wn|<t
/ te’“" / 1( te“" L f(T)dr n ~ f1(2) dz
Z —_— — — — —
o flte?) (tei®) qt flr) 7 =+ fle) 2

. 1 1

:27m( > == > —

zZ w
gt<lza|<t 7" gt<|wn|<t "

respectively.
Dividing (7) by #* and integrating over ¢ from g¢r to r, we have

" dt T ()] dt
27”/(”[ 2 w2 w"]?:/r [ ff(z)dz} N
gt<|zn|<t gt<|wn|<t
+/T|:/qt f/(z)d:| / |:/ f/ 2@¢d:|
qr -t f(Z)
By the Fubini theorem, the last equality implies

i [| 5 am 3 w]h- [[ 484

qgt<|zn|<t gt<|wn|<t

(2)
LU Ao [ o

Denote
AT R ATAC - CR
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Applying (3) and (9) to (8), we get

2m/rl S oa- % wn]fg_

I Lgt<|zn|<t qt<|wn|<t

=hL+L+il—-q) /7T [log f(re’?) — log f(qre’?)] e dp. (10)
0

Applying similar consideration to the integral [ o4, %’;((j)) dz, we deduce

" 1 1
27rqi/[ > —- > w—]dt:
qr gt<|zn|<t n gt<|wn|<t n

= qls + gl +i(g — 1) /OW [log f(re™?) — log f(qre'®)] e *dep, (11)

where I = fqr[f;t;ﬁﬁ)d Jdt, I =[] jty;@d Jdt.

Summing up equalities (10) and (11), we obtain

27ri/r[ dom— Y wn%++2qu‘/rl 3 L 3 wi]dt:
qr q

z
qt<|zn|<t qt<|wn|<t " lgt<|zal<t T gt<|wal<t "

=L+ L+qls+ql,—2(1—9q) / [log f(re’?) — log f(qre’)] sin pdp. (12)
0

Since log | f(re'?)| — log | f(qre*#)| = 0, taking the real part of (12), we obtain

r dt
2nRel i ( S - Y wn>t_2 "
I \gt<|zn|<t qt<|wn|<t
r 1 1
+27 Re iq/ ( > == > —)dt =Re (I + I+ ql3 + qly) . (13)
ar qt<|zn|<t “n gt<|wn|<t Wn

The calculation of the real parts of the integrals I, I, I3, I gives the following equalities

Rety = [ [1og 0] - attog ao) — [ togls(rlar | ai =

~ (=) [oslson + [ [ostreter)a(}) -
= (-0) [ roels) 5 [oglsotar - - [ oml s
- /q}uogu(m ~ qlog | f(qt)} dt = / log (Bt - /q:loglf(tﬂdt-

Making the substitution ¢ = ¢7 in the second integral, we obtain Re I; = 0. Similarly we
deduce that Re I, = 0.
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Further,

Rety = [ 108100~ og lan) + [ sty e

T qt

B <1 - é)/:bg’f(t)‘%+7’/Tlog\f(t)|% —qr/jrloguf( 1= di

qr T

R R L P

” q2t2
1\ [ dt " dt dt
(1= 1) [oels@I v [ oslrol —ar [ tosl)1% = 0.
q qr t qr t q2r
Similarly we obtain that Re I, = 0. Equality (13) implies
(7 dt
2m Re |1 Z Zn — Z Wn |45 +
" \gt<|zn|<t qt<|zn|<t
" 1 1
+2r Re q/< 1o —)dt]:O. (14)
9" \gt<|zn|<t “n gt<|wn|<t Wn

In view of the notation z, = r,e’" and w, = p,e’® the calculation of the real part of

(14) gives
" q e . " q  Pn
/q E (Tn t2) sin o, dt /q E (pn 2 ) sin 3, dt = 0.

T ogt<rn, <t T qt<pn<t

Applying the obtained result to the function f(z)—a, we deduce statement 2) of Theorem 2.
]

Corollary 1. Let f be a holomorphic and multiplicatively periodic function of multipli-
cator q, 0 < q < 1, in H*, f # const and f(z) # 0,00 on R\{0}. Let z, = r,e'* be a-points
of f, a € C. Then fq: > — %) sina,dt = 0 for any positive r.

(i
qt<rp<t\pr,
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